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Chapter 6. The Two-Body Problem

orbit of the Sun. This project is greatly enhanced if some of the brighter
stars are included in the display. Use data from Appendix G.

Project cometary orbits into the ecliptic, and include, optionally, orbits
of the major planets.

Generalize ephemeris calculations to include range and range-rate. In-
clude satellite-to-satellite ohservations,

We are not yet prepared to deal with the dynamics when more than two
bodies are involved. But in many cases some idea of the motion can be
generated by “patching together” parts of Keplerian orbits. Suppose that
we have the Sun, with mass M, and a planet, with mass m, moving around
the Sun in a circular orbit of radius r;. Then (and this is discussed in
section 11.18) the planet can be considered as surrounded by an “activity
sphere” of radius 7, (m/M)*°. Now introduce a third body, a comet, say,
with negligible mass. Assume that outside the activity sphere, this mass
moves in a Keplerian orbit around the Sun, but inside the activity sphere
it moves in a Keplerian orbit around the planet. Write a program for
calculating orbits in this model. Iteration will be needed to find when
the comet enters the activity sphere. For a start, anyway, restrict calcu-
lations to two dimensions. Look for cases where an encounter with the
planet results in a significant change in the orbital energy of the comet.
Interpreting the planet as Jupiter, look for situations in which a parabolic
comet is “captured” by Jupiter (turned into a periodic comet with aphe-
lion distance close to the radius of Jupiter’s orbit) or expelled from the
solar systern. Also investigate how a spacecraft launched from the Earth,
with aphelion distance 1, can receive a boost in energy in order to reach,
say, Saturn.

It has been suggested that the “star of Bethlehem” was Halley’s comet,
and that the Birth took place during the summer at about the time of the
comet’s appearance. Using the following elements (Ref. 71}, discuss the
hypothesis on the basis of geometrical reasoning. 7' = —11, Oct. 10.848,
g = 0.58720, e = 0.96737, w = 92°.544, 0 = 35°.191, ¢ = 163°.584.
(Note: T is given according to the Julian calendar.) '

Chapter 7

: The Determination of Orbits

7.1 Introduction

In Chapter Six we have seen how, once the elements of an orbit are known,
‘the geocentric position on the celestial sphere can be calculated for any time.
-In this chapter we shall be concerned with the reverse situation, that of finding
the elements of an orbit from observations. For convenience we shall refer to
‘the observed body as a comet, but it could equally well be a minor planet or
an interplanetary spacecraft; with slight modifications to the methods used, it
‘could be an artificial satellite. The roughest glance at the process of ephemeris
omputation described in Section 6.16 will show that the work cannot practi-
ally be reversed, so that some new technique must be found. In fact no direct
ay is known for finding the elements of an orbit from observations, and it is
necessary to proceed by approximations.

We divide the subject into two parts: finding a prefiminary, approximate
“orbit from a minimum of observations, and, secondly, using many observations
o improve the orbit. The second part is by far the more important; in fact
he detailed analysis of many observations yields not only a definitive orbit, but
also knowledge of the dypamical environment in which the motion takes place;
.., the relevant forces, gravitational or otherwise. This is too big an area for
he present text, and will be only briefly looked at in sections 7.4-7.6.

" The classical problem of the determination of orbits is to find a preliminary
“orbit of a newly discovered comet or minor planet using data from three ob-
servations, each one comprising time, right ascension and declination. It has
been argued forcibly that this is no longer an important problem; but it is one
_ha,t still evokes a lot of interest, and it can be solved, elegantly and without
rudgery, on the microcomputer. I+ is none the worse for having a long and
ometimes romantic history. The pofential solver faces some danger. Selution
may be impossible if the observations are too close together in time, or if they
are unfavorably placed geometrically relative to each other. The situation is
mplicated by the fact that the observations will contain errors. How do you
ate the “position” of a fuzzy object with a little tail? All methods of solution
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214 Chapter 7. The Determination of Orbits

proceed by successive approximations. Se in this work you will, with ingccurate
data, be using mathematical steps that may not converge to finda soiutu?n that
may not exist. With that understood, let us be optimists, relax and enjoy the
sibject. Otherwise, skip to section 7.4

"Phere are two traditional approaches to the subject, following the approaches
of Laplace and Gauss. Laplace’s method will be discussed, but without a pro-
gram, although details of a program should be fairly clear. In section 7.3 two
methods that have evolved from Gauss’ approach will be described, with pro-
graming discussed.

An observer on another star would recognize the bodies in the solar system
as moving in elliptic orbits about the Sun; but observations from the Earth
are affected by the motion of the Earth. The observed geocentric path will
obviously not be an ellipse, and Figure 7.1, showing part of the path of comet
Arend-Roland (1956 h), demonstrates how complicated the observed path will
become. The position of the Farth in the solar system at any time is, of
course, accurately known. I we could observe the distance of the comet, then
there would be no difficulty in calculating its position in the solar system;
unfortunately only its direction can be observed, and the calculation of its
distance is one of the processes of orbit determination. In astrodynamics more
and different information may be available from observations. The processes of
orbit determination can be modified (and simplified} to take advantage of this
extra information.

Figure 7.1 The chari is a central projection, so that all great circles appear as
straight lines.
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Figure 7.2

For interest we shall describe in principle the method used by Kepler to
find the distance, and thence the orbit, of Mars. The sidereal period of Mars
as accurately known, and Figure 7.2 shows the situation for two observations
parated by one sidereal period, so that Mars has returned to the same position
i the solar system. Since the sidereal period is 1.88 years, the Earth will have
evolved through approximately 677°, so that the angle F1 SE, is known, as is
he distance E; Ey (but only in terms of the astronomical unit). Observations
rnish the angles By FoM and EpEyM, so that the triangle i FaM can be
ved to find the lengths of the sides, and ultimately the distance MS.

The price of the simplicity of Kepler’s method is that observations are needed
ver many revolutions, and this is a luxury that we cannot afford. The history
f the discovery of Ceres will illustrate this. Ceres, the first of the minor planets
‘be discovered, was found by Piazzi in 1801, but only a few observations were
ossible before it approached conjunction and became too close to the Sun to
¢ ohserved. Ceres is a faint object, and it was obviously important to predict
hen and where it could be observed again; this prediction could not be based
o the leisurely study of several revolutions but had to depend on a small arc
f one revolation. In this case the occasion was doubly historic because Gauss
Ived a new method for orbit determination; the principles of this will be
scribed later.

‘A single observation yields two angles and the time. Since six unknowns
st be found before the orbit is determined, a minimum of three observations
ecessary. An accurate orbit; the definifive orbif, is found from many more
ervations, but since three are enough, we shall be concerned here with the
blem of determining the orbit from these.

It is instructive at this stage lo consider the observed path geometrically.
roughout this chapter we shall use the notation of Figure 7.3, where S, &,
¢ apply to the Sun, the Earth, and the comet, respectively.
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r

Figure 7.3

The observed quantity is the unit vector p, and it traces out a curve on the
celestial sphere {which we assume to have unit radius). Then
dp ;e
— =5 =%,
ds £ :
where s is the distance measured along the curve and { is the unit vector tangent
to the curve at . (The prime will denote differentiation with respect to s in
this section only.) Let
h=pxt.
Since £’ is perpendicular to £, it can be resolved along § and A, so that
= )\p + xA,

where, by differentiating p - £ = 0, we see that A = —1. The component of t at
right angles to the line of sight is xfi, and Figure 7.4 shows the situation where
% is positive: in this case the curve is concave toward the direction fi.

N/

t E>0
Figure 7.4

When & is negative, the curve is convex toward A. Now

r+R=p=pp,

P+ R=pp+pbp
=pp+ p%j%’ {dt refers to the time)
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oom .. o.ds.  dPs. ds\?, . .
r+R=pp+29(ﬁt+pgﬁt+p(é-f—) (—p + &4}

Multiply by - #i; then

di

' Now both the Earth and the comet move subject to the gravitational at-
traction of the Sun, and the mass of each can be neglected compared with the
mass of the Sun. Hence

{f+fi)-ﬁ=p(d—s)zn. (7.1.1)

« fi; then from (7.1.1) we find

11 ds\*
}L<?—3— E) R-ﬁ:p(g) . (7.1.2)
Now suppose & is positive; then (r — R) and R - i have opposite signs. If
R, then the direction of the Sun makes an angle of more than 90° with A,
id the curve is convex toward the Sun. I r < R, then the curve is concave
ward the Sun. These results are not altered if & is negative. Hence we have
Lambert’s theorem that the apparent path is convex toward the Sun when
> R and concave toward the Sun when r < RE. This is illustrated in Figure

From the triangie SEC we have
r? = p® + R? — 2Rpcosp,

nd, formally, this and (7.1.2) can be solved for the two unknowas r and p.
it this will be impossible if & = 0; then, the three observations will lie on a
zeat circle, and the six quantities will not be independent, so more than three
bservations are needed. There will be trouble if  is small. In fact the ability
»determine an orbit from three observations depends upon the extent to which
e observed arc departs from a great cizcle.

Laplace’s Method

The basic formulas for Laplace’s method are
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v+ R =gp+pp', (7.2.2)
1 1 - ~ ~ :
- 2% + (T—g - ﬁ) R=p"+20'8"+pp", (7.2.3)
and
r? = p? + R —2Rpcosy. {7.2.4)

Here we have chosen the unit of time to make k =1, and the unit of mass to
be the mass of the Sun. If the modified time is referred to as 7, measured from

some epoch %, then
T = k(t - tg)

A prime will denote differentiation with respect to 7.

"The observations furnish three values of p for three values of 7. The four
formulas given above Tepresent exactly the geometrical and gravitational aspects
of the motion. The initial approximation in Laplace’s method involves finding
values for p’ and p” at some instant. Let this instant be fo; then for small 7.
5 can be expanded by a Taylor series as

p=(Plr=o+ 7N+ 17(F o+ (7.2.5)

If this series is truncated affer the third term, then three observations are
necessary o determine (5')o and {$”)e. These values are not exact, so that
the observed positions {and therefore the geometry of the problers) will not be
represented accurately. It is best to choose 2y as the arithmetic mean of the
three times, so that the errors are minimized. (See problems 10 and 11 at the
end of the section.) A simpler, but less satisfactory choice is to put %o equal to
time of the central observation. If more than three observations are available,
we can, of course, find better values for (p')p and (5" ).

Let us assume that 3’ and p” have been found. Taking (4 x p')-(7.2.3),
we find

1 1Y\, . o .
(T—3 - g) (5,8 Rl =p[5.8".5"], (7.2.6)

an equation which is similar to (7.1.2). Also from (5 x ") - (7.2.3), we find
i 1 5 57 Rl= —2015. 5 A-u] {?2?)

=~ ) 19" Rl =-215.5.7"): 2.

Assuming that (7.2.4) and (7.2.6) can be solved for r and p, {7.2.7) can then
be solved for ¢'. Then from {7.2.1) and (7.2.2), ¢ and ' can be found, and the
elements of the orbit can be calculated from these.

If these elements are then used $o predict the positions at the fimes of
observation the answers will not agree with the original observations. This
is because we truncated the series {7.2.5). Some method must be found to
improve the orbit, but before discussing this, we shall consider in more detail the
solution of (7.2.4) and (7.2.6) from a theoretical angle; their practical solution
is described in problem 4 at the end of this section.
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By eliminating r, we can obtain an algebraic equation of the eighth degree
“in p, but rather than attempting to solve this, it is easler to make the following
‘substitutions. From the triangle SEC we have (see Figure 7.3)

R r P

g sy salet o) (728)
Weite (7.2.6) in the form
p=4A (% - ;13) ; (7.2.9)
“then, using (7.2.8), we find
Rsin g cos ¢ + (Rcost,-’; - ;) sin ¢ = —%:ﬁj
“in. order to simplify this, let
Nsicm = REsiny,
Ncosm = Rcos — i,
R® (7.2.10)
i _NR? s,

where the sign &V is chosen to make M positive. Substituting into (7.2.9) and
simplifying, we find, eventually,

sin ¢ = M sin{¢ + m). (7.2.11)

The quantities M and m are known; assuming that a unique solution exists,
7.2.11) can be solved by successive approximations. (See problem 3 at the end
of this section.)

It can easily be verified that the position of the observer satisfies the equa-
ions so that ¢ = 7 — 3 is a solution that must be rejected. Also, from the
reometry of the triangle SEC,

b < w— Y.
The solutions of (7.2.11) are the intersections of the curves

71 =-s'1n4¢

yo = M sin{¢ + m).

gure 7.5 shows these curves for m negative and M somewhat less than one.
his case there are three solutions, and in geoeral we shall have either one
hree real solutions for ¢ lying between 0 and #. But if there is only one
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solution, it must be ¢ = 7w — 1} then no solution is left for the comet and the
problem has no meaning.

Consider the case when A is positive. Then r > R, and since sin¢ is not
negative, ¥V must be negative; then m les in the third or fourth gquadrant.
Figure 7.5 shows m in the fourth quadrant; as m decreases, the curve ya slides
to the right and there will be a critical value of m, after which there is only one
real solution (see problem 5). Since we require three roots, m certainly cannot
be in the third quadrant. Similarly, if A is negative, it can be shown that m
must certainly lie in the first quadrant.

Let the three roots be ¢, ¢u, and ¢z, where ¢ < ¢ < 3. Iy =7 — ¢y
the problem has no solution. If ¢ = 7 — 9, there is a unique solution, ¢; this
can be found without difficulty by solving (7.2.11). If ¢35 = 7 — ¢, there are
two possible solutions, ¢1 and ¢o. It might be possible to judge between these,
since one might require a solution for r which would be unreasonably large,
but it may be necessary to use a fourth observation. In the latter case (7.2.11}
might be formed for two choices of three dates from the four, having a common
central date; the solution common $o both would be used. (Or see problem 12
at the end of this section.)

[T T AR ——

i -
g1 @2 w2 ¢ T
Figure 7.5

To find the condition for a unigue solution, consider
F(#) = sin ¢ — Msin(¢ + ),

so that

% = 4sin® dcosd — M cos{¢ + m).
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. Suppose A to be positive. If there are three solutions, we see from Figure 7.5
that ,
GF ()
3¢
The derivatives at the other two roots are negative, so that for a unique soltion
it is necessary and sufficient that

> 0.

¢2=?T—¢

and
—4sin® ¥ cosyp + M cos(ih — m) > 0.

Using {7.2.10), this becomes

48 Acosy M . A .2,}
W-{——E\?{COSI}V(RCOSQJJ Jiz + Rsin“y » >0

or

MR 34 cosy
0.
in(,, o)

Then, since /N is negative, we have

3Acosy
—— < 0. 7.2.12
= (1212)

‘Tt can be shown that the same condition holds if A is negative.
Consider the limiting case when

3Acosy
TR T

..ﬁminating cos ¢ by means of (7.2.4), and using {7.2.9), we find

1+

1

P i _Op (7.2.13)

- This is the equation of a surface of revolution about the lime SE. A section
hrough $E is shown in Figure 7.6. The sign of the left-hand side of (7.2.12)
changes on crossing the surface, and it can be verified that the inequality is
tisfied in the shaded areas of the figure.

We shall next consider the problem of improving the approximate orbit.
w that we have approximate valuesefor p, we can adjust for parallax and
planetary aberration. But the adjustments will not affect the discrepancies
tween the computed and observed positions for the first and third times of
servation, and the removal of these is the main problem. The method given
low is due to Leuschner. We assume fp, the time of approximation using
2.5} to be the central, or second, time of observation.
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Figure 7.8

To find the predicted right ascension and declination for the two times of
observation, we use the { and g functions,

r = frp + grg

to find the values of r. {ry and r apply to the second observation and are
known.} Then we use the formmlas (6.16.2) and (6.16.3) to find o and &. Let
the subscripts 1 and 3 apply to the first and third times of observation, and let
Aoy and Aby, etc., be the discrepancies between the observed and calculated
values in the sense that they are corrections to be added to the calculated
values. We then have four residuals, Aoy, Ady, Awg, and Ads.

The errors in r stem from an incorrect value of p, while those in ' are due
to a variety of causes; hence we want to find corrections Ap and Ar’ (four in
all) in terms of the four residuals. R is, of course, not affected; so, from {7.2.1)
we have, in general,

Ar = Ap = App + pAp. (7.2.14)
Multiply by - 3; then
Ap=p-Ar
50
pAS = Ar — p(p - Ar). (7.2.15)

Ar here is the correction to be applied to r. If we assume that all corrections are
of the first order of small quantities, and we neglect their squares and products,
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we find, from the equation of motion for the comet,
" w_ T Ar Ar
' + Ar ——E—F—E—SI?,

Ar Ar
Al‘” = —T—S + 31'?%—
rAr = (p— Reosy)Ap.
:Now let Ar” be evaluated at the time of the second observation, when Ap = 0;
“so Ar = pAp. Then
Ar’ = {—% + f—;{p - Rcaszf;)} Ap

=HAp, say. (7.2.16)

Ary = Ar + Ar'm + A - (7.2.17)
and, ignoring terms of the order 3, we have

| Aty = {p + LH)Ap+ TiAY. (7.2.18)
Substituting into (7.2.15), we have the three equations that are components of
pAp, = Ary — p (B« Ary) {7.2.19)

or the first time of observation, and another three for the third. The residuals
Ap, and Ap, ave known (if we let p = (A, p, v), they are Ady, Apy, A, etc.},
nd it appears for a moment that we have six equations for the four unknowns
p and Ar'. But the six equations are not independent, and it is better to
rk with the residuals Aa and Aé, where we have

cos? 510 = M — A,
cos b Ab = Ay,

cos? faAoy = AsApg — padls,
cos 83 A8y = Avs.

(7.2.20)

bstituting from (7.2.19) for the components Ay, Ay;, Avi, and doing the
me for the third observation, we havé four linear simultaneous equations for
e unknowns Ap and Ar’, and these can be solved by the use of & program
‘the one listed in Appendix E.

If these residuals are applied as corrections to the original values of r and
Tetter orbit will have been found, but it may still not be successful in
ting the observations for the first and third dates; however, the residuals
‘be less than they were in the first place. The entire process can now be
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repeated and this is continued until the residuals become negligible. It should
be noted that once the equations (7.2.20) have been set up, the coefficients of
Ap and Ar’ will not vary through the successive approximations, so that later
approximations can be accomplished relatively easily.

If extra observations are available, more residuals can be found; we are then
able to set up more equations than there are unknowns, and these can be solved
by the method of least squares. The resulting corrections to the orbit arise from
data of more than three observations and are therefore more dependable than
those found above. Observations over a longer arc can be used if, 1nstead of the
truncated series (7.2.17), the f and g functions are used, so that

Ar = 1A f +1)Ag + fATs + gAr].
The resulting equations are more complicated than those described above; they
are given by Herget {(Ref. 24).
Problems

1. Show how the value of cosy can be calculated directly from the cbserva-
tions and from appropriate tables.

2. Discuss the problem of orbit determination, using (7.2.6) instead of {7.1.2}.
Show the relationships between the determinants of {7.2.6) and quantities
such as k or R - fi.

3. Consider the solution {7.2.11). If an approximate value ¢q is found, show
that a correction Ag¢yp can be calculated from

sin® ¢bg — M sin{po + m)

Aéﬂ = - - 3 A P .
4sin” g cos g — M cos{gg + m)

Discuss the case when the denominator is small.

4. Show that the equations {7.2.4) and (7.2.6) can be solved by substituting
trial values of p into {7.2.4} to find r and then substituting thls value of
r into {7.2.6) o find p. Use this method to solve

r? = 0.9734 4+ 1.1493p + ¢,

2.596

p=27T03— =3

{The answer is p = 2.631.)
5. Show that the condition for (7.2.11) to have a double root is
4sin’ gpcosd — M oos(¢ +m) = 0.
Hence show that ™ should satisfy the inequality

9 —16tan’m > 0,
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for there to be a possible solution to the problem, and find the possible
limits of m and the corresponding limits of ¢. Finally show that the
maximum value of A which can result in (7.2.11) having three real roots
is approximately 1.431.

8. Derive the inequality (7.2.12) when A is negative.

7. Show that the left-hand side of (7.2.12) changes sign on crossing & bound-
' ary in Figure 7.6, and that the solution for p is unique in the shaded

region of the figure.

o . Find the octic equation for py by eliminating ro between (7.2.4) and
(7.2.6).

8. Consider the solution of (7.2.4) and (7.2.6) as follows: take, for conve-
nience, A = 1, and {7.2.6) in the form

Eliminate p, obtaining an octic in r, in which the coeiﬁmeats of ! for
i=1,2, 4 §,7 are zero. Show that 1f the coefficient of #® is positive, then
that of 8 is negative and that of r* is positive. Hence, from the theory
of equations, show that the octic has three positive, one negative, and
four complex roots. Show that r = 1 is a real root, and that if the other
two positive roots lie on either side of 1, then it is possible to distinguish
between them in the solution. Show that the condition for this is that

(I —3cosy) < 0.

9. Suppose we have three observations of A, A1, A2, and Az, and that values
Mo, Ay, and Aj, for time fy are found by assuming
X=X+ XpTo + X575,
Better values, Ay + AXp, etc., would be found if we could assume
R P A %Agﬁ? + %)\g'rg + 2171}.3'"?{?

Find Adg, AM, and AA] in terms of XY and Af”, and discuss the errors
involved in finding Ag, /‘\0, and Af from three observations {of whick &
need not be a time of observation}. Show that the error in Ajj is minimized
: rn+rmtn=0

" and find the corresponding value of .
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for there to be a possible solution o the problem, and find the possible
limits of m and the corresponding limits of ¢. Finally show that the
maximum value of 3 which can result in (7.2.11) having three real roots
is approximately 1.431.

repeated and this is continued until the residuals become negligible. It should
he noted that once the equations (7.2.20) have been set up, the coefficients of
Ap and Ar’ will not vary through the successive approximations, so that later
approximations can be accomplished relatively easily.

If extra chservations are available, more residuals can be found; we are then
able to set up more equations than there are unknowns, and these can be solved
by the method of least squares. The resulting corrections to the orbit arise from
data of more than three observations and are therefore more dependable than
those found above. Observations over a longer arc can be used 1if, instead of the
truncated series (7.2.17), the f and g functions are used, so that

6. Derive the inequality (7.2.12) when A is negative.

7. Show that the left-hand side of {7.2.12) changes sign on crossing a bound-
ary in Figure 7.6, and that the solution for p is unique in the shaded

region of the figure.

- 8. Find the octic equation for p by eliminating rp between (7.2.4) and
e {7.2.6).

" 9. Consider the solution of {7.2.4) and {7.2.6) as follows: take, for conve-
nience, B =1, and (7.2.6) in the form

Ar = ryAf 4 thAg + fArg + gAry,.
The resulting equations are more complicated than those described above; they

are given by Herget {Ref. 24).

1

Problems

1. Show how the value of cosy can be calculated directly from the observa-

tions and from appropriate tables. Eliminate p, obtaining an octic in r, in which the coeﬁaents of v for

i =12, 4 5,7 are zero. Show that 1f the coefficient of % is positive, then
that of r8 is negative and that of #° is positive. Hence, from the theory
of equations, show that the octic has three positive, one negative, and
four complex roots. Show that r = 1 is a real root, and that if the other
$wo positive roots lie on either side of 1, then it is possible to distinguish
between them in the solution. Show that the condition for this is that

2. Discuss the problem of orbit determination, using (7.2.6) instead of (7.1.2),
Show the relationships between the determinants of {7.2.6) and quantities
such as x or R -,

3. Consider the solution (7.2.11). If an approximate value ¢g is found, show
that a correction Ay can be calculated from

sin® ¢ — M sin{gp + m) I(I—3cosy) <O

4sin® dy cos dp — M cos{(po +m)

Agg =~

. Suppose we have three observations of A, A;, A2, and Az, and that values

Discuss the ¢ £ i i . :
case when the denominator is small. Ao, My, and AY, for time fo are found by assuming

4. Show that the equations {7.2.4) and (7.2.6) can be sclved by substituting
trial values of p inte (7.2.4) to find r and then substituting ti:us valize of
r into (7.2.6) to find p. Use this method ic solve

A=do AT+ %)\’g'fg
Better values, g + Alg, etc., would be found if we could assume

r? = 0.9734 + 1.1493p + £,
2.596

3

AI}\Q+A3T{3+1AST§ 1)\”’3—%—.)4/\”’; 4
p=2.703 -

Find A)g, AX,, and AMY in terms of A and A", and discuss the errors
Involved in ﬁ_ndmg Mg, Ay, and Af from three observations {of which £,
need not be a time of observation). Show that the error in Aff is minimized
if

{The answer is p = 2.63L.)

5. Show that the condition for (7.2.11) to have a double oot is
4sin® pcosé — M cos(d+m) = 0. _ 47+ =0
* and find th ding value of .
Hence show that m should saisfy the inequality a,n bt e corresponding value of £

9— 16tan’m > 0,
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11. Suppose we have four observations of A from which we want to find values
of Ap, A and A§. Show that the error in Ag is minimized if

4
Z ity =10,

i< j=1
Show that this leads fo a quadratic in s with real roots.

12, Civen four observations, show that p can be found in the following way.
From (7.2.6) and (7.2.7) we can find an expression of the form p' = Bp;
B depends on the derivatives of the direction cosines up to the second.
Now, by differentiating this, we find p” = (B’ + B?)p; B’ involves third
derivatives, but these can be found from four observations. Now find
another relation between p and o (using 7.2.3)) of the form p" = C+ Dp.
Hence solve for p by eliminating p”.

13. Find approximations for the first and second derivatives of the direction
cosines for the time of the second observation for the following set of
observations:

Date

Nov. 7.8205 +0.802897 +0.060606 +0.425562
Nov. 96.7480 +0.922476 40.051857 +0.382554
Dec. 186262 +0.934768 +0.080227 +0.346080.

{Answer: X = +0.047391 »' = +0.020560 ' = —0.115775
N = —0.078250 x =4+0.291339 " = +0.100251.)

14. If the apparent path of a body on the celestial sphere has a point of
inflection, show that the tangent at that point passes through the Sun.

7.3 Gauss’ Method

“(Gauss’ method” is a phrase applied to a class of methods originating with
the ideas of Gauss, and further evolved by Gauss and many others. Two modern
variants will be described here; they are based on a discussion by B. G. Marsden
{Ref. 41) whom I would like to thank for his help and suggestions concerning
the material for this section. After nearly two hundred years of polishing in the
hands of experts, Gauss’ method now forms one of the most beautiful structures
in celestial mechanics.

The method starts with the geometrical condition that the vectors r:, rs
and r3 lie in a plane. Consequently, there exist scalars ¢; and ¢, independent
of the coordinate system used, such that

rg = ¢1T1 + C3T3. {7.3.1}
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To introduce the dynamics, let

Ty = firs+ @1 Ve,

7.3.2
r3 = farz + gave, (7.8.2)
E'ﬁ:om which
) vy = c1{fite + gi1V2) + ca{ fsra + g3va2). (7.3.3)
ifthis is successively multiplied by Xv2 and rex, then there result
i=cfitesfs and O0=cg +cags,
g3
¢ =—"
T he ok
(7.3.4)
S
figzs — g1 13

_Aitemative expressions for ¢; and ¢z involve Gauss’ sector-triangle ratios. Let
[r:, 7] denote the area of the triangle formed by r; and rj, and (r;,r;) the
bital area swept out by the radius vector between the two vectors. Then

_ §r2 x 1'3% _ 11'2,1'3]

7 = =
Yo rixrs] [ry, T
(7.3.5)
5 = §r1 X I‘QE _ frl,rgj
fry xr3] [ry,Ta]
(1”2- r3) (r1, r3) (1‘11 o)
= = , = . 7.3.6
& {1‘2, 1‘3} ? El‘i s 1’3} v il‘z 3 1‘2} ( )
en
o = (ra,r3) [r9,r3] (re,T3)
(r1,r3) (re,T3) [r3, 73]
_(ta—ta)y ]
(ts—ti)yn’
the same way, (7.3.7)
£y = —M - il) gQ_
(tz — 1) ys ._

eriving these formulas we have used the law of areas.
Introducing the observer into {7.3.1), we have

c1p1Py — pady + eapsps = iRy —Rae + csRa. . (7.3.8}




398 Chapter 7. The Determiration of Orbits

Similarly, from equations (7.3.2),

firs 4 giva = p1py — Ra,
To = ;02132 - RZ; (739)
fstz + gava = pa3ps; — Rs.

We shall see shortly that one way to determine the orbit is to solve the three
scalar equations in (7.3.8) for the three geocentric distances using approxima-
sioms for ¢; and c. These equations will be ill-conditioned; before being freated
numerically, they will be changed to a triangular form using a beautiful geo-
metrical transformation due to L. E. Cunningham. We introduce axes §, i and
¢, with the £-axis pointing toward the first observed position (i.e., parallel to
p1, so that £ = p,), and so that the direction of the third observation, fa,
intersects the positive r-axis. See I'igure 7.7.

) £E=p
1 8 . P
F - 5
¢ i
Figure 7.7
Then
§ = Py X Pz xPy)
181 x (B3 x 1))
_ £z — PlEPs :91)’ {7‘3:{0)
V11— (B3 p:)?
and L -
(=& (7.3.11)

et us define a rotation matrix RM having as its rows the components of
£, 7 and . If some vector is resolved initially in the equatorial system (and
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written as a column), then premultiplication by RM will give its components
in the new system. All vectors in {7.3.8) and (7.3.9) must be resolved in this
way. In particular, the components of the unit vectors in the directions of the
observations becore

-~ -

) AL 1 Az P28 Az p3+&
pr=1lm | =101, Pp=|m|=|h-0|, Pg=|ps) = |ps-7
vy 0 ¥z i’z . (; V3 0
{7.3.12)

.éﬁi'the program listing that follows, the equatorial components of these vectors
form the rows of a matrix BH. The components just found are called L{I}, M({I)
and N(ID) for I = 1,2,3.)

“The first treatment of these equations is characterized by Marsden as the
“Gauss-Encke-Merton method” or simply by GEM, giving credit to the princi-
pal contributors. The operations start with approximations to ¢; and c3. The
most primitive approximation uses just the opening terms in the f and g series,
{6.7.11). Let

T = k(t]_ - t'g), Ta = fc{fg - tl), T3 = k(fg - tz). {7313)
Tﬁ;en for the first approximation, put
= —2 . =i, (7.3.14)
T3 —T1 T3~ 71

anss’ method has been criticized {see Ref. 30) as being weak, or even invalid,
ecause of the limited convergence of the f and g series, expanded In powers
he time. But these series are irrelevant for most purposes today. Affer
'initial approximation, such as (7.3.14), needed to get things started, the
gorous expressions (7.3.7) for ¢ and ¢z will be used.

" We address equation (7.3.8). From the {-component, using (7.3.12), we have

—pavs = C]_Zl — Zy -+ 3.

SO g2 can be found in terms of ¢; and ¢z as

_ —6121 + Zz b (2323

(7.3.15)

vz

Note the division by v2. The magnitude of 15 is a measure of the departure of
e observed arc from 2 great circle; i it is too small, then there is little hope of
nding a useful orbit from the observations. From the n-component of (7.3.8)
e find

Yi— Y5 v
P prustci¥y — Yoty 3 (7.3.16)
: €343
inally, from the £-component,
: g — czpads + €1 Xy — Xo s X
PO T o T e S Sl e~ (1.317)

]




230 Chapter 7. The Determination of Orbiis

We bave simply solved (7.3.8), transformed into triangular form, by back sub-
stitution.

. 'With these values for the geocentric distances, the heliocentric vectors r;
can be found from r; = p; — R;. The program must have a subroutine similar
to the program in section 6.12 for calculating the sector triangle ratio, y. Then
(7.3.6) and (7.3.7) are used to find new valies for ¢; and 2, and the cycle of
calculations is repeated. The operation may end in disaster; it is not a bad
idea to have the program exhibit the latest geocentric distances and to ask
“do you want me to continue?” Then the operator might say “yes,” or give it
up, o insert geocentric distances of his own. Once the process is converging
toward the correct solution, that convergence is slow but linear. Therefore
it can be speeded up using Steffensen’s method: three successive values of ¢;
and 3 are needed, and then a formula based on (6.6.17) is used to find the
next pair of values. Be warned that the process may converge to a spurious
solution with negatfive geocentric distances. It may then be necessary to start
the iteration, not using {7.3.14), but with plausible values for the geocentric
distances. Marsden warns that early iterations can be wild, with fluctuating
signs for some geocentric distances, before finally settling down.

Once the process has been considered to have converged sufficiently, fake
values of r; that go with the sector-triangle ratio most recently calculated. Then
use this information to find the f and g functions relating the two tirnes, and
thenee the velocity at one of the times. Finally, the elements are found, using
the components of position and velocity.

The following listing contains the essential components of the GEM proce-
dure using (7.3.14) to start the iterations.

10 REY THIS PROGRAM APPLIES THE GEN METHOD FROM TEE TEXT.
20 REE THE LISTING DOES ¥OT INCLUDE TBE CALCULATICE OF THE
30 REH SECTOR-TRIANGLE RATIC {SEE SECTIDN 6.12) NGR THEE
40 REH CALCULATICN OF ELEMENTS, GIVEN COHPONEWTS OF
50 REX PUSITION AND VELDCITY. THE DECLARATIONS OF DOUBLE
80 REH PRECISION VARTABLES AND I¥TEGERS HAVE ALSO BEEN
70 REH OHITTED.
20 REH
30 REM YOU ARE ASSUMED TO HAVE ENTERED VALUES OF
100 REX PARAKETERS SUCH AS PI, 6K, THE GAUSSIAN
110 . REM GRAVITATIONAL CONSTANT, A¥D OBL, THE
120 REH OBLIQUITY OF THE ECLIPTIC.
130 REX
140 REA YOU ARE 4SSUXED TO HAVE EWTERED THE TIE,
150 REY 'F(I), RIGET ASCENSION, 4(I), AND DECLINATIOX,
160 BREY D(I}, FOR I = 1 TO 3. CONVERT ANGLES TO RADIANS.
;gg REH THE TIMES NIGET BE CONVERTED T0 JULIAN DATES.
REX
180 BREX -FIND DIRECTION COSINES IN EQUATORIAL COGHDINATES.
200 FOR I = 1 T0 3
210 RE(T,1) = COS{D{2))=caS(A{I)}
22¢ RH(I,2) = £05{D{I})*+SIR(&({I}}
236 RH(I,3) = sIN{D(I))
240 REIT I
256 REH NEXT, SET TP THE HATRIX RH.
260 Wi = 0%

27¢ FOR J = £ T0 3
286 R!{(i I) = RE{1,J
29¢ ®i = Wi + RE{1, J}*RJ-E{3 3}
300 NEXT J : REM LOGP FOR XI.
310 W2 = stsa{z# - msm}
32¢ FOR J = 1 T
330 RE(2,1) = (REI(S,}} - WixRA(1,I)3S¥2
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20 XEYT J : RE¥ LGOP FGR ETA. SEE (7.3.10).
EH{3,1} = RM(1,2)=R¥(2,3) - RH(1,3)#RH(2,2)
RH{3,2) = RE(1,3)*RH(2,1} - RM(1,1)*RH(2.,3)
RH(3.3) = RE({1.1)+RE(2.2) - RH(1,2)*RH(2,1)
AEH COMPGRENTS OF ZETA. SEE (7.3.11).
REE NEXT, FIND THE DIRECTION COSINES LAHEDA,
REM XU ilD NU GIVEN IN (7.3.12).
FORI =170 3
L(I) = 0% : H{I} = 0% : H(I) =

[[e1}

NEXT I
L{1} = 1%
FORI=1TO 3
102} = L{2) + RE(1,I)*RA(2,I)
L(3) = L(3) + RA{1,I)*RH(3,I)
H{2) = ¥{2) + RH{2,I)*RH(2,I)
M(3) = #{3) + RM{2,I)+RE(3,I)
¥(2) = ¥{2) + RH{3,I)=*RH(2,I)
WEXT I

REH ENTER AKD ROTATE SOLAR COORDINATES, PUTTING
) REH INTO THE ARBAY S€(I,J), ROW BY ROW.
FORI =1 T0 3
REE ENTER OR CALCULATE SOLAR CODRDINATES
RE¥ FOR THE TINE T(I). THESE SHOULD BE
RE¥ CORRECTED FOR THE POSITION OF THE OBSERYER,
REH ©SING (6.17.%1) AND (6.17.2). CALL THESE
RER SUN({1i), SUN(2), AND SUN{3).
FOR J =1 7103

5¢{I,7) = 0%

FORK =1 T0 3

SC{1,J) = SC(I,J) + RE{J,K)*SUN(X}

NEIT K

WEXT J

I
GR=({T(1} - T{2}}

-Ti =
T3 = GX*=(T{3} - T{23) : RE¥ (7.3.13}.
€1 = T3/(T3 - T1) :
€3 = - T1/(T3 - Ti)

RE¥ ¥EXIT, FIND ¥EW GEOQCENTRIC DISTANCES AND THE SUH
REM OF THE ARSOLUTE YALUES OF (OLD — NEW) GEOCENTRIC
REM DISTANCES, DENOTED BELOW BY ®2. IT HMAY BE
REM NECESSARY TO INITIALIZE THESE TO ZERO AT THE
REM START OF THE PROGRAM. PROVIDED THE GEOCE¥TRIC
REH DISTANCES 4RE REASOFABLE, THE TIHES SHOULD 2E
REM MODIFIED USING (7.3.25).
- C1#5C{1,3) + 3C(2,3) - €3%sC(3,3))/8(2)

: ABS(Hi - @)
.Gu{z) = ¥1 : RE¥ (7.3.15).

(GD(2)=H{2) + Ci*SC{i 2y - 5¢(2,2)
L+ C3%5C(3,2)3/(C3+H{3))
W2 = w2 + ABS{W1 - &0{3)}
B840 GD{3) = Wi : REN(7.3.4i8).
0 W1 = (GD{2)*L{2) - C3=GD(3)*L{3) + Ci=3C{1,1)
5 - SC(2,1} + C3%5C(3,1})/CL

' W2 = w2 + ABS{WL - ep(1)}
70 GD{L) = Wi : REX {(7.3.17)

FOR I =1 70 3
PRINT GD{I}

HEXT I
IF W2 < .00001% THER 1380
REH THE PROCESS HAS CONVERGED SUFFICIENTLY,
REM AND THE ELEMENTS ARE T0 BE FOUKD. THE CHDICE
g%g OF THE "SHALL QUANTITY" IS YOURS.

REM FI¥D 'rm-: HELIGCENTRIC CODRDINATES.
FORI =1 T0 3

o E(I,43 = @B(IY*L{I} - SC{I,1)

X{1.2) = GD(I)=E(IS - 56(1.2)

2(I.3) = ep(I)=N(I) - SE(I,3)

" REM ¥EXT FIND THE szcma TRIANGLE RATICS
REM DEFINED IN (7.3.8).
=0#:R2'0#:K1&Y o#

'3&*1

1T0 3-
R1 + X{2,1)=x(2,5)

REX THESE ARF INITIAL APPROXIMATIONS, USING {7.3.14).

231
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070 R2 = B2 + X{3,1)%X(3,])
ieso ny KAY + xi2,1=x{a.n
1090 NEIT J

1100 Rt = SHR(R1} : = SGR(R2)
1110 KAY = sqntzsxav + 2R1ER2)
3120 DT = T{3) - T(2)

1130 GOSUB 4000 : Y1 = Y61

1140 Bt = 0% : R2 ; 0% : Ka¥ = 0%
1150 FOR F = 1 TO

1160 Rl = Ri + X{1,J)s%{1,7}

1179 R2 = B2 + X(3,73=x(3,1}
1180 KAY RAY + ¥i1,1)+X{3,2)
1190 ;sm

1200 R1 = SQR{R1) : = SGR{R2}

1210 I(il!’ SQR(2#*K§‘Y + QS*RI*Z{?)
1220 DT = T{3) - T{1}

1230 GOSUS 4000 : Y2 = Y61

1240 Ri = 0% : R2 = 08 : KAY = 0%

i250 FOR J = 1 10 3
1260 Ri = Ri #+ E(1,7)%X{1,7}
1270 2 = R2 # X(2,3)%X{2,J}
1280 Ku KAY + X{1,37)%1(2,1)
1280 mrr

1300 R1 = SQR{R1) : = SGR(R2)

1310 xﬂ = sqa(z#xxur % 23*31*}12)

1320 BT = T{2} - T(i}

4330 GOSUB 4000 : ¥3 = Y61

1340 pRIxT YRATIOS * ; Yi,

1350 € = (¥2/¥1)%({T{3) - Tiz)}f(T{SD - T(1)})

$360 c3 = (Y2773 ((T{2) - T3 {T{(3) - T{L}3) : REX {7.3.T7}
1370 GOTG 790

1380 REW FIND HELIOCENTRIC COORDINATES I¥ ECLIPTIC
1390 REH COORDINATES FOR TIMES T{1) AND T(2).

1400 X = 0% : X2 = 0%

4410 FOR X = 1 T0 3

1420 X = X+ RH(E,13%X(1,X)
1430 X2 = 12 + mi(x 1}*)((2 i3
1440 ¥EIT E

1450 ¥ = 0% = 0%

1 Y2
1460 FOR X = 1 TO 3
1470 ¥ = Y + RM(K,2)*E{L,K)
1480 ¥2 = Y2 + RH{K, 2}*){(2 X3
1480 EEIT X
1800 Z = 0% : Z2 = 0%
510 FORX = 1 T0 3
Z 4 RH(X,3)=1{1.X)

1520 Z =

15390 Z2 = 73 + RE(Y,3)#X{2,X}

1540 WEXT X

1550 YT = 7+C0OS{0BL) + Z*SIN{DBL}

1560 Z = - V=3TE{OBL) + Z+COS(OBL) : Y = ¥T
1570 YT = ¥2+C0S(OBL) + Z2%SIN(CEL)

1580 Z2 = - Y2+SIN(OBL) + Z2+C0S{0BL) : Y2 = ¥T
1550 R = SOR(A*X + Y=Y + ZxZ)

1600 F = 1§ - 28>DT+DT+HU/ (KAY#*KAT+YG1#YEi#R)
1840 & = DT/YGL

1620 XV = (Y2 - F#i)/¢

1830 YV = (Y2 - F=Y)/G

1640 Z¥ = (Z2 - F=Z)/¢

1650 REX X, Y, Z, IV, YY A¥D ZV ARE

1660 REE COMPONENTS OF POSITION AND VELOCITY &T TIHE T(1}.
1670 REE FINALLY, CALL & SUBROUTIWE TO CALCULATE THE
1680 REX ELENEATS.

1680 EZND

4000 REE SUBAOUTINE FOR FINDING THE SECTOR-TRILNGLE RATIO.

The other method to be described is called the “Moulton—Vaisila-Cunning-
hamn” method by Marsden, or MVC for short. This uses equations {7.3.9) with
components again resolved using the rotation matrix RM. In this reference
system, let ro and v be

ry = (£2,,42) and vz = (v€2, vn2,0(2). (7.3.18}
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Yirst, we shall resolve the equations in an order that will facilitate discussion:

£ = poro — X,
o = pajio — yz, (73}.9)
(o = pavn — Za,
fils +g10( = — 721, 7590
30 +gavle = ~ s, (7.3.20)
fine + givme = Y7,
fanz + gavm = papiz — Ya,
(7.3.21)

F3bo + gavbs = padz — X,
fila+gvs =pm — XL

-}iis' method uses the f and g functions rather than the sector-triangle ratios.
0 (7.3.15) and {7.3.4) arc combined to give

L( —gs 1+ 512z

= figa — o1 fa

+ Zo) . (73.22)

Pz

nally, as initial approximations to the § and g funciions,

fl - 1 - _17, T)_S: g1 = (Tl - leT';g}/k:

- 7.3.23
f3:1—§T3T23. gz ={m— 3 Tgrgz}/k. { )

The basic quantity to be varied in the iteration is po, the geocentric distance

tithe fo. So that method of solution starts with an estimate of ps. This maght

ind from (7.3.15) as in the GEM method, or it might be an educated guess.

t then on, there 15 a choice of routes that can be taken:

If the observations are close enough together in time for the approxima-

_tioms in (7.3.23) to be adequate, then the following steps might be taken

Al. Start with a value for pa.

A2. Find 1y from (7.3.19).

A3. Find 1, g1, f5, and g3 for (7.3.23).

A4, Fither

' Ad{a}. Find po from {7.3.22), return to A1, and interate; the process
of iteration might be speeded up through the use of Steflensen’s
method.
or

A4{b). Find separate values for the quantity ¢{s from the two equa-
tions in {7.3.20). The difference between these is a function of
the value of py used in Al:

— f1lz + Zs + falo
o) g

TA{ps) = —Z (7:3.24)
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The equation A(pe) = 0 can then be solved using the secant
method.

AE. Once a satisfactory value for po has been found, the successive ap-
plication of the members of (7.3.21) will provide values for the com-

ponents of va.
An approximate orbit has now been found. This might be improved
by the use of f and g functions, as described under B.

B. The feature of this approach is that after an initial approximation (B2),
the f and g functions are used. These steps may or may not be used after
those of A.

B1l. Start with a value for ps.

B2. Take steps A2 and A3.

B3. Take an average value of the discrepant values of v{> found from
(7.3.20)

”CZ = <_Zl _ flC‘Z T3 —§— #Zg — f3£2 Tl) ! . (7325)
g1 93 T+ 73

B4. Take the steps of AS.
B5. Using the f and g functions, find values for fi, g1, f3, and gs-
B6. Find p from (7.3.22) and (; from the last equation in (7.3.19).

B7. Return to B3, and iterate. As before, if successive values for py are
progressing smoothly, then the process can be speeded up through
the use of Steffensen’s method. If an iteration is not going well, the
operator can start again with a different initial guess for pa. in this
respect, the method is more versatile than GEM. Universal variables
should be used for the computation of the f and g functions even
if the final orbit is confidently expected to be elliptic. During an
erratic iteration, hyperbolic orbits are likely to appear temporarily.

Tn either method, as soon as estimates are found for the geocentric distances,
the times should be corrected for planetary aberration by subtracting

8tdays = 0.005768p, (7.3.26)

p being measured in astronomical units. Right from the start the solar coor-
dinates should be corrected for the position of the observer (the topocentric
correction} using (6.17.1) and {6.17.2).

You will have seen that many different routes can be taken in solving this
problem of orbit determination. There are, of course, many more that have not
been mentioned here. For example, if an orbit is known to be nearly pa.ﬁabelic,
the condition (o = 0) can be imposed to stabilize the iterations. This sort”
of device introduces an element of art to the process. When you are learning
these methods, enjoy them, but do not expect that the automation of just one
method will solve every problem.
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Herget’s Method for a Preliminary Orbit Using More Than
Three Observations.

An orbit determined from three observations might satisfy those observa-
s precisely, but show an alarming discrepancy with a fourth observation.
is is because any observation has an associated error. We can only begin
“smooth out” the effects of the errors when many observations are treated.
ntually, the “best” orbit to be found will not satisfy any one observation
cisely, but the residuals will be distributed among the observations in a way
% 1s satisfactory statistically.

Herget’s method (Ref. 42) is a compromise; two observations {which are
sen by the operator) are satisfied precisely, and the residuals are distributed
ong the remainder according to the method of least squares. Consider a set
-observations, {«, ;) at times #;, i =1,2,...,n. These do not need to be
~special order. For these times we have

t1: ri=pp, - Ry,
fa: T2 =papy— Ra,

t;: r;=pip; — Ry, (7.4.1)

tpo1 Tt = pn1fy_ — Ray,
tn: Th=pnp, — Ra.

- observations at times ¢; and ?, are to be satisfied precisely, and iterations
t0 be made by varying the quantities p; and p,.

¥ p1 and p, are assigned wvalues, then r; and r, can be found. Then the
_:I_oic_ity at one of the times, say, #;, can be found using one of the methods
ections 6.11-6.13, and the f and g functions used to find r; = r(%;) at the
aining times. {Herget suggests using the sector-triangle ratios for all the
es; but the course just outlined seems to be more direct, and uses programs
t you already have.) The values calculated for r; will lead to inconsistencies
h substituted into (7.4.1). To quantify these, introduce the unit vectors

‘A; = [~ sino;, cos oy, 0,

D; = [—sind; cos ey, - sind; sinai,coség];l i=23,..,{n-1). (742

that for each i these form an orthogonal set with 5;. Define
- Py =Fip1, pu) = (ri + Ry) - Ay, .
Qs = Qi(p1 pu) = (15 + B} D, i=2,3...,(n-1). (7.4.3)

ere we dealing with precise observations and a correct orbit, the 7 and
_ulc% all be zero. As 1t 1s,-each will be a non-zére “residual”. We need to
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find values of p1 and p, so that these residuals are, firstly, as small as possible,
and, secondly, distributed in a way that is statistically reasonable.

To start the discussion, assume for the moment that the observations are
exact, so that py and py, are to be found to satisfy the equations

H(Pl:pn) - 03

Qilpr, pe) = UJ i=23,...,{n—1). (7.4.4)

We shall use Newton’s method. Starting with approximate values pf and pf, we

must find corrections Apy and Ag, so that py = pf + Apy and p, = g7 + Ap,
reduce the P, and ();. Ideally, we would like to have
Pipf + Ap1, o +8pn) =0,
{ﬁi Pl Pu T 2P ) i=2,3,...,(n—1) (7.4.5)
Qi(pf + Apy, 05 + Apa) =0,
In Newton’s method these are linearized, so that Ap, and Ap,, are found from
aF; ap;
Bilphaph) + g At g Bpa = 0,
Qp Q"‘ i=2,...,(n—1). (746
Q(plﬂpn}_i_ Apl+a ﬂ-:Oa

To deal with these equations, two questions must be answered: how do we find
values for the partial derivatives, and how do we deal with (2n — 4) equations
when there are only two unknowns?

The derivatives are found from the approximations:

ap; P(PZ+A pa) — Bilps — A, pa)

8o1 24 ’

8P Pilp1patA) - Pilp1, 00— A)

Bpn A ’

80: _ QslpL+ A, o)~ Qilos — A pu) =D, (147
391 - 2A ’

0Q: | Qilp,pn + A) = Qilpr, pn — A)

8pn 2A i

The error in these approximations depends on A%, Herget suggests A = 0.1,
with lower values when the geocentric distances are small. If A is too smaill,
then the round-off errors incurred in the subtraction of nearly equal guantities
can become serious; but with double precision calculation, a value A = 0.001
should suffice for most purposes. But be careful! To use (7.4.7) a subroutine
is needed that computes the P and €; with input quantities py and p,. This
subroutine must be run five times, with mputs successively:

(Plapn)a (pi + A:Pn):- (591 - A;Pn}: {ﬁh Pn + A)! (Plapn - A}
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Next, write the equations {7.4.6} as

b +anz fanmz =0,

ba +asizy +anzs =0,
(7.4.8)

by + apiz1 + apoxer = 0.

= Ap;, 22 = Ap, and k = 2n — 4. These are called “equations
onditien”: they cannot be solved. For any 2z and 2., each eguation will
a residual, r;, where

T{(.’El,&"z) =btanz; +aprs, i=1,...,k (7.4.9)

Lz, 22)

Il
Mh.
-
iy

.
]
-

(bg +a;1 + aigzg}z. {7.4.1@)

I
]

1

3

t this to be a minimum, it is necessary that the partial derivatives of L with
ipect to x; and zo be zero. Then

&
Zan(bi +an%1 + apz2) =0,
i=1

Za,lb + z: Za i1 +zzzﬁz1flzz =

i=1

(7.4.11)

Zaﬂb + 2y Zaﬂﬁﬁ'{-zzz ah =0.

i=1

Se are called the “normal equations” and they are solved for z; and 3 —
5t the corrections, Apy and Ap,.

The procedure can now be summarized. From a set of observations two
thosen to be represented exactly; if in doubt, choose the first and last.
centric distances for these times must be estimated. (These might have
vinherited from an earlier calculation based on three observations, or from
¢ plansible argument.) The basic subroutine referred to above is now run
imes to find the B, Qs and their derivatives. These are substituted into the




238 Chapter 7. The Determination of Orbits

normal equations (7.4.11), which are solved for the correction for the geocentric
distances. With these corrected values, the whole process is repeated, and
repetitions continue until the changes from one iteration to the next can be

neglected.

Exercises

1. Set up a program for implementing this method. To debug it, begin with
2 model where the observations are exact, but start with values of the
geocentric distances slightly different from the correct ones. Successively
start with poorer initial values to get some idea of the convergence of
the method. Once the program has run well with correct observations,
introduce observational errors, using a random number generafor, con-
trolling the rms value of the generator. (See Appendix F.) Experiment
with different rms values. Herget comments that “when the observations
are inconsistent, the successive iterations rapidiy tend toward the solu-
tion ps = p, = 0.7 Can you confirm this? Try including one very wrong
observation.

2. Write equations {7.4.8) in the condensed form b + Ax = 0. Show that
the normal equations can then be written as A7b + ATAx =0, so that
the least squares solution is X = —(ATA)*ATb. Suppose now that x
has m components instead of two. Show that the same notation gives the
correct least squares solution.

7.5 The Differential Correction of Orbits

This subject merits an entire text; so the discussion that follows will be
general and superficial. But I hope that it will contain enough detail to enable
a reader to construct and run non-trivial programs.

Fundamental to the discussion is the assumption that we are dealing with
some “model” which can be specified by giving numerical values to a set of
parameters; through the use of observations, we want to derive improved values
for these parameters. In dealing with orbital motion, the model might be that
of the problem of two bodies, when the parameters might consist of a set of
six Keplerian elements; but in more complicated cases the model might include
masses of perturbing bodies, or parameters describing the effects of the non-
sphericity of the Earth; or it might include a set of initial conditions, position
and velocity, at a starting time. All of the parameters involved in describing the
model will be included in a vector X. Using the model, and a numerical set of
parameters, we can predict numerical values for a set of observations: this set
will make up the vector Y. {The word “vector” is used here in the conventional
sense of linear algebra to denote a matrix consisting of a single column.} For~
the model we assume that there is a subroutine that will calculate Y, given X.
This can be described by a flowchart
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X MODEL Yo
T N, X
INPUT OUTPUT

Flowchart 7.1

: an equation.
Y, = Y(X). (7.5.1)

e subscript ¢ in {7.5.1) stands for calewlated The corresponding quantities
ill also be observed, and the observed values will be written as Y,. Y, and
will not be equal; this can be due to errors of observation, errors in the
ameters and errors in the model. In the discussion that follows, we assume
the model is correct. We want to use the discrepancy between Y, and Y,
improve the value of X.

e start the discussion by temporarily assuming that there are no errors of
ervation. Then the problem of finding X, given Y,, is equivalent to trying
solve

Y, = Y(X) (7.5.2)

X. The process of solution begins with an estimate for X: call it Xo. From
s we calculate values for the observations

Y. = Y{Xo). (7.5.3)
hen calculate the residual
v=Y,— Y, (7.5.4)

th a correct model and no observational error, there will be a correct value
X where

X =X +x. (7.5.5)

~are to use ¥ to find an approximation for X, under the assumption that the
are and products of the members of the vector x can be neglected. Now
) becomes ’

Y, = Y{Xo +x). (7.5.6)
Y
I=3% (7.5.7)

¢ Jacobian matrix having typical element 9Y;/8X;, evaluated using the
: neters Xg. Then, neglecting x2, and higher powers, we have the approxi-
tion

Y (Xo+x)~¥(Xq) + Ix. {7.5.8)
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This uses the differential Jx to approximate the difference Y (Xo+x)— ¥ (Xo};
hence the phrase “differential correction.” The method of correction is Newton's
method. If (7.5.8) is taken to be precise, we then have the equation

Ix=y. (7.5.9)

If the number of observations is equal to the number of unknowns (the method
of “minimum data™) then J will be square; if, in addition, J is invertible, then
(7.5.9) can be solved for x. The adjusted value (Xo + x) may need further
improvement.

The requirement that J (if square) be invertibie is equivalent to a require-
ment that the problem {given Y,, find X} is “well defined.” This is well ex-
pressed by the phrase that the observations musé be able to “see” the compo-
nents of X, and, one can add, put them into focus. For example, the inclination
of the orbital plane of a spectroscopic binary to the plane of the sky {perpendic-
ular to the line of sight) cannot be found from observations of radial velocity;
so that inchination must not be included among the parameters to be corrected.
If the eccentricity of an orbit is small, then there will be numerical difficulties
in trying to locate the position of pericenter. If too short an arc of an orbit
is observed, it can be impossible to separate the members of X and put them
into “focus.” In each of these cases, there is a geometrical problem that will be
revealed by the numerical difficulties encountered in solving {7.5.9).

In the discussion that follows it will be assumed that the numbers of com-
ponents in X and Y are m and n, respectively. Normally, n is much larger
than m. The “optics™ through which the observations “see” the parameters to
be corrected are contained in the matrix J. There are several ways in which to
find its components. If the model is that of Keplerian motion, explicit formulas
ate available. (See Ref. 353). They can be found as the solutions of special
differential equations. The simplest way in which to approximate them is that
used in the preceding section:

0Y;
8X; Jii

—L' :
~ 55, WilXe, - X, X 465, Ko, Xom)
i
— Y X1, Xjo1, X — 65, Xja1,y - Xl (7.5.10)

Suppese that {7.5.1) is invoked by a subroutine called MODEL(X,Y). {The
FORTRAN terminology will make the steps more explicit.) Let

T
0

By
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Let us successively CALL MODEL{X + 6%, Y1) and CALL MODEL{X — &, Y2), and
let y = Y1 — Y2. Using differentials, approximately

N P S TARER [y 0
dog Joy oo Jag o Jom 0
. _ _ Y1
: Y2
25;;, =
YUn

_Jnl Jn?"'Jnk"'Jnm ]

e ] THEN
285
o~ F {1.5.11)
Yn
Sk E‘S_k

e following listing may help clarifv the procedure. The component J;; has
been replaced by JAC(I,K).
. DE2K =1, H
X{K) = X(X) + DEL{X)
CALL HODEL{X,Yi)
E(X) = X(K) - 2 * DEL(X)
CALL HODEL{X,¥2)
T, by - v2m) 7«
0 = - 2
X(X) = X(X) # DEL{X} * DELERD)

A judicious choice of the size of the “tweak,” DEL(K), may not be easily
ide; it will depend, among other things, on the order of magnitude of the cor-
ponding component, X(K). I the X vector includes components of position
yelocity, then these may have considerably disparate orders of magnitade.
arr be an advantage to use units internally in a calculation so that these
ters of magnitude are similar.} If the order of magnitude of X(X) is M(X},
-5 a rule of thumb, I recommend trying DEL(X) = M(K)*10~%; but ex-
entgtioa: may be needed. In particular, over long arcs, smaller DEL may
ed.

tan now return to the equations of condition (7.5.9). Since there will be
cquations (n) than unknowns (m), it will be impossible to satisfy all of
'gnations, and they must be “solved” by socme compromise, as were the
ons (7.4.8) in the preceding section. Again, we use the method of least
_Before outlining the procedure, let me point out again that we are
linearized approximation to improve the estimate Xq of the parameters
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of the model; additional improvement may be necessary to compensate for the

linearization.
Let us assume that the only reason that the eguations of condition cannot

be satisfied is that there are unavoidable errors of observation in the Y,. (So -

we are assuming that the model itself is correct.} This means that an estimate
of the vector x is equivalent to an estimate of the errors of observations, v,

where

v=Jx—Y¥. {7.5.12)
If x were given its “correct” value, then (7.5.12) would give the actual errors
of observation. But observational errors are samples of random variables, and,
through (7.5.1) x becomes also associated with random variables; we can only
estimate X; but then we may be able to use statistical reasoning to evaluate the
quality of the estimate.

Let x* be the “best” estimate of x {subject to assumptions to be described
shortly); then we have a “best” estimate of the observational errors, v* =
Jx* —y. We assume each observational error to be a sample value of a random
variable with Gaussian probability distribution given by

exp {(—1vi/o7). (7.5.13}

Note that this implies that there is no bas, or systematic error in the observa-
tions.

The probability of the error v; is given by exp {—3v?/o?) and the joint
probability of the errors vy, ve, ..., ¥y, is

exp {— (91/’51 +vifas+ -+ vi)ol )} -

Here we have assumed that there is no correlation between the errors of different
observations; this may be too optimistic. The “best” estimate of v is that which
makes the joint probability a maximum, or, equivalently, the sum of the squares

2 2
U} k25
Sttt

?’?« .

a minimum. The condition for this, found by elementa;rv calculus, again leads
to a set of normal equations.

Probably, the numbers ¢; will not be known; but an estimate may be possible
of their relative values. Let

wi=—, i=1,2...,n (7.5.14)

7.5. The Differential Correction of Orbits 243

These are relative weights. Let the diagonal matrix W be defined by

(7 © O ------ 0
0wy O ~eenen 0
0 0 ws 0
W= {7.5.15)
|00 0 - Wy, |
J=WJ and ¥=Wy. (7.5.16)

he “weighted” equations of condition can be written as

Ix=% {(1.5.17)
nd the normal equations as

ITix =37y, (7.5.18)
ith their solution being the “best” estimate

x*=(JTH 1. (7.5.19)

- The quality of this solution will depend on the residuals that result when
he solution is substituted into the equations of condition. Define

ki)
1
g wiv?
n—11m 7
=1

his is the “rms error of unit weight”. (“rms” stands for “root mean square.”)
lote the appearance of (n — m} i the denominator. If n is less than m, no
casonable solution by these means is possible; if # = m, then we have the
ation of “minimum data”; a solution may be possible, but no statistical
rination about that solution can be found. Let the ith diagonai element in
)_ be .s-‘2 Then the rms error associated with the estimate z7 is s;. Two
ther matrices are of importance. The covariance matriz of the estimate is

(7.5.20)

=s2(ITH™ {7.5.21)

_matrix has typical element pes, then the correlation matriz, C, Las typ-
eiiemen% cij = pij[(Disbii) /2 The terms of the principal diagonal of C
i equal to one; if any off-diagonal term approaches one, then this correla-
oefficient indicates a possible strong correlation (or lack of independence)
cen the errors of the corresponding observations.
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The assumptions of independence, Gaussian distributions, and no bias {or
systematic error) in these distributions can weaken the conclusions, which
should, anyway, be treated with reserve.

We have used the language of “rms errors.” It is common in astronomical
applications to use “probable crrors”. There is nothing intrinsically *probable”
sbout a probable error; it is a pumber such that, assuming a Gaussian distri-
bution (7.5.13), the error is equally likely to be larger or smaller {in absolute
magnitude). For a Gaussian distribution with rms error o, the probable error

is
pr ~ 0.67450.

We finish with an additional FORTRAN listing desigued to implement this
procedure. The matrix A(I,3) is J7J, and B(I) is J7y.

FIND THE RESIDUALS, ¥(I), I = f,...,¥, A¥D TEE EATRIX
sac{1,1), 1=1,...,8, 3= 1,...,H. ALTERNATIVELY,
TEFSE WIGHT BE FOUWD I¥ THE LODP OVER INDIVIDUAL
0BSERVATIONS.
TEITIALIZE A(3,E) AND B{J), 1,X = 4,...,¥, TO ZERQ.
DO 13 I = 1,¥
AFPLY WEIGETS, W(I).
DO 11 J = 1,¥
11 JAG(I,I) = W(I)*JAc(I,!)
(1) = #(I)*7(I)
¢  AUGHEST TEE MATRICES A ATD 3.

G tacgao

D0 12 7 = 1,¥
B{I) = B{J) + JACLI,I)*Y(I}
D0 12 ¥ = 1,8
12 A{3,K) = 4(3,X) + JAC(I,I)*JAC(I.K)

13 COWIINUE
4 SOLVE X = {4 INVERSE) B. SAVE {4 INVERSE).
c ¥EIT FIND SIGHA FRO¥ (7.5.20).

5IGHA = O
o2 I =1.%
¥ = - ¥{I)

DO 20 3 = 1,X

20 V¥ = ¥ o+ JAG(I,I)*X(I3

21 STGHA = SIGHA + UV
SIGHA = DSGRT(SIGHA/DFLOAT(N-H))
CALCULATE RHS ERRORS OF THE ESTIHATE.
APPLY THE CORRECTIONS, X{J), TO THE INITIAL ESTIHATES
OF TEE PARANETERS. IF THE CORRECTIONS ARE CONSIDERED
TOG LARGE, THEN ABOTHER ITERATION WILL BE ¥EEDED.

Ay

7.5.1 Projects

These are designed so that you can, by stages, learn, program and debug the
procedures. The “model” can be that of Keplerian motion. The parameters, X,
can be Keplerian elements, or components of position and velocity at some given
time. The chservations might be geocentric right ascension and declination, ot
guantities such as range and range-rate.

1. For the first experiment with the Jacoblan matrix J, take X to consist
of components of position and velocity at time #p, and ¥ to consist of
the same components at time t;. J will ther bea 6 % 8 matrix. In this
special case (do not generalize) J is a type of matrix called symplectic. A
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- consequence is that if J is subdivided into four 3 x 3 matrices as

S{T’ _;‘fT
J= uv , then J = .
WY __‘RIT' IJT

.+ That is, the inverse of J can be found by a rearrangement of its terms
and some changes of sign. Find JI; rearrange to find J~1. Calculate the
product of the two matrices and verify that one is truly the inverse of the
“gther. Don’t go any further uptil this is correct.

‘2. This is a continuation of the first project. You will already have computed

©Y, given X. Now introduce small changes into every component of X, to
“give X + X, and find the resulting components of position and velocity
“at time £, and then y, the difference between these numbers and the
" components of Y. Verify that approximately Jx ~ y.

. Experiment with different “tweak” sizes for the effects on the components
of J. Consider cases where 1 — #p spans at least one complete revolution.

If a tweaked orbit is sufficiently close to the reference, or untweaked orbit,
““then the linear approximation for the difference between the orbits will be
adequate. But if a tweaked orbit strays foo far from the reference orbit,
the linear approximation is lost. One method of procedure is as follows.
Tf the magnitude of the difference between the orbits exceeds a given
amount, then all of the differences (in position and velocity) are reduced
by a factor of ten. Then the tweaked orbit remains within the linear region
+ around the reference orbit. When finding derivatives for timnes after this
reduction, the guantities 8; in {7.5.10) or DEL{X) in the listing must be
_ reduced by a factor of ten. Experiment with this procedure, using orbits
“ extending over several revolutions,

Consider the application of J, as formulated above, to the two-point
* boundary value problems. We want to find the orbit that connects po-
sitions ry ab time #y and r; at time #;. We have an approximate value for
the mitial velocity vy, and this needs to be improved. rp and this approx-
imation for v constitute the vector X. Using these as initial conditions,
the value of r at t; can be found; let the difference between this value
and r; be ér;. Show how J {more specifically, the components U and V
from the first project} can be used to find a correction to the approximate
velocity at #p in terms of éz:. :
Let X contain six Keplerian elements and Y the observations at three
different times. J will be a2 6 x 6 matrix. Start this project with a set of
elements X, and calculate a set, Y, of (correct) observations. Now let X
consist of a set of elements changed slightly but deliberately from X;. Use
$his set to find calculated values of the observations, Y. ¥y =Y ,-Y,,
en corrections to take X to X, should satisfy Jx = y. Verify that this
rue. Find x = J 'y, ¥ X + x is close to X, but not close enough,
other iteration may be necessary. Show how this procedure might be
sad in orbit determination once an approximate solution is known.
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7. Generalize the preceding problem. Let Y contain observations for more
than three times. J no longer has an inverse, now x = (J T3 3713y, You
will be using the program for setting up the normal equations. Verify that
the solution is correct.

8. Again, we generalize the preceding problem. But now, instead of asing
the “perfect” observations, Y,, add random errors to each component
to produce true observations, Y, = ¥, +e. The numbers in e can be
generated by a subroutine that produces sample values of a Gaussian
distribution. See Appendix F. For a start, use just one such distribution,
so that all observations share the same rms error, and have, therefore,
equal weights. Now your estimate of the corrections to X can include
statistics. Also, the sum of the square of the residuals, v;, should be such

that

should be close to the rms error that you inserted into the observations.

9. Continue to generalize. Different observations can be given errors with
different tms values. Experiment with the use of different weights in the
normal equations. Then introduce a greater variety of types of observa-
tion. They will have a greater variety of rms errors, and there will be
more scope for weighting.

Note that these projects have all involved situations that have been ar-
tificially contrived; that is, we know the “true” answers. I suggest that
they are worthwhile in order to gain experience and confidence.

7.6 Using a Previous Estimate: Recursive Methods

At the conclusion of the estimation described in the preceding section, we
had the “best” estimate itself, and also the covariance matrix P, of (7.5.21)
that contained the statistics of that estimate. The covariance matrix of the
errors of observation was :

(62 0 0 oo 0
0 G% g - 0
0 0oF.00 - 0
Q = : L : . {?6-1}
L 0 8 8 ------ gi_ _

Starting with equations of condition Jx = y (7.5.9), the normal equakions
(7.5.18) would be JTQ-1Ix = JTQ'y. This assumes that the o; are known
a priori, and the assumption will be made in the discussion that follows.
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uppose that two mutually independent sets of observations, ¥ and ¥y,
o be combined. If the sets have covariance matrices of errors @, and Qo,
cctively, then the combined set of observations is contained in the vector

Y,
Y= [Yz} (7.6.2)

ng the covariance matrix of errors

Q= [%1 ;] . (7.6.3)

he zero matrices here are rectangular.) If the two sets were to be processed
ately, then the associated equations of condition would be

Jix=y,, and Jax=y,, (76.4)

d the corresponding normal equations would be
TQrinix=37Q 1 y:, and J1Q5 J:x =35 Q;'ye. (7.6.5)

bined, the equations of condition are

% . 76
X =
Js y2 |’ (7.6.6)
normal equations

91311 [ % o) [B]x=tar 1[4 ][]

G7Qr + 31Q Lyx = 37Q s + 1G5 e, (7.6.7)

ormal equations for the entire set can be derived by adding together the
zal equations for the separate sets. But remember that we have assumed
thére is no correlation between the two sets.

ext, suppose that the normal equations for the first set have been solved,
the solution

x} = (JTQr 3y 1IfQr
=PJ3{ Qv (7.6.8)

Py is the covariance matrix of errors of the estimate xf. Then the normal
8 for the first set could be written as

Prix; =31Q:'n:
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and consequently the normal equations for the entire set can be written as
(P71 +17Q7 " Io)x = PU'x + 17Q5 'y (7.6.9)

This leads to the following reinterpretation. We have a “best” estimate, x7,
together with its statistics, P,. Then we have a further set of observations,
Y, and its statistics, Qa. (7.6.9) tells ns how the previous estimate can be
incorporated into the use of Yy to improve the estimate further.

In some respects ome can say that the first set of observations is not re-
quired since x} and P; are available. But the discarding of observations is
never desirable (their statistics can no longer be tested). Also we are solving a
linear problem here, and may eventually have to iterate in order to satisfy the
fandamental non-linear generating problem.

Another way fo derive this result is to treat the previous estimate as an
“ghservation.” We shall change the notation slightly. Suppose that we have
an estimate, Xo, together with its statistics, Py. Now we have a new set of
observations, Y, with residuals ¥ and statistics Q. Treating the initial elements
as an observation leads to the equations of condition

Jx=y and x=1x

J ¥y
Lm] x= [XJ . {7.6.10)

The covariance matrix of errors of all the “observations” is

Q0
8Py

or

so that the normal equations are

e[ 2 el 2]

or
(ITQ 13+ Pyhx = (I7Q 7y + Pyixo), (7.6.11)
which is the equivalent of (7.6.9). Its solution is
x* = (Pl +37Q ) WPy % + I7Q 7 1y) (7.6.12)

with covariance matrix of errors
P={(P;'+17Q 'L {(1.6.13)
P can also be written in the alternative form

P =Py - PpdT(IP37 + Q)" IP,. _ (7.6.14)
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show this it is sufficient to show the truth of

(Py' +37Q NP0 — Pod (IPpI” + Q) IP] = L. (7.6.15)
we can write (7.6.12) as
x*=P{P;'x+7°Q7'y), (7.6.16)

L'P given by (7.6.14).

X has m components so in {7.6.14) we invert an m-by-m matrix. If Y hasn
podents, remember that we are using thern fo Improve a previous estimate,
hére is no reason why n should not be less than m. So the use of {7.6.14)
/ lock more complicated, but can lead fo the inversion of a matrix of lower
er. No truly algebraic problems of fl-conditioning are removed, but the
himetic can be less hazardous.

Now consider the mathematics involved in “updating” the parameters after
estimate, and using the new values to predict the following observations.
whole process starts with an estimate, Xy, which is used to predict the
v observations, and as a result we find a correction x%. We then use this
estimate in Y,.(Xg + x}) to find residuals .

¥V =Y, Yo(Xo+x5) (7.6.17)

t improved parameters should also be used in the calculation of J, to make
updating as efficient as possible. Linearizing {7.6.17),

¥ =Y, Y .(Xo) - Ixj

y= ng + v (7.6.18)
en using {7.6.16) and {7.6.13),

X" =P[Pyx} +37Q7(Ix5 +57)]
=Py +3TQ71) T (P xg +37QTIIG) + PITQ Y
=x5 +PITQ Ty~ (7.6.19)

ng (7.6.14) this can be put into the alternative form

x* = x5+ [Po - PodT(IP:37 + Q) 1IP,37Q 1"
=x}3+ PolT[L, — (IPeI7 + Q) (P + Q - Q)JQ 7y
=x} + PoJT{IP 3T + Q) 'y*. (7.6.20)

ound from (7.6.14) as before. Remember again that y* is found by using

irrent best estimate of the parameters.

e formulas just described have no particular merit in most problems of
ial correction. But they can be useful if estimates are required in a
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harry while the observations are being made. To carry the point further, we
shall introduce time explicitly info the model. Let us suppose that the set of
clements to be determined consists of the coordinates in phase space {that is,
components of position and velocity), Xo at time #o, of the body whose moticn
is being observed. (It is quite simple to modify the formulas so that Xy might
apply to osculating Keplerian elements at fo.) Assume observations to be made
at times %, t2, .... As a result of observations made prior to time %, we have
made an estimate xs,k_i with statistics Pg —3. Using this latest estimate, as
we did in (7.6.17), we predict the observations Y for the time #, and we also
observe Y, for the same time, deriving the usual residual yx. We want to use
yi to improve the estimate of the conditions at time #p: i.e., we want to find
an estimate Xg ; to add to Xo.
From (7.6.20), we than have

X5, =Xh 1+ Pos-1J5 (TiPo k1% + Qi) ¥k (7.8.21)

Here Qy is the covariance matrix of the errors of the observations Y, made at
time fp. Ji is the Jacobian matrix relating small changes in Xq (or, better,
(Xo +x%_1)) to consequent changes in Y, at time 1. Then

_ Y. ()

T 8X{t)

_ OY () OX(ty)

T AX(t) 0X(%)

= M Q(tg, o). (7.6.22)

Since Y(ty) is likely to be found from X(#;) by elementary formulas, which
are easily differentiated, M should be simple to compute.

is the mafrizant or state fransition matriz. Its computation and some of its
properties were considered in Project 1 of the preceding section. [t will be
further discussed in section 11.18. From (7.6.21) and (7.6.22),

xé,k = Xg,k—l 4+ Py i1 QT(fk, tQ)MEN(ik, 0¥k, (7.6.23)

I

where
N(te, to) = [MSUte, t0)Pos 107 (2, to) ML + Qi - (7.6.24)
The covariance matrix of errors of the estimate can be written as
Pox = Pos_1 — Poio 1827 (4, to)Mj N{tx, 00) M Q(fx, 0)Po -1, (7.6.25)

These formulas can appear very complicated. It is best if you rederive them,
justifying each algebraic step. Once you are used to the method, the formmulas
are not hard to program, and the use of this recursive “filtering” can be very
versatile. Methods of this kind are often referred to under the general label
“Kalman filter”; they are widely used.
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Exercises

.. Justify the identity {7.6.15).
. Suppose that just one observation is processed, uncorrelated with the

preceding observations, and having rros error o. Show that J is just a
row vector and that
P l=0"2177+P;L

Deduce from this that, for algebraic teasons, the rms errors of the es-
timated parameters must decrease as more observations are processed.
This is a weakness in the method. If there is an error in the model, the
gstimates can actually be getting worse, while the statistics say that the
reverse is the case. Further, show that as the rms errors for the estimated

- “guantities become smaller, the ability of later observations to influence
‘the results is diminished. In some operations, over many observations,
‘the P matrix is periodically increased in magnitude.

‘Show that the method might be applied if only the relative weights of the
‘observational errors are initially known. Discuss the nltimate estimation

of the true rms errors of observation.

. Set up a program for the use of formulas {7.6.23) - (7.6.25). At the start,

you will have an estimate of X, but no statistics. One way to express this
mathematically, is to let the initial P matrix be diagonal with very large
components.

The method using equations (7.6.23) — (7.6.25) mvolves improviag initial

. parameters at the initial time #5. Suppose that the observations are for a

mission having a motive {such as a rendezvous) at a final time ;. Set up
equations so that values of the paramecters at i, are estimated recursively.

. Consider the following situation. Observations are made at times &, #2,

. As a result of observations made prior to #z, an estimate has been
made of X (components of position and velocity) at time fp_1; call this

“Xi_,. We shall also have its statistics in the covariance matrix P} _;.

Using this estimate, the value of X at time #; will be found (call it X} )

“and also the predicted observation Y {fz). But Y will also be observed at
- time #, leading to a residual yz. We want to use yi to find an estimate

t and its statistics P}. Show that the covariance matrix for X}, is
% = Qe -1 )P 7 (2, 1)
and that if X} = X| +xj,
x} = PLM{ (MePEME + Qo) 7',

* =P, - PLMI(MPM] + Qi) M, Py,

_BY.(t)
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