Chapter 6

The Two-Body Problem

6.1 The Motion of the Center of Mass

The case of a central orbit described under an attraction gfr? has already
been considered. In this chapter we shall investigate the motion of two bodies
that are subject only to their mutual attraction. It is assumed that the bodies
are spherically symmetrical and that Newton’s law holds; then the bodies can
be considered to be point masses. The methods used will be general, but most
of the applications and much of the language will apply specifically to a planet

traveling around the Sun.
Let the bodies have masses m; and ma and, with respect to an inertial
reference systemn, position vectors ry and rp at some instant. Also let

r=rI;—7Trs.

Instead of the Newtonian gravitational constant G, we shall substitute E?, for
reasons which will become apparent soon. Then the equations of motion are

T —r
mi ¥ = —kSmims 11"3 2 (6.1.1)

and
. ryg—T
mats = —kZmyms 2 e y (6.1.2)

These are equivalent to six second-order differential equations, requiring twelve
arbitrary constants for their complete solution. Adding (6.1.1) and (6.1.2), we

get
mlfl + mgf'z =8

which can be integrated at once to give
miT] + Male = at—f*b, (61.3}

where a and b are constant vectors, supplying six constants of integration and
leaving six more to be found. Let

i + g = 8
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196 Chapter 6. The Two-Body Problem

and

MT = mar; + mats,
<o that T is the center of mass of the two bodies. Then (6.1.3) shows that the
center of mass moves in a straight line with constant speed.

In considering planetary motion, we are concerned with the orbit of one
body about another without regard to their motion through space, so {(6.1.3)
does not provide any useful information. (It should be noted that the constants
a and b can be changed at will by changing the inertial system of reference.)
But the interpretation is important. One application is to the theory of double
stars. Suppose that the observed paths of the components of a visual binary
on the celestial sphere are the full lines in Figure 6.1. The center of mass
must divide corresponding positions in & constant ratio, and since it moves in
a straight line with constant speed, its path can be drawn and the ratioc of the
masses can be determined. In some cases only one star is observed, moving in
a twisted path, and the existence of a companion body is inferred from this.
The companion of Sirius was first discovered in this way by Bessel, and in a few
recent cases bodies of planetary dimensions have been suspected as invisible

companions to optically single stars, through similar reasoning.

1890 1940
= e
1880 1906 i 1930
1910 1920

1870

Pigure 8.1 The orbits of Sirius A and B

Problems

1. Find approximately the distance of the center of mass of the Sun and
Jupiter from the center of the Sun, and the speed of the Sun's center
in its orbit about this center of mass. (Ignore the effects of the other
planets.}

2. Answer problem 1, substituting the Earth and the Moon for the Sun and
Jupiter.

3. Two unequal bodies describe circular orbits around each other while their
center of mass moves through space with speed v, with respect to some
fixed reference system. Sketch the orbits in space with values of v giving

_ paths with and without loops, and mark in relative positions at pasticular
times. Find the relation between Alie orbif and v such that the space orbit
has cusps. ' S
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6.2 The Relative Motion
Take a new origin at the center of mass so that
T + mery = 0.

{6.1.1} can be written:

NaTy — MaT
- 272ty 242
r; = —k —"——73
_ k2m2?1 + Ty
3
T
= —kQMT—s. (6.2.1)

Similarly, (6.1.2) can be written:
£y = —k2M = (6.2.9)
r

Subtract (6.2.2) from {6.2.1), and put k*M = . Then

o r
This is equivalent to three second-order differential equations requiring six con-
stants of integration for their complete solution; finding and interpreting these
constants constitutes the kernel of the two-body problem.
r X {6.2.3) gives
rx¥=0,

or, integrating,
rxi=h, {6.2.4)

where h is a constant vector supplying three constants of integration. (6.2.4)
shows that the angular momentum of the system is constant, and that the
motion takes place in the plane

r-h=40,

provided that h # 0.
Now take h x (6.2.3), using {6.2.4) on the right-hand side. We obtain

hxi‘-:—%hxr
r

# .
=—T—3(rxr)xr

—;‘%{rzi' —{r-#)r}

= —-?%{?“Zi‘ - (rf)r}
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Note that we have shown that
e 1
— = —<hxr;
i ’
so if h = 0, then T is constant, and the motion is in a straight line through the

origin. Integrating, we obtain
hxf=—-pt-F. (6.2.3)

P is a constant vector and seems at first sight to supply the remaining three con-
stants of integration. But its components are not independent, for h - {6.2.5}
gives

P-h=0, (6.2.6)
since #-h = 0. So P supplies only two arbitrary constants, leaving one more

to be found.
Taking r » {6.2.5} we obtain

re(hxf)y=—pr—P-r

or
~h-(rxi)=—pr-P-r
or
R=pr+P-r
or 2
Rile 4P (627
r i
Let ¥ make an angle v with P; then {6.2.7} is equivalent to
17?.2
i =1+ 2 cosv. (6.2.8)
T 2

This is the standard equation of a conic with the origin at one focus and with

—=e (6.2.9)

and
; =p=a{l - €} (6.2.10}
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For a hyperbola the condition that r is nonnegative shows that v varies between
+ cos™'{—1/e), so that only one branch can be described, the relevant branch
being concave toward the origin. P is a vector along the major axis of the orbit
pointing toward the position of closest approach between the two bodies; in the
case of a planet going around the Sun, it points toward perihelion. The angle v
is known as the frue anomaly it is measured in the direction in which the orbit
is described, starting from perihelion. The symbol “v” almost always replaces
the conventional “4" of polar coordinates in this context.

In some problems in astronomy it is necessary to consider motion under a
repulsive force varying with the inverse square of the distance. For example
the particles in a comet’s tail may suffer this repulsion from the Sun, owing fo
radiation pressure, which easily outweighs the gravitational aftraction of the
Sun. In this case the formal theory is the same, but the sign of E% or p, s
changed, and the equation of the orbif is

4 = —1+ecosv.

7

Since r is positive, e is greater than one, and the orbit is a branch of hyperbola.
Also, v varies between £ cos™'{1/e), so that the branch described is convex
toward the focus occupied by the Sun.

Problems

1. Using great care, derive equations of motion for the two bedies, 4 and B,
in the following forms: A with respect to B as origin, B with respect to
A, and each with respect o their center of mass.

Show that the resulting orbits are all conics with the same eccentricity
but different major axes, and find the relations between the major axes.
Compare the angular momenta of A about B, B about A4, and each with
respect to their center of mass.

2. A star A is initially at rest with respect to an inertial system of reference.
Another star B is projected from infinity with a velocity that would carry
it a distance ¢ from A if there were no mutual attraction. Investigate the
motion of the center of mass in the subsequent motion. If the relative
orbit has eccentricity e, find the angle through which B is deflected, hav-
ing passed A and receded to infinity, and the velocity which A has then
acquired.

6.3 ‘The Orbit in Time

The final constant of integration is found by integrating the equation that
expresses the constancy of the modulus of the angular momentum. This can

be written
dv

240 g _
T h = /op. (6.3.1)

E
e
;
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The equation of the orbit can be written:

_ P
L apo— T ecoss {6.3.2)

so that, eliminating r, we get

dv )
—_—— =, f 5 dt. RN
(1+ecosv)? Vp3d (6:3:3)

This can be integrated for all e without much trouble, but except for e = 0 or
1, an extra substitution is needed to put the result in a useful form.

e = 0 gives a circular orbit described with constant speed. There is no
difficulty in the formal theory here, and results can always be found by putting
e = 0 in the corresponding formulas for elliptic motion, so that a separate
discussion is not necessary.

TFor the parabolic orbit, e = 1. If g is the perihelion distance for an elliptic
orbit, g = a{1 — €} and p = g(1 + €). Hence, for the parabolic orbit, p = 2g and
the equation can be written:

r = gsec’ g (6.3.4)

Since the results will be applied to the motion of comets, M can be taken as
the mass of the Sun, which will be considered as unit mass. Then we can put
u = k2. (6.3.3) can now be written as

BV

al Ve
sec de_g3/2 .

Writing the left-hand side as _
2 ¥ 2 ¥
sec 3 (1 + tan 2)

we find that the equation can be integrated at once to give

1 k
S tan® Y 4 tan o =

3 2 2 g

T is the final constant of integration, giving the time when v = 0 or when the
comet passes through perihelion.
Consider the solation of {6.3.5) for v when 7 is given. Let

F{U)E%ﬁangg—é—tang——k—

2 _2 1/2,;;3»

(t —T). . (6.3.5)

(t—T).

Then varying only v,
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which is positive for all ». (6.3.5), being 2 cubic equation for tan{z/2}, must
have at least one root; since F(v) is monotonic, increasing with v, there is only
one root for any given value of 1,

Now consider the elliptic orbit. Squaring equation {6.2.4) we get

B =i — (r- 1)
= %2 — (r#)2 (6.3.6)

Substituting for 4 and ? (from the energy integral) for the elliptic orbif, we
find

# (2 —_ E) r2 — :r2'f‘2 = Ija(l —_ 82). {6.37)
roa
* Define ¥ by
- r=al—ecosE). (6.3.8)

E is called the eccentric anomaly. As v varies from 0 to 360°, £ also varies
- from 0 to 360°. Differentiating (6.3.8) we get

7 = geFsin E.

Substituting into (6.3.7) and rearranging, we obtain, eventually,

a® -
S EYl-ecosEY =1.
7

Now the orbit is described so that dE/dt is positive, so that

{3
dt = %(1 —ecos E}dE. {(6.3.9

Integrating over a complete revolution, we get for the period
P=2r— (6.3.10)
i

the result obtained in Chapter 4. The mean motion, n, is given by

27
n= —

. L (6.3.11)

n is measured in redians per unit time. If P is expressed in mean solar days, n
is called the mean daily motion. (6.3.9) can now be written:

ndt = (1 —ecos E)dE
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which can be integrated immediately to give
nlt-T)=F —esinkE. (6.3.12)

T, the time of perihelion passage, is the final constant of integration for the
elliptic orbit. (6.3.12) is Kepler’s equotion; it is often written in the form:

M=F-—esinFE,
where M is the mean anomaly, defined by
M=n(t-T)

A similar equation can be found for hyperbolic motion. In this case we make
the substitutions

r = a{l — ecosh F) {6.3.13)
and
v = —aﬁs (6.3.14)
and we find
v(t—T)=esish ¥ - F. (6.3.15)

There is a simple but important derivatior of Kepler's equation which ex-
plains the geometrical significance of E. The ellipse can be derived from the
orthogonal projection of a circle called the eccentric circle. In the notation
of Figure 6.2, the ellipse can be regarded as the locus of points P such that
PD/ (D is constant, the value of the constant being the ratio of the minor to
major axes of the ellipse. Here (F is any point on the eccentric circle, and @D is
perpendicular to the diameter ACB, which is also the major axis of the ellipse,
center L.

Let F be the relevant focus; then FP =ypand LAFP=v. Let LGCA=F;
then

r? = PP? 4+ DF?
g) 2
= (SQD) + (CF - CDY

= (;asiaE) +{ae — acosE)2

= dz(l —e?ysin? B + a®(e —cos E)®  [since b” = a’(1 - 23]
=a%(1 - ecos B)?,
showing that F is defined as before.
The coordinates of P with respect to axes along the major and minor axes
of the ellipse (the origin being at the center of the ellipse) are

z =acosk,

y=bsin F=avl—esinE. (6.3.16)
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Figure 6.2

As the elliptic orbit is described by P, we have, by the law of areas,
M area of sector AFP

97 area of ellipse
__ area of sector AFQ

area of circle

Areas AFQ = ACQ - FCQ
= Lo’F — Jaelasin E),

$0 we have
M a?(E — esin E)
2% 2ma?
or
M=F-—-esmnE.

Methods for the solution of Kepler's equation will be described later.
The equation of the elliptic orbit can be written:

. a(l—¢e?)
T l+ecosy
Hence
1—¢?
l—ecosE =

14 ecosvy
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so
” cosE —e
= - 6.3.17
O = ecosE’ ( )
d
- iny = ﬂ‘HM (6.3.18)
Y = ecos B -
Now

tan? v _ 1 —cosv
2 1+cosw .
_ (1+e)(1—cosE}
T (1-¢e){l+cosE)

1 -
= 4+etan2 ¥E—
1-¢ 2

Se =
U l1+e
— = tan —. .3,
tan s =/ otang (6.3.19)
Some other formulas will now be derived for later use. Combining the dif-
ferential form {6.3.12) with (6.3.8}, we have :

dE na
— = 3.2
dt r (6-3:20)

We already kpow that
gdv
T =
Differentiating the equation of the orbit (6.2.8) with respect to the time and
simplifying, we find

k.

dr epn . .
= = sinv (6.3.21)
Similarly, from the derivative of {6.3.8), we find
?‘i—z = ena”sin E. (6.3.22)

Never forget that r-v=r-F =rf.

It is often convenient to work in a reference system with the origin at the
attracting focus, the X-axis pointing toward pericenter and the Y-axis in the
direction for which the true azornaly is 90°; then the Z-axis is parallel to the
angular momentum. This will be referred to below as the “orbital reference
system.” Using (6.3.18), we have

X =rcosv = a{cos E — ¢),

VY =reiny =avi— e2sn E. (6.3.23)
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Differentiating these with respect to the time, we can then derive the expressions
for the components of velocity:

- na’ .
X=——snk, 1

QpE— (6.3.24)
. 2 _ 2 . Y3
Y= wcosE.

To illustrate the interpretation of the three anomalies, consider the Moon’s
libration in Jongitude. The period of rotation of the Moon on its axis is the same
as the period of its revolution around the Earth {one sidercal month). If the
Moon revolved around the Farth in a circular orbit, then one half of its surface
would be constantly pointing toward the Earth, and we would see no part of
the other half. Now the Moon moves in an elliptic orbit with the Barth, £, as
a focus. Let the Moon have center (0, and lef P be that point on the surface
of the Moon such that O, P, and E are collinear at perigee, with P visible
from the Farth. A$ any time OP will make an angle with the major axis of the
ellipse that is equal to the mean anomaly M of the Moon in its orbit, while the
angle between OF and the major axis is the true anomaly v. Assuming for the
moment that the axis of rotation of the Moon is perpendicular to the plane of
the orbit, an observer on the Earth will see P as being displaced from the center
of the Moon’s disk by a longitude {M — v}, or he will see this extra longitude at
the Moon’s limb compared with what was observed at perigee. This is known
as the Lbration in longitude of the Moon. To Investigate its fullest extent, we
find the maximum value of (M — v); this occurs when

d(M —v)
dt =0,
or
“_,
dt

From the angular momentum equation, the value of r at this point is found
from 5
= —,
n
and, sabstituting for h and n, we find

r=a(l— )4

The appropriate value of v can then be found from the equation of the orbit.
To find M, it is necessary first to find F, from {6.3.8), say, and then o solve
Kepler’s equation for M.

(For the Moon, three other types of libration must be considered. The axis
of rotation is not perpendicular to the plane of its orbit, so an observer in the
northern hemisphere of the Earth will sometimes see “over” the Moon’s north
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pole, and sometimes “ynder” its south pole; this is kbration in latifude. While
looking at the Moon, an observer will be moving in space owing to the Earth's

rotation; this will cause him to see a slightly different “half” at different times;
this is diurnal libration. Also, because of its nonspherical shape, the Moon
oscillates slightly; this effect, which is very small, leads to physicel hbration.
. The other three types of libration are classed as optzcal librations.)

Problems

1. A planet travels around the Sun in an efliptic orbit and rotates on an axis
perpendicular to the plane of its orbit with a period equal to the period
of the orbit. Find the maximum libration in longitude and where in the
orbit this is achieved. Show that if €2 is neglected in the final answer, the
maximum libration expressed in radians is 2e, and that the time interval
between perihelion and the following position of maximum libration is

i1 bBe

4 8w
times the period.

2. Show that if the square of the eccentricity of the Moon’s orbit is neglected,
then the Moon will always turn the same face toward the empty focus.

3. If 4 is the angle between the direction of a planet’s motion and the divec-
tion perpendicular $o the radius vector, show that

4. A planet travels around the Sun in an ellipse of eccentricity e. Find the
proportion of the time spent near the Sun between the ends of the minor
axis to the total period.

5. Find the time during whick a parabolic comet is inside the ends of the
latus rectum of its path, in terms of g, its perihelion distance. Ifg = 6% 107
miles, show that the time is about 114 days.

6. The perihelion distance of a parabolic comet, measured in astronomical
units, is g (less than one). Assuming that the Earth’s orbit is circular and
that the comet moves in the ecliptic, show that if £ (measured in sidereal
years) is the interval during which the comet is within the Earth’s orbit,

then
(1 +2g)/2 — 2g.

7. A planet describing a circular orbit receives a small impulse in the di-
rection of its motion. At any future time it is at P, whereas if it had
not received the impulse, it would have been P’. Show that although the

= 3
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path of P is never far from the original circle, the length of PP’ does not
rernain small. Discuss the case where the small impuise is radial.

8. Show that
1 1
sin 5(1} -E)= \/;sin 5(_15 sin v,

1 1
sin 5(’0 +E)y= \/;j)cos 5@ sin v,

where & = siné. How would these formudas be useful in finding & when
v and r are given and e is smmall?

9. Find the average value of r in an elliptic orbit, taking the true anomaly
as the independent variable. {You can avoid the integration of

f dv
l+ecosw

by changing the variable to .}

10. Find the average values of the following quantities in an elliptic orbit,
taking the time as the independent variable:

(a)yr; (b)drjdt; (c)1/r; (d) dv/di;
{e) the potential energy; (I) the kinetic energy; (g) E.

For the last, consider only half the orbit from perihelion to aphelion.

*11. Derive the following average values for the elliptic orbit, taking the time

as the independent variable:

=(1-)7

5/2

cosv = e(l — £2)73/2;

(e) ( ) cos2u = 252{3_62)—7/2.

12. Show that the amount of heat received from the Sun by the planets, per

unit area, in unit time, is on the average proportional te the reciprocals
of the products of the major and minor axes of the orbits.
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13. Find formulas for v in terms of F for the hyperbolic orbit. Find, for the
hyperbolic orbit, those mean values mentioned above which are finite.

14. An ICBM is fired at an elevation of 45° with initial speed 5km/sec from
a point on a fat Earth (constant g). Find the range and the time of
flight. Now, taking into account the shape of the Earth and its rofation,
let the ICBM be launched with the same elevation and speed, due east
from latitude 45°. Find the range and time of fight.

What effect would air resistance have on your results?

(Use the energy and angular momentum to find o and e for the orbit.)

15. A rocket is launched from latitude 45°N over the north pole. If it strikes
the point of launching twelve sidereal hours later, find the initial condi-
tions of launching.

6.4 Some Properties of the Motion
Taking h x {6.2.5) we obtain
R?t = phxf+hxP. (6.4.1)

{6.4.1) shows that the velocity at any point is the sum of two vectors of constant
modulus. One, of length u/h, is perpendicular to £, and the other, of length
e{p/h), is perpendicular to the major axis of the orbit. It follows that the
hodograph of the motion is a circle of radius p/h, with center a distance e{u/h)
from the origin. The hodograph for elliptic motion is sketched in Figure 6.3a,
with the corresponding position in the orbit shown in Figure 6.3b.

i  is any point on the circle, OQ represents the velocity in the orbit at
one extremity of the focal chord that is at right angles to CQ. OP gives the
velocity at perihelion.

Pigures 6.4 and 6.5 are the hodographs of parabolic and hyperbolic motion.

_For the hyperbolic case, let OA and OB be tangents to the circle. Then the
angles COA and COB are each equal to sin™'{1/e) and the angles PC'A and
PCB are each equal to cos™!(—1/e); so only points on the arc APB are per-
missible. QA and OB are parallel to the asymptotes. The remaining arc would
correspond to points on the branch of the hyperbola that is convex toward the
center of force; it gives the hodograph for motion under an inverse square law
of repulsion.

From Chapter 4 the energy integral is

v? =28 190,
T

where ' = —(u/2a). The speed in a circular orbit of radius 7 is given by
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O

(b}

Figure 6.3

Figure 6.4 (left) and 6.5 (right)




140 Chapter 6. The Two-Body Problem

and in a parabolic orbit by
V2= QE
» .

Suppose m1 to be projected from a point distant r from mg with speed V
relative to ma. There are three possibilities:

Vi<, =, or > 2‘:‘1,

giving elliptic, parabolic, or hyperbolic orbits. The parabolic speed is the veloc-
ity of escape. It should be remembered that the major axis, and therefore the
period of the resulting orbit, depends only on r and V' and not on the direction
of projection. Also, a particle with speed V,, will be moving in a parabolic orbit
regardless of the direction of its motion. When m; is distant rq from ma, the
relative speed will be given by

u%ﬂﬂ+m(i—3)

Ty r
Consider (6.3.10). Rearranging it, we find

P 472
E(ml + ‘!RQ) = };T

This is the amended form of Kepler’s third law. For any planet in the solar
system (m; + mg) is very nearly equal to the mass of the Sun, so that P?la®
is effectively constant. The right-hand side of {6.4.2) is a constant, the value
of which depends on the units chosen. Provided consistent units are used, the
quantity on the lefi-hand side will be the same for any pair of bodies.

The law provides a useful method for finding the masses of celestial bodies.
For instance, if P and @ are known for a double star, then the sum of the
masses of the components can be found. In some cases this can be combined
with the observations described in Section 6.1, giving the ratio of the masses,
and then the individual masses can be found. Alternatively, if the sum of the
masses is assumed (twice the mass of the Sun may be a good value), or inferred
from spectroscopic observation, and the orbit of one star about the other can
be cbserved, then & can be calculated in terms of some definite unit of length.
But the angle that o subtends at the distance of the Sun from the double star
is observed; hence the distance of the system can be calculated in terms of
the astronomical orbit: this is known as the dynamical paroilez of the binary
system.

Suppose a planet of mass m, has a satellite whose mass is very small com-
pared with m, and which has an orbit about the planet with semimajor axis o,
and period P. If the corresponding values for the orbit of the planet around
the Sun are az and P, and the mass of the Sun, M, is mmch greater than i,
then we can apply {6.4.2) io the satellile going around the planet and then to
the planet going around the Sugn, when we find:

p? P
“tm,=—2M. : (6.4.3}

(6.4.2)
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So, the mass of the planet can be measured in units of the mass of the Sun. If
P is measured in sidereal vears, a in astropomical units, and masses in ferms
of the Sun's mass, then each side of {6.4.3) must be equal to one.

Problems

1. Given that the eccentricity of the Earth’s orbit is 0.01673 and the astro-
nomical unit is 1.495 x 10% km, find the perihelion and aphelion distances
and the length of the semiminor axis of the orbit. Find also the speeds
of the Earth at perihelion, aphelion, the ends of the minor axis, and the
ends of the latus rectum.

2. Assuming that the Earth’s orbit is circular and that meteors approach
the Sun in elliptic and parabolic orbits, between what lmits of relative
speed will they hit the Earth’s atmosphere, if the Earth’s attraction is
neglected? What effects on these limits will result if the eccentricity of
the Earth’s orbit is taken into account?

3. Two planets of equal mass moving in oppusite directions collide and co-
alesce at a distance 4 from the Sun. At the time of their collision one
planet is at perihelion and the other at aphelion, and both orbits have
the same eccentricity . Find the major axis of the orbif of the joint mass.

4. A comet moving in a parabolic orbit with perihelion distance ¢ collides,
when distant » from the Sun, and combines with a body of equal mass
that is at rest before the collision. Find the major axis and eccentricity
of the orbit of the combined mass.

5. At a certain point in an elliptic orbit under the force u/r® the value of p
is changed by a small amount. If the eccentricities of the former and new
orbits are the same, show that the point is at an extremity of the minor
axis.

§. The Newtonian gravitation constant G is found from terrestrial experi-
nents to be 8.670 x 1078 cgs units. Using data for the Barth’s orbit, find
the mass of the Sun.

If g = 981 cgs units, and the radius of the Earth is 6380 km, find the mass
of the Earth.

7. Assuming that the Moon’s orbit about the Earth is circular, with radius
60 times the radius of the Karth and with period 27d 8h, show that this
information together with values for g and the Earth’s radius given above
furnishes one check for Newton’s law of gravitation.

8. Show that the greatest value of dr/df in an elliptic orbit occurs at the
ends of the latus rectum, and find this value for a planet whose orbit has
semimajor axis a and eccentricity e. What is the value for the Barth’s
orbit? )
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14.

15.
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An artificial satellite is launched vertically upward with initial speed v.
When the vertical speed becomes zero, the satellite is given a transverse
speed u. Find the resulting orbif in terms of 4 and v.

If an artificial satellite starts off in an elliptic orbit such that atmospheric
drag occurs only at perigee, describe cualitatively how the orbit will
change, showing that it will eventually become circular. What is the
radius of the circle?

Once the orbit has become circular, suppose that during one revolution it
loses a small amount of energy, owing to atmospheric friction, but thaf the
orbit remains circular, but with different radius. How will the energy lost
be distributed between the kinetic and potential energies of the satellite?

When a periodic comet is at its greatest distance from the Sun, its speed
receives a small increment dv. Show that the comet’s least distance from
the Sun will be increased by the quantity

ja® [1—e
45, = .

pY¥ite
A particle is to be projected with given speed from a given point under
a central Newtonian force, so that the line of apsides shall make a given

angle # with the initial radius vector. Show that there are two directions
of projection making angles with this radius vector, whose sum is

(0+3) o (6+3g).

If POP is a focal chord of an elliptic path described around the Sun,
show that the time from P to P’ through perihelion is equal to the time
of falling toward the Sun from a distance 2a to a distance a{l 4 cose),
where a = 27 — (E — E'} and F and E' are the eccentric anomalies at P
and P’.

Two stars of masses my and mao move under their mutual gravitation.
Show that, if when m, is at rest, the velocity of m» is at right angles to
the line joining the two masses and equal to

V/W

where d is the distance of the two bodies, then the path of m: in space
is a succession of cycloids, the body coming to rest at a cusp at equal
intervals of time.

If particles are projected from a given point in the solar system with a
given speed but in different directions, find the loci of the following points
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in their orbits: (a) the other focus; (b) perihelion; {¢) aphelion; {d) the
center of the ellipse; {e) the ends of the minor axis. (It is assumed that
the speed of projection is less than the velocity of escape from the solar
syster.)

If the parficles are now projected from a given point in the same direction
but with different speeds, find the loci of the same points considered in
problem 15.

Show that in elliptic motion under Newton’s law, the projections on the
external bisector of two radii, of the velocities corresponding to these radi,
are equal. Show also that the sum of the projections on the inner bisector
is equal to the projection of a line constant in magnitude and direction.

Show that if a particle describes an ellipse under a force o a focus, the
speed at the mean distance from the center of force i1s a mean proportional
between the speeds at the ends of any diameter.

The components of masses m; and ms forming a double star, describe
elliptic orbits around each other in period P, their greatest and least
distances apart being Dy and D». Show that the rotational momentum
of the orbital motion of the system is

= ™2 /DiDo(D1 + Da).

fg.m1+m2

Two stars of masses M and m are initially at a great distance apart. M
is at rest and m has a velocity in V in a direction that passes A at a
perpendicular distance o. Show that after the encounter, when m has
again receded to a great distance, M will have acquired the velocity

VGm{G (M + m)? + a2 V412,
and find its direction.

Two stars of masses M and m are a great distance apart and move toward
one another with relative velocity V, o being the perpendicular distance
between the directions of their velocities, which are parallel. Show that
the least distance between them during the subseguent motion is given

by
Zyra ij2
1=G(;M—§-m) 1+ i+ oV .
d a?y? G2(M + m)?

For the two stars of problem 21, let ¢ be the angle through which the
relative velocity is turned by the complete encounter; show that

G(M-i—m)'

tanio =
59 oV 2
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Show further that if the two stars have equal masses and one is initially
at rest, the final speeds are

Vecost¢d and Vsin 3¢

A comet of negligible mass is traveling initially in a parabolic orbit around
the Sun. The orbit is disturbed by a close approach to Jupiter. Assume
that during this approach, Jupiter is moving in a straight line and that
the comet is subject only to Jupiter’s gravitational attraction; also as-
sume that the comet approaches Jupiter in either of the two directions
tangential to Jupiter’s orbital motion arcund the Sun. Investigate the
conditions under which the velocity of the comet with respect fo the Sun
will be increased or decreased by the encounter.

A foreign body of negligible mass, traveling at velocity ¥V relative to the
Sun’s motion, peneirates into the solar system and approaches to a dis-
tance D from the Sun before receding again. Show that when it has left
the system, its direction of relative motion is deflected through an angle

1 given by
P Dy?
C8C 5 —ZJngT/}}Q’
where V} is the orbital velocity of a planet revelving in a circular orbit at
distance Dy. Calculate the deftection roughly when V7 is 28 km/sec, and

D is 0.7 of an astronomical unit, the distance of Venus from the Sun.

A particle is projecied a great distance from a star of mass M and radius
ro with velocity V, such that, neglecting the attraction of the star, it would
approach the star at & minimum distance 0. Write down the equations
of energy and angular momentum, and find ¢ such that the particle will
just graze the star.

A star of radius ro moves through a cloud of particles, of density p par-
ticles per unit volume, with velocity V relative to the cloud. Assuming
that the particles have no relative velocities {or that the cloud has zerc
temperature}, particles within a tunnel of radius ¢ will be accreted by the
star. Show that the rate of accretion is
A=mripy (V + LMG)
TQV
By considering probable figures for the Sun, show that the first term in
the parentheses can nsually be neglected. {This is Eddington’s formula
for accretion.)

In another theory of accretion {due to Lyttelton) it is assumed that all
particles collide on an axis through the center of the star, parallel to its
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direction of motion, and that the collisions are nonelastic, completely an-
nulling the components of velocity perpendicular to this axis, but leaving
the components along the axis unchanged.
Show that the component of velocity along this axis is V, and find the
condition for a particle, after its collision, to fall into the star. Hence show
that all particles within a tunnel of radius

2MG
0=

will be swept up, so that the rate of accretion is

4 MG po
A = T-

Find the mass of Jupiter compared with that of the Sun from the following
data:

Period of Ganymede {a satellite) = 7.155 days.

Mean distance of Ganymede from Jupiter = 0.007156 astronomical units.

The sidereal period of Jupiter is 11.86 years; find the value of a. A body
of negligible mass moves around the Sun with the same value of a; what
is its period? If this body originally drifted away from Jupiter, how long
would it be before it approached Jupiter again? (Assume both orbits are
circular, and neglect the attraction of Jupiter.)

Procyon is a visual binary with period 40.33 years. The orbit of Procyon
B about Procyon A has a value of o which subtends 4”.26 on the celestial
sphere, while that of A about the center of mass of the system has a =
1”.02. Find the ratio of their masses.

If, from the distance of the system, the radius of the Earth’s orbit around
the Sun subtends an angle 07.289, find the distance of the system, the
separate masses of the components (compared with the mass of the Sun),
and the physical dimensions of the orbit.

A binary system consists of two stars with masses A and M. The second
of these is too faint to be observed, but its presence is inferred from the
irregular proper motion of the first. If the first {M;) is found to move
around the center of mass of the system in an ellipse subtending 4, show
that

M2 a’ﬁ

{Ml +M2}2 - p'fspz
where P is the period and p” the parallax of the system.

Tn the case of a spectroscopic binary, usually the spectrum of only one star
is observed. The radial velocity, ¥, of that star is recorded and plotfed
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as a function of the time #.  Show that the constant radial velocity, Ve,
of the center of mass of the system can be found from the condition that
the areas of the velocity curve above and below the line V' = ¥, must be

equal.

8.5 The Choice of Units

The values of the various constants used depend on the choice of units. If
these are chosen as the astronomical unit {with a modification given below),
the mass of the Sun, and the mean solar day, then the resuiting value of % is
the Gaussian gravitational constant. When it was first calculated the following
data were used:

1 sidereal year = 365.256 383 5 mean solar days;

The combined mass of the Earth and Moon,

1
Metm = m solar masses.
Then

2

P\fl + Metm
= (.017 202 008 65.

k=

These data have been revised, and the first figure is known to be steadily
changing. The best figures available at the present time give

1 sidereal year = 365.256 365 56 4 0.000000 117

where T 1s measured in centuries from 1900, and

1

e+m T Baonio la: .
Mey 395013 Solar masses

The value of k, as first defined, will be sensitive to revisions of the data and
to long-term changes. It would be extremely inconvenient to alter its value; so,
with the revised data, the unit of length is adjusted so that % retains its original
value.

Often, and especially within a program, it is convenient to choose the unit
of time so that the gravitational constant is equal to one. For mstance, if we
choose the mass of the Sup and the astronomical unit as units of mass and
length, and take & = 1, then in terms of the resulting unit of time the period
of the Barth is 27. Such a set of units, often referred to as canonical uniis, can
be advantageous, because, for motion in the solar system, the components of
position and velocity will roughly have the same order of magnitude, and this
will be, roughly, one. A change of units can always be accomplished with the
input and output phases of a program.
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Beware of using G in your calculations. For instance, for motion around the
Sur, we might take G = 6.670 x 107% and Msy, = 2.00 10%% cgs units, but
these values are so poorly determined that the calculation would be of little
use.

Problems

1. Find k when the units of length, mass, and time are as follows: (a) the
astronomical unit, the mass of the Sun, the sidereal year; (b) the mean
distance of the Moon from the Barth, the mass of the Earth, the sidereal
month.

If in each case the unit of time is altered so that k = 1, find that new unit
of time.

2. The components of position and velocity of a comet are (8.134, —10.385,
1.746) in units of 107 km, and (18.43, 15.97, -4.62) krn/sec. Express these
in terms of astronomical units and mean solar days. Also express them
in such units that make k = 1 when the units of length and mass are the
astronomical unit and the mass of the Sun.

3. Find the maximum value of dr/df in the Earth’s orbit arcund the Sun in
kilometers per second and astronomical units per mean solar day.

4. Show that for a parabolic comet

26.175
TAU

V=

mps

and find the corresponding result in kilometers per second and astronom-
ical units per mean solar day.

5. A parabolic comet moving in the ecliptic has ¢ = 0.28745 AU. Calcu-
late how long {in mean solar days) it lies in its orbit within that of (a)
the Earth, (b) Mars, (c) Jupiter, and {(d) Pluto, assuming that all these
planets move in the ecliptic in circular orbits of radius a.

6. For the comet of problem 5, find the speed at perihelion, and the number
of days after perihelion passage when its speed is 90, 80, and 50 per cent
of this value. Also find the time when its speed is 30 km/sec. Calculate
the trie anomalies for these positions.

7. Find the orbital speed of Mercury at perihelion, aphelion, the ends of
the minor axis, and the ends of the latus rectum. Give your answers in
astronomical uniés per day.

8. The mean daily motions of the minor planets Ceres and Medusa are,
respectively, 7117.2424 and 1105”.8857. Find their mean distances from
the Sun in astronomical units. ,
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as an approximate expression for changing & if it were not agreed to keep
this quaniity constant.

6. Find the period and orbital speed of a satellite that just grazes the Earth's
equator. Find the mean distance and orbital speed for a satellife with
period 24 sidereal hours. If the unit of length is the Farth’s equatorial
radius, the usit of mass is the mass of the Earth, and the unit of time is
chosen to mmake k£ = 1, find the unit of time and express the above results
in these units.

13. Consider the question of finding the value to ascribe to o for the Earth,
as a result of better values of m and P than those used by Gauss, while
retaining his value of k. Let my and P be new values for the mass and

period in guestion, and show that

B I‘E‘ml 1/3 i 2[3
= \1xm P

19, In order to find %, it is necessary to know the mass of the Earth + Moon.
To find this, we proceed as follows: let a; be the semimajor axis of the
Moon’s orbit about the Earth, and P its sidereal period. Show that

3 2
o km and thus to terms of the first order
PP 4r?’
. . . 1 - F

where m is the mass of the Earth + Moon. Expressing a, in astronomical a=1+ 3 my —m+2 7 .
units and P; in sidereal years, show that

1 2 Take Newcomb’s values

—1i= _1’

m a3 1 .

i o 326390, P =365.25636042
1

and that since m is in units of the solar mass, we can neglect the number
1 on the left. Hence show that

1 sinmm\° s

_— = : P, 1

0! sin g
where 7., and 7, are the parallaxes of the Moon and Sun (i.e., the angles
subtended by the Earth’s equatorial radius at the mean distances of these

objects). The principal error in this method comes from the smallness of
s

and show that they give ¢ = 1.000 0600 030.

6.6 The Solution of Kepler’s Equation

Kepler’s equation, and the kunt for its solution in numerical or analytical
form have left a legacy rich in mathematical invention. Early in the century,
Moulton (Ref. 11) wrote:

“A very large number of analytical and graphical solutions have been
discovered, nearly every prominent mathematician from Newton un-
til the middle of the last century having given the subject more or
less attention. A biblography containing the references to 123 pa-
pers on Kepler's equation is given in the Bulletin Astronomique,
January 1900, and even this Hst 1s incomplete.”

11. Using the result above and taking I /m = 329390 (Newcomb’s value) and
7, = 8779 as initial values, show that the variation in 1/m caused by

varying w, is given by

8 (i) = 11244067,
m

Invention did not cease in 1900, and the subject of the solution of Kepler’s
equation would make a good thesis. Even explicit analytical solutions are now
known in the form of definite integrals, but they are not competitive among the
numerical methods of solution.

All practical methods of solution involve successive approximations. In fact
Kepler’s equation provides a good example when learning different methods
for solving nonlinear equations. In this section we shall use the equation to
iltustrate some methods to be used later for other problems. First, it is necessary
to establish that Kepler's equation always has one and only one solution.

Consider

where &7, 15 measured in seconds of arc. Thus show that evaluating
1/m is equivalent to measuring the solar parallax, or, conversely, that the
measurement of the solar parallax yields a value for 1/m.

12. Using Gauss’ value of 1/m, show that
1
&k = [6.73480 — 20]5(—>
m

{(where the square brackets mean that the number enclosed is the loga-
rithm of the number required), and thus obtain

FEy=sE—esnE—M.
bk = —0.000000 017287, .




150 Chapter 6. The Two-Body Problem

Suppose that nw < M < {n+ 1)#, where n is an integer. Then
Flnr)y=nr— M <0,
and
Filn+lral=(n+iir—M>0.
So, there is at least one root in the range nw < F < (n+ 1}7. Now

dF(E
d—fgz =1—ecos¥
which is strictly positive. Then F(E) is an increasing function, and has at most
one root.
The methods to be discussed are general; so, notationally we shall consider

flz)y=z—esina—M =0, 0<e< 1. (6.6.1)

Let us call the actual solution z = a, and the sequence of approximations, {z.,,},
n=0,1,2,.... Let the error of the approximation z, be €,, so that

Tnte =0 {(6.6.2)

Then we can generate the Taylor series expansion

O=f(a}=f(xn+£n}
= f(zn) T €af (a) + 30 " (20) + 365 " (@) + -+ (6.6.3)

" Let us define &, by
0= fzs) + 6af{20), (6.6.4)

which is approximating e, if €2 in (6.6.3) can be neglected. Starting with an
initial guess zp (the provenance of which will be discussed shortly), let the
sequence {z,} be generated by '

— M n=0,1,2,... (6.6.5)
f (z'n)

This sequence gives the solution by Newfon’s method. Notice that the approxi-

mation to find 2,41 neglects the sguare of the error of z,. This is a quality of

guadratic convergence which appears clearly in the following example:

Tarl =Zn + 6y = 2y

For M =1, e=.8, zp = 1.000000 000000000,
z1 = 2.185 675 241 395 885,
zz = 1.821 525 340 241 445,
zz = 1.7828603 176105221,
ze = 1.Y82191 413 241 851,
x5 = 1.782 191 328 937 803,
zg = 1782191 328937901,
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“Good” parts have been underlined. Roughly speaking, once convergence is
well established in Newton’s method, the number of correct figures is doubled
for successive iterates. More precisely, we can say that the order of convergence
is k if

. Engyl . .
Iim n: exists, and is not zero.

For k = 1 the convergence is linear, for k = 2, the convergence is quadratic, and
so on. We are going to derive and use a method having quartic convergence,
with £ = 4.
First, retain just one further term in (6.6.3) in the approximation of §,.
Then
0= f(gn} + 6nf’{$n) + %‘S?:fﬂ(ﬂrn}:

which will be abbreviated as
0= fot+bafnt 356357,
This can be written in the form

k_fn—,_
Fot 38T

:and this can be solved for §, with an accuracy consistent with the approximation
:already made by:

A S
f:{a’ " f;z'%'%énlf:;’

n =

Tpil = Zp + bpa. (665)

he sequence formed in this way would have cubic convergence; it is essentially
Halley’s method. Notice that in going from a program using Newton’s method
one using Halley’s, only one additional instruction is needed.

Finally, use a further term in (6.6.3) to approximate €, by 6., and write

P A
N nAs e

This can be adequately solved for 6, by:

5111 = _f_?g ]
In
bpp = — 92
T L
by = Ja (6.6.7)

Ji+ 58uafl + 582, 1

followed by

Tatl = Tp + bpa, J
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which leads to a sequence {z,,} having {in theory) quartic convergence. Calcu-
lations using this method are shown below.

For M =1, e = .8, 2o = 1.000000 500 000 00,
1 = 1.804 238 696 437 663,
T2 = 1.782191 332959575,
T3 = 1.782191 328937 901.

The calculations for implementing the equations (6.6.7) are given by the
instructions 210-360 in the following program. But before we are ready for
that, we musé devise tactics for making the initial guess, zo. For a start,
consider only values of M for which 0 < M < w. The value of zo used above
was o = M. Consider the M — e plane. The guess xp = M 1s only correct for
the loci e =0 or M = 0, 7. Now consider

zo=M +ke, 0<E<L (6.6.8)

This is correct if e = 0 or if k = sin{M + ke). The latter is true along the two
sloping lines: M = —ke=x sin~! k. These lines appear in Figure 6.6 for the case
E=.8%

Using {6.6.8) with k = .85, the tables listed above are modified to give:

Newton’s Method

For M =1, e = .8, zo = 1.680 000 000 000 000,
21 = L785993 087 835967,
@2 = 1.782 196 154 187820,
zy = 1782101 328 045 698,
x4 = 1782191 328937901

Accelerated Convergence

For M =1, e = .8, zo = 1.680G00006 000 000,
2y = 1.782 193630100 117,
zo = L.782101 328 937 901.

Next, suppose that # < M < 27. Since sin M is negative, the modification
to (6.6.8) is 2o = M — ke. So, overall, for 0 < M < 27, we can take 2o =
M + SGN(sin M)ke. To consider any M, bear in mind that for practical
purposes, F is only required mod(27). So to find g, calculate the following:

M* =M~ [#£] (27}, (sothat 0 < M* < 27),
o = §GN{siv M*), (6.6.9)
zp = M* +oke.
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i

-

(-

Figure 6.6 The figures give the number of iterations (counting the initial guess as
one) before | ()] < 1071%. The initial guess was xo = M + .85e.

- A discussion of other initial guesses can be found in a paper by Danby and

_'_B;urkardt (Ref. 32). I hope that you will experiment with some of your owx. A

rogramm listing is givea below.

*. First, some comments are in order about the programs listed in this text.
he listings are based on programs run on an IBM PC that generated the
#imbers appearing in the text. The version of BASIC is BASICA/D. (BASICA
lone will generate functions only in single precision.) If a program is to be
opied as it stands, then all instructions corresponding to a given line number
hould be entered without hitting the RETURN (or ENTER) key. The format below
for clarity; it is not the same as a prinsout of the program. The main reason
for listing programs is to show how the mathematics can be transformed into
program. Most readers will not use BASIC. If you do use BASIC, then,
ing followed the listed program, change it in order to suit your own style of
graming,.

REM NEYTON’S HETHOD WITH ACCELERATION APPLIED TO
cLs REH XEPLER’S EQUATIOE.
DEFDEL A-M, P-Z: DEFI¥T ¥
INPUT “ENTER & VALUE FOR TEE ECCENTRICITY "; E: PRIKT
INPUT "ENTER & YALUE FOR THE MEAW ANCMALY *'; H: PRINT
PI = 25341592653589793# .

= .85
REM THIS CO¥TROLS THE INITIAL GUESS. SEE (8.6.8)

G -REY BOUND OF THE PERMISSIBLE ERROR FOR THE ANSWER.
20:MS. = ¥ ~ INT(H/{2+P1))*{2%PI)

SIGHA = SeN(SIFH{®3))

k.= HS ¢ SIGHA*KAE

--mﬁxnrzn GUESS. SEE (6.8.9).

: R?g FC WILL COUNT THE NUMBER OF ITERATIONS.
RE!‘E WOV WE EAVE THE KAIE ITERATION USING (£.6.7).
= E+SIN(X)
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2tp F= X - ES - HS

220 IF 48S(F) < DEL THEW 410
230 REN CORVERGENCE.

540 EC = E+COS{X)

2506 FP = 1% - EC

280 FPP = ES

270 FPPP = EC

286 DX = - F/FP
280 BEEX IF WE SKIPPED TO 360 WE WOULD BE APPLYING

300 REX ¥EWICH’S HETHOD WITH QUADRATIC COEVERGENCE.
a16 DX = - F/(FP + DI+FPP/2#)

320 BEH IF WE SKIPPED TG 360 WE WOULD BE APPLYING

330 REM HALLEY’S METHOD WITH CUBIC CONYVERGENCE,

240 DX = - F/(FF + DY+«FPP/2% + DX=DX=FPPP/68)

350 REM THIS LEADS THEORETIGALLY TC QUARTIC CONVERGENCE.
360 T = X # DX

370 BC = NC + &

330 PRINT X, DX

390 IF ®C > 10 THEN 420

400 GOTO 200

410 END

420 PRIKT "ND COEVERGENCE.”

430 END

Some points about this need discussion. The parameter DEL controls the
accuracy of the solution. This should not be as small as the round-off error
of the calculation, or the iteration may never stop in spite of the fact that all
possible accuracy has been found. In case the test for ending the iteration fails,
there should be a maximum number of steps allowed, after which some message
should be relayed. Various tactics exist for ending an iteration. In the listing,
1f(z)| is compared with DEL. {NEVER forget that the absolute value must be
used). Alternatively, the correction |DX| might be compared. If the solution
of f(z) = 0 may be at least an order of magnitude greater than one, then the

¥y=Fi{x)

Kpt1 a Ap—1 Xp

Figure 8.7 An iteration, using the secant method.
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selative size of the correction, | DX/ f{z)| might be used. Keep an open mind,
snd make lots of experiments. A lot can be learned by using a hand calculator;
here pressing a key can initiate the next operation, and the logical decisions are
made by the operator.

In Figure 6.6 the M — e plane has been divided into regions according to
he number of iterations needed to secure |f{z)] < 1072, A count of “one”

dicates that the initial guess was sufficiently accurate.

"' When solving f{z) = 0 it may happen that f'(z) is inconvenient or im-
Jossible to find. From many methods available, we shall consider two. In the
secant method two approximations, z,—; and z,, are used to find the pext,
Zpp1. Geometrically, Znyq is the point where the chord through the points
{241, F(@n-1)) and (za, f(@a)) culs the z-axis, as iflustrated in Figure 8.7.

Amalytically,

_ To-1f(#n) = ZTnf{Za-1)
Zngl1 = f{xn) _ f{xnfi} . {6610}

Two initial values are needed. One way to look for these is to have a search,
screasing z by equal increments and calculating f{z) each time; when the
roduct of two successive values of f is negative, a solution has been bracketed,
ad the iteration starts with the bracketing values of z. This 1s the method

sed in the program listed below.

REN¥ THE SECANT HETHOD APPLIED T KEPLER'S EQUATICK.

-CLS

DEFDRL A-H,0-Z: DEFINT ¥
" INPUT “ENTER A VALUE FOR THE ECCENTRICITY *; E : PRINT
'TNPUT "ENTER & VALUE FOR THE MEAW AWOHALY "; ¥ : PRINT
INPUT "ENTER 4 VALUE FOR THE START OF THE SEARCH “; X
PRINT
INPUT “ENTER THE INCREHENT FOR THE SEARCH *; DX : PRINT
DEF FN F{X) = X - E *3IN{X) - ¥
REM WE ARE SOLVING F{X} = O.
. TOL = 1E-14
NS = 0
.. REM NS COUNTS THE NUMBER OF STEPS I¥ THE INITIAL SEARCH.
. F0 = FX F(X0) : PRINT X0 ,FO
- REM LINES 180-24¢ FORM THE SEARCE LOOP. IF 4

REM SQLUTICY HAS ¥OT BEEN BRACKETED AFTER

REY TE¥ STEPS, THE LOOP IS ABANDOXED.
X1 = X0 # DX
30'F1 = FY F{X1i) : PRINT X1, Fi

y.IF FO%Fi <= ¢ THEY 250

REN THEN &4 SQLETIGN HAS BEEN BRACKETED.

20 ¥5 = KS + &

) IF HS > 10 THEY 350
45730 = X1 : FO = FL : 60TO 180

} HC = O

REN THIS ¥C COUNTS THE NUHEER OF SECANT ITERATIONS.

REM 250-340 FOR¥ THE ITERATICN LOOP USING THE

REN SECANT KETEOD, (6.8.10).
¢ I = (X0*Fi - X1¥F0)/{F1 - FO}
9'F = F§ F(X) : PRINT X, F
{6 IF ABS{F) < TOL THEN 390C
20°HC = NC + 1:IF HC > 10 THEN 380
B0 = X1 : PO =TFL ;X1 =X :FL=TF
- GOTD 250
‘PRI¥T “SEARCH FAILED. FOR ANOTHER TRY ENTER *3°%
PRI¥T “TO QUIT, EWIER ’2°%
INPUT ¥ : OGN ¥ €0TC 606, 390
RINT “"ITERATION FAILEDY
£33
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A specimen run of this program produced the following results:

ForM =1, e=.8

z fley=x—esnz—M
Search

0.0 —1.0000000000000000

0.5 —~(.883 5404515266419

1.0 —0.673176 765441 8945

1.5 —0.207995 984554290 8

2.0 +0.272562056 7798615

Tteration

1.761 144320968186 —0.024406 4424186945
1.780774744371 344 —1.653586514204 1480 — 03

1.782 201 404 986 862
1.782191 324155680
1.782 191 328 937 885
1.782191 328 537 901

+1.176 744626 7185730 — 05
—5.584 660038 1652930 — (09
—1.802 930256 985892 — 14
—5.551115123125783D — 17

Convergence, when it is established, is better than linear but not as good as
quadratic.

The next method to consider, known as Steffensen’s method, has quadratic
convergence. Suppose that the equation f{z) = 0 is rearranged intc the form

z =g{z). {6.6.11}

This can be done in any number of ways. For Kepler's equation we can write,
for instance,

z=g{z)=esinz+ M. {(6.6.12)
Then, with some initial zo, the sequence {2}, n= 0,1,2,...is generated using
Tn =glan—1), n=12,... (6.6.13)

As before, if z = a is the correct solution, and if 2, +€, = a, then, by the mean
value theorem,

oa—¢&, =gla—e,-1)
= g{a) — €a-19"(Ea—1);
where £,,_; lies between ¢ and z,.-1. Then since a = g(a),
€p = fn—lgr(fﬂ—l)'

If lg'{z}| < 1, for the values of z appearing in the sequence, then the error
e, will tend to zero as n tends o infinity, and the sequence will converge %o
a. But the convergence will be, in general, lineor, with the ratio between two
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successive errors approaching a constant (equal to ¢'(a)). This property can,
however, be harnessed, as follows.
Assume that €, 9/€,11 =~ L, and €q41/€, 2 L, or, equivalently,

2T Tmiz BT Vg (6.6.14)
G—Tpp1  G— Ty

I is unknown, but can be ignored. If the “~" symbol is replaced by “=7, and
a is replaced by a, 42, then we have
Ont2 ~ Tatz _ G042 T Tntl (6.6.15)

An42 — Tnil Oni2 — En

This can be solved for a,, 2. So corresponding to the converging sequence {z,},
there is another sequence, {a,}, and it can be shown that this converges to ¢
faster than the first sequence. This illustrates Aitken’s “delta process”. It will
be applied to the solution of z = g{x) as follows.

Start with a guess, ze. Then let

zl ==z, x3=g(zy), x3=g(z3) (6.6.16)

* Define z1 by

:L'l—:.t; 271—3;

*y — x5 3 — 2%

Then #; can be written as

(o — 23)?
= R e i 8.6.17
R P ) (66.17)

This shows the progress from gy to zy; further iterations are similar. The
process is illustrated in the following program, applied to Kepler’s equation in
the form (6.6.12). Before calculating (6.6.17) it is advisable to make sure that
the denominator is not too small; this will explain lines 130-180 in the listing
below. Note that this is not intended as a general program for solving Kepler's
equation but as an lustration of the use of Steffensen’s method.

Notice that |g'(2)] = lecosa} < e, so that for elliptic motion the sequeace
generated by (6.6.13) does converge linearly. But the algebra involved in deriv-
ing (6.6.15) does not require L to be less than one, and Steffensen’s method can
be applied even if the sequence corresponding to (6.6.13} diverges linearly. For
that reason, the program includes the hyperbelic version of Kepler’s equation.
Actually, the sequence (6.6.13} diverges worse than linearly, but Steffensen’s
method can still work; live dangerously, and try it!

10 REM THE APPLICATION GF STEFFENSEN’S METHOD TC THE
29 REM SOLUTION OF XEPLER’S EQUATICE. HYPERBOLIC

39 REX MOTION IS INCLUDED.

40 LS

50 DEFDBEL 4i-Z

‘60 IEPUT “E¥TER THE VALUE FOR THE ECCENTRICITY " ; E : PRINT
70 INPUT YENTER 4 POSITIVE ¥ALUE FOR THE HMEAN ANOMALY " ; H
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8¢ PRINT
90 IF E > 1 THEN 220 : REE THEE DORBIT IS HYPERBOLIC

100 X: = ¥ + .85%+E : PRINT X1

1ig 12 = ¥ + ESIE(X1)

130 I3 = ¥ + EsSIN{(X2) : REE (6.6.18)

130 IF ABS(Xt - X2 - X2 + I3} < 1E-1f THEW 210

1
120  REM THIS AVOIDS DIVISION BY ZEAC IN (8.6.17).
150  REH IF THE DENDEINATOR IS CLOSE To ZERD,

160  HEM THE HETEDD IS ASSUMED TO EAVE CONVERGED.
I70  REM NOW APPLY (6.6.17).

180 DX = (X2 - Xi)=(X2 - X1)}/(XL - X2 - X2 + 13)

160 X1 = ¥t - DX : PRIN? X1, DX

260 IF 4BS{pX) > 1E-1i4 THEN 110

210 EXD

550 Y1 = LOG{28=M/E + 1.88) : PRINT X1

230 Y2 = E#(EXP{X1) - EXP({-Xij)/2¢ - X .
240 Y3 = E+{EXP(I2) - EXP(-I2))/2¢ -

350 IF ABS(X1 - 12 - X2 + X3) < 1E-14 THEW 290
380 DY = (%2 - Liyx(X2 - Xi)F{XL - X2 - I2 + X3)
570 ¥i = ¥ - DX : PRINT X1,DX

280 IF ARS(DX) > 1E-14 THEN 230

290 END

Finally, we shall describe an important application of the method of La-
guerre, as modified by B. A. Conway. This method was derived originally for
finding roots of polynomials, and it does this with considerable success. It has
local cubic convergence {for a simple root), and for real roots it usually gen-
_ erates a monatonic convergent sequence. So it is less sensitive to the quality
of the initial guess than is Newton’s method. We start the discussion with a
somewhat pragmatic derivation of the method’s basic formula.®

Let P,(z) be a polynomial in  of degree r, having simple roots r1,72,..., 7.
Then
Pz)=a{z —ri){z —ra)---{z—ra) {6.6.18)
Differentiating logarithmically, we find
P 1 1 1
P_jn = + 4+ = A. (6.6.19)
X —T1 T — T2 X Ty

Differentiating again,

Fo _B2___ 1 1 ! B 6.6.20
P P2 m—np (z-r?  {z-r)? (6:6.20)

Suppose now that we want to approximate r;. For a given value of z, assumed
to be “close” to rq, let

p=z-r;, and @e=2z-7k kE=2,3...,n, (6.6.21)
and make the approximation
4 =~ gk, k=2,3,...,n

Then 1 1 i 1
Az——i—n_ , and Bﬁ——g—n; :
r ) B g

i8ee Action, F.5., Numerical Methods that Work, p. 187, Harper and Row, New York,
1970. ' '

(6.6.22)
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Eliminating g, and solving for p, we find

n

S Ax Vn—D{—nB - A%)

Z—rL=p (6.6.23)

" The sign must be chosen to maximize the absolute value of the denominator.
" If the value of z “approximates” r1, then the subtraction of the right-hand side
. of (6.6.23) from z will provide a better approximation.
Proceeding to Conway’s application, we replace P, {z) by f {z), so we are
solving the equation f(z) = 0. Let

}cr f f"Q
A="-, and B="~F-"F%5. 6.6.24
Let 1 be a parameter to be chosen by whoever is using the method. Then if z
is an approximation to a root, we continue to use the right-hand side of {6.6.23)
to give an improvement to the approximation. More specifically, substituting
(6.6.24) into the right-hand side of (6.6.23), we can define the iteration:

o nfi :
Tiyy = ; e \/('n — 2)2}‘;2 = n(n — 1)}%%! . (6.6.25)

"Here fi = f(a:), I = f'(z:), and f!' = f"(2;). The sign in the denominator
:will be the same as the sign of f].

' To demonstrate the quality of the local convergence of the sequence gener-
“ated by (6.6.25), assume that f] # 0, so that the denominator in {6.6.25) can
. be developed i powers of fi. Then, if n > 1,

112
zs+1=$e—nff/(f{ﬂn—l)f{[l—nflf}{z’} )

n fifl

=zi—nfi/(f£+(n—§)f;[i—én_l -
1/ n )2 ITAN
(i) ) -

(. LR 1n P
—Ia—fz/(fi"§ 7 “3no1 73 —) (6.6.26)

Truncating the denominator after the second term, we see that the approxima-
tion is equivalent to Halley’s method, with local cubic convergence, and that,
provided n > 1, this property is independent of the value of n.

In its application, the method seems to be rather insensitive to the value of
n that is used. Conway opts for n = 5. Note that if the expansion (6.6.3) were
truncated after the quadratic terr, and the resulting quadratic equation solved
t'e,, then the resulting algorithm will be equivalent to (6.6.25) with n = 2.
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Another form can be derived by dividing the numerator and denominator in
(6.6.25) by n, and then letting n fend to infinity. Then

i
1 = X — . 5.6.27
“i = SN (U~ A (6620
If n is changed from step to step, then the method can be meodified to give
local quartic convergence. Consider the sequence in (6.6.7). If this is combined
explicitly into one formula, then

2

i f:
““'x“”f/ fi- gk ——IW 34 T
5 1i-

i

If the denominaior is developed in powers of f;, we find

et (13 ()= (B) (- b))

Comparing this with {(6.6.26), we see that we can achieve local quartic conver-
. gence if

11 o
sl = i £l {6.6.28)
TbeE 6 éX Ll
=3 : X where X = f}fé . (6.5.29)

There is no guarantee that n, found in this way, will be less than one; con-
sequently, the sign to be used in (6.6.25) should be the same as the sign of
(n— 1

But the greatest advantage of this method lies in its non-local qualities. You
can apply it to the solution of Kepler's equation with initial guesses so stupid
that Newton’s method {accelerated or not) will fail; but in my experience this
algorithm of Laguerre-Conway will converge in every case. But one important
precantion must be taken. In (6.6.25) the ABSOLUTE VALUE of the contents
of the radical must be calculated. Close to a solution, this will be positive
anyway, but with a wild initial guess, it may be negative. For elliptic motion,
with initial guesses made as described earlier, I prefer to use Newton's method
accelerated to give local quartic convergence, since it is quicker, and involves
less computation (for instance, no square root need be taken). However, as
we shall see, when using universal variables for hyperbolic motion, Newton's
method can often fail, whereas the method of Laguerre-Conway does not.

This method will be used in the program listing in section 6.10.

Problems

1. Figures like 6.6 are useful when comparing different methods of iteration
or different initial guesses. See if you can confirm the details of that
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figure, and then derive similar figures when {a) Newton’s method and (b)
Halley’s method is used.

. If the instruction

In
1 1 " 142 i 1 ¢3 rrnr
fn + §5ﬂ3 n + §6n3-fn + ﬁén?; n!

67:,4:_

is added to (6.6.7) then we have a method with, in theory, quintic conver-
gence. Test this and see if any advantage appears over the method with
quartic convergence.

. Compare the use of different values of k in (6.6.8).
4. Find the locus of exact solutions in the M — e plane if zp = M +

{/0.55)%(1.1 — ¢). Find a diagram corresponding to Figure 6.6 for this
initial guess.

. Repeat exercise 4 for zp = M +{1.2/7)eM{x — M). These initial guesses

are taken from Reference 32. Consult this, and see if you can find better
initial guesses.

. Investigate carefully different tactics for ending an iteration.

7. For the hyperbolic form of Kepler’s equation we have

flz)=esinh{z)—z-M=0.

Show that, neglecting exp(—z) in the expression for sinh(x), the approx-
imation zo = In(2M/e) results. Write a program for solving this form of
Kepler’s equation using this initial guess. Better results can be obtained
by taking

za=§.ﬂ<gﬂﬁ-§-k> B> 0.

kE = 1.8 gives good results. Experiment with this and other values. A
discussion of this appears in Reference 32.

. Experiment with the method of Laguerre-Conway. Remember to use the

absolute value of the expression under the radical in (6.6.25) or (6.6.27).
Generate figures like Figure 6.6, and experiment with different values of
n. Try cases with stupid initial guesses, such as zg = M when M is
close to zero and e is close to 1, and see if you can get the method to
fail! Compare the accelerated version of Newton's method having quartic
convergence with the combination of (6.6.25) and {6.6.29).

. Using (6.6.7), and with a sufficiently good initial guess, using two itera-

tions through (6.6.7) may be adeguate; so it may be more efficient to run
a program that uses precisely two iterations and dispenses with the test
“TF ARS{F)<DEL ...”. From Figure 6.6 it is clear that the initial guess
@p = M* + 0.850¢ will be adequate unless M* is close to 0 or 27, so for
these cases different initial guesses roust be devised. Consider 4™ < 0.1.
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Show that if € is small, 7o = M" is adequate, while for e close o I,
zo ~ (6M *}1/ 3 A formula that interpolates between these extremes is

2o =M™ + |[(6M*)1/® - M*} e,

Experiment with this and others, and find 2 similar formuila for the cases
A > 2x — 0.1

6.7 The f and g Functions

Let Ty = r{t) and vp = V(%) be the position and velocity vectors at time
#o of a body in Keplerian motion subject to the differential equation {6.2.3).
We shall assume that these vectors are not parallel; consequently, the angular
momentum of the orbit is not zero, and the orbit lies in a plane. Then if r{t) is
the position vector at any time ¢, there exist unique scalars § and g such that

r{t} = fro + gvo. {6.7.1)

f and g will depend on the times # and ¢, so (6.7.1) can be written more
" explicitly as

r(t) = f(t,t0)r(to) + g(t, o) v{Lo)- (6.7.2)
These scalar functions are independent of the reference system used to resolve
the vectors. In particular, {6.7.2) is valid in the orbital reference system, where
the components in the plane of the orbit are

X(#) = fX () + 9 X (to),

Y(t) = £Y (1) + o7 (o). 673
These can be solved for f and g, when
f = X (o) ~ YOI (t)]
o= Y OX () - XEY (), (679

where D = X{#)Y (fo) — Y (#0)X (t0) = .
X(3), Y1), X(to), Y {f0), X{%o), Y (£o) can be expressed in terms of the eccentric
anomalies F and Ey using (6.3.22) and (6.3.23). Substituting and simplifying,
we find a
f=—[cos(E—Fo)—1+1,

g

1 . . .
g= g[sm(g_ Ey) —esin E + esin Eo) {6.7.5)

—t—tyt %[sin(E — Bo) - (B - Eo))-
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To justify the second expression for g, consider Kepler's equation for the two
times: (-T)=F B
n{t—T)=FE —esinE,

n(ig — T) = Eg —esin Eu,jl (676)

and subtract the second from the first. Given formulas for f and g, {6.7.1) can
be considered as the solution to the differential equation (6.2.3) with ro and vg
as arbitrary constants: this is an important and useful expression. The velocity
at time ¥ is found from

v{t) = —fg—;@r(tny + ai(;ji}v(go)_

Writing the partial derivatives of fand g as f , g, this can be written as
v(t) = fro + gvo. (6.7.7)
From (6.7.5) and (6.3.20), we find
f= #E;n sin{ ¥ — Ep),
rrp
. 67.8)
g= ;[COS{E - By -1+ i.J

The f and g functions and their derivatives can also be expressed in ferms
. of the true anomalies. Details are left as an exercise; the results are

F= ;Ecos(v -} — 1]+ 1,

s .
g = — sin{v — vo),
H

s

| . (6.7.9)
f=- p—gisin{v —vp)Fesiny — esin vg),

-3

0

g = :;{cos(a} —wve) — 1+ 1L

The f and g functions only came into prominence in the 1950°s and the
. widespread use of high-speed computation. Up till then, they were “fand g
series,” expanded in powers of the time difference (£ — n). We have the Taylor

r{t) = 1o + (£ — to)fo + L{t — ta)’Fo + 5{t — t0)® To +--- (6.7.10}
Now .
I'n = __51_30_ = —GCEp
o
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where ; -
o= % and 7= 2 = -2 = 0
o e} 5

Substituting into (6.7.10), and rearranging, we find

r(t) = (1 Lo(t —26)* + Jor(t — 00} +---) o
+{(t—to) — to(t — ) +---) vo.

Comparing this with (6.7.1), we can write

F=1-lo(t—ta)? 4 gor{t—t)* +- -,

g=(t—t)— to{t—to)* +---. (6.7.11)

These are the f and g series. If to is known, but not vy, then the leading terms
in the series are useful, as we shall see when we consider the determination of
orbits. But as soon as vo is known, then the f and g functions are accessible,
and shouid be used.

Problems

1. Pind expressions for the f and g functions and their derivatives in the
cases of hyperbolic and parabolic motion.

2. Show that

f= \/Etan E(v—vu) [———1 cooslvmve) 1 E} )
r 2 p r T

3. Find the value of fg — fg.
4. Show that f = —uf/r3, 5= —pg/r®.
Bg of 3
5. Show th =—— = .
ow that f pr and ot He/rg
6

. Define the matrix H(%,%) by

Ftt0) gt to)

H(t:fﬂ): {%f(t,f{}) %g(t,fo)j

Show that H(f,#,)H{#1, fo) = H(ta2,%0), and that H1(2,t0) = H(tg, 7).
Show also that H is symplectic, ie., that H TJH = J, where J is the

matrix
: g1
~10|"
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6.8 The Initial Value Problem I

The problem to be addressed is: “Given initial conditions ro = r{#) and
g = (&) for a time to, and given a second time £, find r(f) and v(t}". In this
"section we shall consider only initial conditions that lead to an elliptic orbit.

From the initial conditions we can calculate v = |rp|, v§, and the scalar

product
% = Tg * Vg (6.8.1)

" From the energy integral, we can solve for a:

o= (3 - ﬁyl. (682

from .
n= L. ©(6.8.3)

Next, from (6.3.8) and {6.3.21) we have

ro = a{l —ecosEy) and u=rofe = ena” sin E.

EC =ecosEy =1—ro/a,
{6.8.4)
ES =esin Ep = u/na”.

ote that e can be found from these; it will be needed when making an initial
ess for the solution of Kepler’s equation.

Writing down Kepler’s equation for the times #p and £, and subtracting one
om the other, see (6.7.6), we find

nAi =AFE —esin E - esin Fy, {6.8.5)

';...vhere
At =1t— tm and AE = E - Eg. (686)

Then £ = AE + Ey, so (6.8.5) can be rewritten as
nAt = AE — ecos Fysin AE + esin Ep(1 — cos AE). (6.8.7)

his is the new form for Kepler's equation. Notice that for a circular orbit the
ifierence AE can always be found in spite of the fact that individual anomalies
‘e not defined. The sclution of {6.8.7) for the unknown z = AF, so that

f(z) =z — ECsinz + ES(1 — cosz) — nAt'= 0, (6.8.8)
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is as straightforward as for the basic form of Kepler's equation. But the initial
guess o requires more care. Since

z=AFE=F — Fy,
then

2o = (M + oke) — (Mo + esin Ep)

= nAf + oke — esin Ep. {6.8.9;

To identify o we need to know the sign of sin M. Now
M=n(t-T)

n(i — fo} -+ n(tu - T)
= ndt + (Ey — esin Ep).

We want to aveid explicitly finding Fp. But we can write
sin M = sin Eq cos{nAt — esin Ey) + cos Fy sin{nAt — esin Ey)

= %{ES cos(nAt — ES) + EC sin(nAt — ES)]. (6.8.10)
So the sign of sin M is the same as the sign of the quantity in the brackets on
the right of (6.8.10). If e is smaller than some quantity, such as 0.1, it is quicker
to let zg = nAf.
Once z = AE has beer found, the f and g functions and their derivatives
can be found from a
f= ;E(COSAE -1 +1,

0= At + S(sin AE — AE),

. aal ' (6.8.11)

f=———nsinAFE,
o

§= f—:(cosAE 1) +1

To find f and §, r = r(t) is needed. This might be found from

r
—=1l—-ccosF
a

=1—ccos(AF + Ep)

=1- FECcosAF + ESsinAE. (6.8.12)

But Kepler’s equation in the form (6.8.8) has been solved, and f'(z) is equal
to r/a. So this quantity, as well as C' = cosz and § = sinz, can be taken
from the subroutine for solving Kepler’s equation and used in the construction
of (6.8.11). Finally, r{t) and v(#} are found from

r{t) = fTo + gvo, V(i) = fro+gvo. (6.8.13)
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A program listing follows. A good way to debug your program is to run it

once and then transform the output, r{f), v(), into iitial conditions, reverse
the sign of At, and run the program again. Lines 410-430 do this.

REM THE INITIAL VALUE PROBLEX FOR ELLIPTIC MOTIOH.

DEFDBL A-¥,0-Z: DEFIRT ¥

CLS

INPUT “ENTER MU * ; EU : PRINT

IFPUT “ENTER THE INITIAL TIHE, T0 ¥ ; T0

: PRIKT

PRINT “ENTER COMPONENTS OF THE INITIAL POSITIOH,

I6, Y0, Z0 ©
INPUT X0,Y0,20 : PRINT

PRINT VENTER COXPONENTS OF THE INITIAL VELDCITY,

XVe, ¥YVo, Zv¥o ©

INPUT XY¥0,YV0,ZVC : PRINT
INFUT “ENTER THE FINAL TIKE, T " ; T : PRINT
PI = 3.1415926535897938
¥B = 0
RE¥ FOR THE DEBUGGING RUN, WITH INITIAL AND FINAL
REH CONDITIONS REVERSED, ¥B = 1
RG = SQR{XC=XC + YO*Y0Q + Z0#%Z0)
VY0S = XVOsXVO + YYO=YY0 + ZVOsZVQ
§ T = I0+XV0 + YO+YVG + Z0*ZVQ : REYM (6.8.1)
& = 1%/(2%#/80 - VOS/HMU) : REY (5.8.2)
0. IF 4 < O%¥ TEEN 470 : REM EYPERBOLIC MOTION.
EX = SQR(MU/(4*5=4))
:EC = 1¥ - ROJA
ES = U/{EN#i=&) : REN {(§.8.4)
E = SGR{ECSEC + ES=ES)
QDT =T=T0
PRINT 4,E
GOSUB 600 : REY SOLVE XKEPLER’S EQUATION
F = {a/R0)=(C - 1¥) + 12
@ = DT + {5 - X)/ER
0 FDOT = - {4/{RO*TP))*EN+S
. GDOT = {C - 1#)/FP + 1¥ : REY (6.8.11)
X = X0%F # XV0*G
¥ = Y0%F + YVO=G
7 = ZO%F ¥ ZVO#*G : REM (6.7.1)
IV = Y0%FD0T + XVO=GDOT
¥Y¥ = YO#FDOT + YVO=GDOT
0 'Z¥ = ZO*FDOT + ZV0=GDOT : REM (6.7.7)
). PRINT “PINAL CCMPCEENTS OF POSITION 4RE " ; X ,Y ,Z
PHRINT
PRIXT "FINAL COMPOKENTS OF VELOCITY ARE ' ; IV YV ZV
IF ¥B = 1 THEN 460
=X :Y0 = : 20 =2
IVO = X¥ : YVO = Y¥ : ZV0 = ZV
TT=T0 : T0 =T : T=TF : §NB = 1: PRIFT: GOTC i5C

RE¥ SWITCHING TIMES AND COORDIEATES IS
RE¥ IMCLUDED FOR DEBUGGING.

WD
PRINT “HYPERBOLIC CRBIT. TRY AGATHIV
ERD

DT = DT = INT{EN«=DT/{28#+PI})}*(2#%PI}/EN
Y = EN=DT — ES

SIGHA = SGN(ES*CGS{Y) + EC=SIN{Y))

X = ¥ + SICHA*.SE#=E - ES

- nag CALCULATIOH OF IKITIAL GUESS.
DEL = 1E-14

S = SIN(X) : € = £OS{X}

F= X~ ECx§ + ES#(i# ~ €) -~ EN#DT

FP = 1§ - EC%{ #+ ES#S
FPP = EC#S + ES#C
FPPP = EC#C - ES=S : REM PERIVATIVES OF F
DI = - F/FP

DI = - F/(FP + DX#FPP/2%)

DX = - F/{FP + DX*FPP/28 + DI*DX*FPPP/68}
X = X + DY : REM QUARTIC CONVERGENCE,

IF 4B3S{DX) < DEL TEEE 810

¥C = 8€ + 1 : IF ¥C > 10 THEY 830

REN SOLUTION OF XEPLER’S EQUATION IN THE PORN (6.8.8)
REE USING ACCELERATED NEWTQH’S METHOD, (6.8.7).
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800 GOTD 690
£10 RETURY
820 PRINT “THE SOLUTION OF KEPLER’S EQUATION FAILED.®
830 RETURH
Example:

p=11%=0,t=1 19 = (1,.1, -1}, ve= (-1, 1,.2).
r = {466 0807846535234, 900611234507 7236, .114 045980667 3234)
v = {—.876 5944368525084, .4731566049794786, .193 159492 443962 3)

6.9 Universal Variables

Recoiling in horror when g is negative (as in the preceding section) should
not happen. Equally, writing special routines for every possible type of orbit is
not necessary. What we shall do in this section is to look for and find a single
set of formulas which will solve the equation

P+br =0 (6.9.1)
for any set of initial conditions. Obvicusly Kepler's equation in the form
ket - T)=E—esinE (6.9.2)

would not qualify, since it is meaningless for negative a. One way to hunt for
universal formulas is to play with formulas such as (6.9.2) as follows:

Kt —T) = a*/* [E—e(E—ngE;’_f_;jL...ﬂ
= %2 [(1—8)E—i~e<§—f—§—:+%—:—-“)}
o)+ [WOEE LWEER LR ]

Here ¢ = (1 — ¢). Let /uE = z; then Kepler's equation takes the form

¥ 1z 127
Bt-T)=gote (3I a5l V@7 >
This formula is valid for all values of ¢ and e; in particular, it is good for
parabolic orbits where 1/a = 0. The series converges absolutely for all z,
whether a is positive or negative, and the equation can be solved for z using
methods already discussed. To see how this value of x could be used for further
calculation, consider '

X = a{cos F — e}

- 1 1z2 1zt
il G T )
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and

Y=ay1l—-elsmF

1z° 1 z°
_ 2 _ = S
= /a(l e)(a: a3§+ )

o5
These are “universal formulas® and z is an example of a “universal variable.”
Other formulas can be manipuiated in the same way.

Obviously, we need to use a systematic approach. In doing so, we shall find
new functions and new formulas; we shall also have to learn how o compute
4he functions. Your patience is required in following the derivations: you will
be rewarded. Let us define a new independent variable, s, using the differential

_Ielation
dt = rds. (6.9.3)

It is obvious that s will be proportional to the eccentric anomaly. {6.9.3) can
‘include a constant factor for greater generality, this can always be inserted later;
“the derivations will lock simpler with (6.9.3) as it is. We shall work with times
15 and ¢, and will assaume that s = § at the fime f. Then we can write

t—ty = jo | r{5)ds, {6.9.4)

or

/ () = s. (6.9.5)

. to
Pirst we shall derive differential equations in terms of this new variable. Let

. prime stand for differentiation with respect to s. Then, by the chain rule,
d_dsa _1d ]

: dt  ditds  rds

and (6.9.6)
d? 1df1d\_1d& 1,d

di?  rds

= -0 — r .
rds r2ds?  r® ds

Alternatively,

;2nd (6.9.7)

S S (6.9.8)
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Now from (6.2.5),
P:i")(h—,uf‘
Cx(ex) T
=Fx(rxt) "

= (#)2r — (rF)E — *‘7’

L R AN S S ol
R GO
pr_rT (K
o r r (a)r
=-r"—-ar
from (6.9.8). Here we have set
2
a=E=F_¢ (6.9.9)
a 7
Finally,
'+ ar=-P. (6.5.10)

The problem has been reduced to one having no singularity, and the new differ-
ential equation is the harmonic oscillator. Mathematically, the problem is said
to have been “regularized.” It will be convenient to differentiate {6.9.10} once

more and write it as
' +od =0, {6.6.11)

Next, consider v’ =7 = r-¥. Then

r”=r(i:i+r-f}=r(?—g—ﬁ_ﬁ) =p—ar,

so that
v for=p, and v +or’ =0 (6.9.12)
Since r = frg + gvg, we find from (6.9.11) ‘
(ffff + aff)re + (g”’f _;_ &gi)vﬁ — 0
Ty and vg are arbitrary, so that
P +af' =0 and ¢”+ag =0 {6.5.13)

These are the new differential equations that we need. Next, we must turn
our attention to the solution of the harmenic oscillator, but without considering
any special cases. For a start, note that the sclution of

w'+ow=0
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can be written in series as

s 5 5% s 285
w = iy 1- a§+aE_' +uq{s— 3_}_a§_... ,

and that these series converge for all s regardless of e. To discuss the solution
systematically we now introduce the “Sturapff functions™:

1 z z?

= e kE=0,1,2,. . 6.9.14
Ci;(x) %l (k+2 (k+4); p 54y Ly ( 9 )

These series all converge absolutely for all z. Note that:

For z > 0,then eo{z) =cosv/z, «afz)= Snj/;{;:,

and (6.9.15)

for £ < 0, then co(z) = cosh v, cx(2) = = |
—&

The functions satisfy the recursion relations

1
zepyaf{z) = P ce(z), k=90,1,2,.... {6.9.16}

Before applying these functions we must acquire the ability to compute

them. For our purposes we shall need co, ¢, ¢z and ¢3. It is most efficient to

ompute ¢z and cz by series and then use the recursion formula to find ¢; and

0. {Make sure that you understand why this is so. ) It is inefficient to usec the
ries except for small values of the argument; but if the input argument is too
arge, it can be reduced by using “half-angle” formulas, found as follows.

Since cos{2y) = 2cos® y — 1, then, from (6.9.15), |

co(4y”) = ey -

coldxz) = 2[co (=) — 1, {6.9.17)
‘a formula that continues to be valid if z is negative. Also sin2y = 2sinycosy,
o sin 2y sin siny

——=cosy, and then
2y ¥

e1(4%) = colyMen ()
e1{4z) = eplz)er(2)- (6.9.18}

e2(42) = He (@))%, (6.9.19)
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and
es(4z) = heala) + beo(@)es(2), (6.9.20)
the derivation of which is left to the reader.

Suppose that the series for ¢z and ¢z are only to be used for values of z
where |z| < XM. The flowchart 6.1 shows a possible scheme for reducing z,
and then restoring the original value, while computing the ¢;.

The series might be found using a loop that would include a test to terminate
it when the necessary accuracy was achieved. Or XM can be chosen once and
for all, and the consequent number of terms found in order fo guarantee double
precision accuracy. For instance, if XA = 0.1, then
1 1 1 1
CQ(Z) ~ 5; - E.’x‘.‘-}- af - §I3 + ﬁl"; - ﬁfp“s—i— Exs

xZ x z

=§(1_3$4(1_5*6(1_7*8

(s - mp (- mvii)))

=(1-2{1-2{1 - z(1—=z(1-=z(1-=z/182)/132)/90)/56}/30)/12)/2.
Similarly,
ea{z) ~ (1 —z(1 — 2{1 — 2(1 — 2(1 — 2(1 — /210)/156)/110)/72)/42)/20)/6.

There follows a listing for a subroutine for calculating the Stumpff func-
tions {lines 3000 to 3180) and also a program for testing the calculations using
(6.9.15}. However you set up your program, debug it very carefully. Your sub-
routine will gain you independence from some conventional functions and give
vou considerable versatility.

ic REM THIS PROGRAX TESTS THE CALCULATION OF THE STUHPFF

20 REH FUNCTIONS USING SERIES AND RECURSION, AGAINST

23 REH TRIGONOXETRIC OR HYPERBOLIC FUNCTIONS, (6.9.1E].
CLS

5C DEFDBL A-M,3-Z : DEFINT ¥
60 IEPUT “ENTER & VALUE FOR THE ARGUHMERT ¥ " ; X

70 GOSUR 30600

80 IF X < 0¥ THEEW 100

90 P = SQR(X) ; § = CO3{P) : R = SIN(P)/P : GGTO 120
100 P = SQR(-X) : § = (EXP(P) + EXP(-P))/28

110 B = {EXP{P) - EXP{-2})/(28%P)

120 PRINT : PRINT ¥CO = " ; €0 ;  CHECK

no.

130 PRINT : PRINT "Ci = ; €1 ; » CHECK =" ; kK
140 PRINT : PRINT #C2 = = ; C2 ; " &3 =7 ; C3
180 END

3000 K= 0

301¢ XX = .1z

3020 IF A4BS(X) < X¥ THEW 30690

303C N =¥ + £

3040 I = I/48

305¢ G0OTO 3020

3080 €2 = (1% - Xe(1# - Te(1s - Ix(18 - I+ (i - Xx
(1% - 1/1828)/132%)/908)/56%)/308)/128)/2¢

3070 €3 = (1% - X1 - Yx{18 - Xx(i# - Xe(ig - Xx
{1% - X/2108)/156%)/1108)/728)/4283/208) /6%

3080 CL = 1# - X=C3

309G €O = 1 - X*C2

3100 IF ¥ = O THEN 3i80C

310 =¥ - 1

6.9. Universal Variables

IJNPUT: X !

Mo _ i N=N+3
yes
Find ¢, <3

using series

1
e {x)=T—xc{x)
co{x)y=1—xcy(x)

N=N-—1
Cz :<Q+Caca)/4

q:{c,)z/Z

Ct =GCh 2
o =2{ce)—1

Flowchart 6.1

i73
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3120 €3 = (€2 + GO*C3)/4#

3130 02 = Ci#Ci/22

3120 €1 = CO*C1

3150 CO = 28+CO%CO - 1¥

3160 X = X#4&
3170 GOTO 3160
3180 RETUR¥

As last we dre ready to apply these functions. Let

T =os® (6.9.21)
Verify that

% [ca{es®)] = —asci{as®),
and | (6.9.22)

-5; [s¥* cpta{as®)] = s*arlas®), £=0,1,2,...

Then verify that each of
1, sei{os?), sPcaas?)

is a solution of ™ 4+ ' = 0, and that the three functions are linearly indepen-
dent. Then the general solution of that equation is

7(s) = 1o + rhser{os?) + rfj sPea{ovs?), (6.9.23)
where rp, v and rf are constants. To identify them, we have

r{to) = ra,
r'{ty) = ry = rofo, by (6.9.7), (6.9.24)
r'(2p) = rf = p— are, by (6.9.12).

Then
7 = 7g + rofosc (as?) + (i — arg)s’ea{as®)
=y [1 — (as®)es (asz)] + rofgscy(as?) + psiea{as?)
“= roco(es?) + rofosc (s + psea(as®), (6.9.25)
since

1— zes(x) = o).
Next, from {6.9.4),

i—tg=f r(8)ds
0

= rosci{os?) + rofosea(as®) + psPes{as?). (6.9.26}
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This, so easily derived, is the new form of Kepler’s equation. We shall consider

the matter of its solution shorfly.
The f and g functions satisfy (6.9.13). Also,

; L (H
F+(5)r=0and 5+ (5)g=0.
So . - H
f():l? fg:(}, .fﬂ =3
r
8
90=§)>.¢0=17§0=O'
Therefore,
fo=refo=0, f=rifo+rofofo= "‘?7
0
gh =rofo =ro, g4 = ride +rofeds = Tofo-

Following the same method used for r in (6.9.24), the f and g functions and
their derivatives can be construcied as:

f=1- (E) s2eafas?),
Fo

g = 7pSCy (QSQ} -+ ?“01;08282{(282)
=1t —tp — psSca{as?),

f=- (i) ser(as?),

rre

g=1- (ii) s2eo(as?).

(6.9.27)

We now have all the formulas needed to find a solution of the initial value
problem, but must still discuss the solution of Kepler’s equation, (6.9.26). If
we write it as

F(5) = rosci(as?) + refos’ea{s?) + usies(as®) — At =0, {6.9.28)
then the derivatives required for the solution are

F'(8) = roco(as?) + rofosci{as?) + ps®ca{as?)
=r,

F'(s) = —roasci{as®) + T(%T;(}C{}{Q.S2) + pscy {as®) (6.9.29)
= (—roer + p)sci(as?) + rofoco(as?),

F7(s) = (—roo + pieo{as?} — rofoasei{as?).

If the arc of the orbit spanned by the two times is small, then a satisfactory
initial guess (corresponding to xg = M, way back) is
At

&g = —.
70
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A better approximation when At is small can be derived by writing (6.9.28) as

1
o8 + 57'07"032 — At~ (.

Let R
At ( Aé)
s=—+a|{— 1} +---
7o 7o
Substituting, and developing in powers of Af, we find a = —%?‘9. In the same
way, s can be developed further as
At 1, A8\ 1., lpg—arg AN
§= ';0—— 57’9 (E) -+ (27'5 5 ra E +--- (6.9.30)

(Otherwise there is no known satisfactory “universal” initial guess. If o > 0, the
orbit is elliptic, and the initial guess (6.8.9) can be used, bearing in mind that
for elliptic motion,

AFE
§ = 7_;, o> 0. {6931)

. Kepler’s equation for hyperbolic motion can be written as

F(F)=esinh F— F — M, where M=/—2£(t—T).
a
It has been found by experiznent {see exercise 7, section 6.6 and Reference 32

that a good initial guess is

2M
e

for M > 0, Fi'}:].ﬂ{ +k], k>0,

where & = 1.8 gives good results. A form of Kepler’s equation relating any two
times in a hyperbolic orbit can be derived as was {6.8.8}. Les

At=t—ty, AF=F—F, AM=. LAt
&

and .
ER L]

V=pa

CH =ccosh(Fy) =1 — %’ SH = esinh(F) =

Then Kepier’é equation becomes
FAFY= CHsinh{AF} + SHcosh(AF)— AF - SH - AM=0. (6.5.32)

If AM is positive and 1ot too small, then exp{—AF) can be neglected, in a
first approximation. So if the hyperbolic functions of {6.9.32) are expressed in
exponential form, then

SH+CH SH-CH

AM = exp(AF) + - R exp({~AF) — SH - AF,

6.9. Universal Variables 177

so that, approximately,

AM rSH—_;-gﬁexp(AF),
suggesting a first guess
2AM 2AM
= —_— — = - AM > 0. 6.9.33
(AFY in(sa+cﬁ> 1;1( - ) B, > (6.9.33)

A similar development for AM < 0, resulis in

2AM AMY
(AF)y=—In (m) =—in (_—e—) —Fp, AM<0. (6.9.34)

Earlier experience with Kepler's equation for hyperbolic orbits suggests the
forms

IAM + ke
= 1, A \
(AF}g IH(C’H—}—SH)‘ M>0 65
—2AM + ke "0
(AF}g——hl(“m), AM(O,
where & is a positive constant. k = 1.8 is effective. Finally,
§= AF , a<i {6.9.36)

By

Exercise

If the orbit is nearly parabolic, « is small, and the adaptations just described
may not work. One approach in this case is to note that for a parabolic orbit
(6.9.27) reduces to

fils)= s+ é(mm}& ros— At =0, (6.9.37)

This cubic may be solved to give an initial guess. A more general cubic may be
derived by keeping all cublc terms in §, when we have

fals) = L(p— are)s® + I(rofo)s® +ros — At =0. {6.5.38)

This gives guesses that are correct for both circular and parabolic orbits.
To soive the cubic, write it as

s° +ass® +ais+ap=0. {6.9.39)

Let

_ 1 1,2 _1 1.3
g= ':;GL — §CL2, T = g(&ldz — 311(3) —_ 2?.{22.
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If ¢° + r2 > 0, there is just one real root which is found as follows:

Let p = (,',.+ (qs +,{,2)1/2)1/3’

and py = (?‘ —(+ ?,2)1/3)1/3 (6.9.40)

Then sy =p; +p2 - %{12

Instances when there are three real roots are troublesome and should be
avoided.

Write a program that uses either of the cubics for an initial guness and test
it. Investigate conditions that would lead to three real roots. Compare the use
of the cubic with the use of a searck procedure like the one preceding the secant
method in section 6.6. More details can be found in Reference 32. See if you
can generate ideas of your own for initial guesses when universal variables are
used.

6.10 The Initial Value Problem II

The following program implements the equations and ideas of the preceding
section. As with the program from Section 6.8, lines 360-380 contain instruc-
tions that reverse the initial and final conditions so that the program can be
rerun as a check. The subroutine, lines 3000 and 3180, for calculating the
Stumpff functions, has already been printed, and is omitted from this listing
to save space. In the solution to Kepler’s equation | have inclided the method
of Laguerre-Conway as a back-up, in the event that the accelerated Newton's
method fails. When the latter succeeds (in all elliptic cases, and, in my experi-
ence, in most hyperbolic cases) I prefer it for its speed: but I have yet to know
the Laguerre-Conway method to fail under any circumstances. An impeortant
difference between the use of universal and conventional variables is that the
numbers appearing in the former case are often considerably larger. (Time
differences, for instance, as opposed to the mean anomaly.) So care must be
taken that the small rumber used in line 2470 is not too small. The accuracy
obtainabile is relative to the magnitude of the numbers used in the calculation.
10 REX INITIAL VALUE PROBLEM USINC UNIVERSSL VARIABLES.

20 - REN THE SUBAOUTINE STARTING AT LINE 3000 FOR THE

ig REH CALCULATION OF THE STUMPFF FUNCTIONS IS OMTTTED.

40 CLS

50 DEFDBL 4-X,0-Z : DEFINT ¥

60 INPUT “EINTER HU " ; MU : PRINT

76 INPUT MENTER THE INITIAL TIHE, TO " ; TO : PRINT

80 PRINT “ENTER CCMPORENTS OF THE INITIAL POSITION, X0, Y0, Z0
90 INPYT X0,Y0,Z0 : PRINT

100 PRINT “ENTER COMPONENTS OF THE INITIAL VELOCITY,

IVG, YYo, Zvo ¥
110 INPUT XV6,¥V0,ZV0-: PRINT

120 I¥PUT “ENTER THE FINAL TIME, T " ; T : PRINT
130 PI = 3.141552653589753%
140 ¥8 = 0

150 REY FOR THE DEBUGGING RUN, WITH INITIAL AND FINAL
180 REM TIMES REVERSED, NB = 1.

170 RO = SQR{KO*XO + YOxY0 ZO*Z0)

180 V0S5 = LVO=XV0 + YVO=YV¥D + ZVO=ZVO

6.10. The Initial Value Problem II

U = XO0#X¥D + YO=YY0 + ZO*ZVC
ALPHA = 2%+HU/R0 - VOS
DT =T - T0
GOSUB 2000 : REX SOLVE XEPLER’S EQUATION.
F = 1# - (¥U/RO)=C2
¢ = DT - HUC3
FDOT = - {¥U/{FP*R0})*C1
GDOT = 1% - (MU/FP)*C2
X = X0+F + IVOxG
Y = Y0&F + YVO=G
Z0*F ¢ ZY0*G
I0*FDOT + IYO=GDOT
YO=FDOT ¢ YVO=GDOT
ZO=FDOT + ZVO#GDOT

Z
Iy
¥V

Z
PRINT "FINAL CO¥PONENTS OF POSITION &RE v ; X,Y,Z : PRINT

PRINT “FINAL COMPON¥ENTS OF VELOCITY ARE ¥ 1? YV Z¥
IF N8 = 1 THEY 400

e =X : YO =Y : ZO = Z

V0 = I¥ @ YVO = : Yo = Z¥

T = TO TO =T: ? =TT : NB =1 : GOTO 170

REE INITI&L ARD FINAL CONDITICNS ARE REVERSED

REY SUBROUTINE FOR SOLVIEG XEPLER’S EQUATION USIEG
REH UNIVERSAL VARIABLES.

"G =
IF ABS(DTIRO) > .2# TEEN G0OTO 2070
= DT/RO =~ (BT*DT*U)I(2#*39#RG*RB)
RE& FOR & HORE ACCURATE VALUE, SEE THE TEIT.
GOTO 2320
IF ALPHA <=0 THE¥ 2220
REX¥ FIND INITIAL GUESS FOR ELLIPTIC HOTIOE

= WU/ALPHA
EN = SQR{MT/(a=axi))
EC = 1# - ROJA
m = U/(EN=h®4)

= SQR(ECHEC + ES*E S)
= DT - INT{E¥=DT/{28+PI))*(28+PI)/EH

Y = EN4DT - ES
SIGHMA = SGR(ES=COS(Y) + EC=SIN(Y))

= Y + SIGH4*.85%E
§ = X/SQR(LLPEA)
GOTO 2320

REM FIND INITIAL GUESS FOR EYPERBOLIC HOTICN.

REM SEE (6.9.34).
A = HU/ALPHA
E¥ = SQR(-XU/{a*k=a}}
CH = 1% - RO/A
SH = U/SQR(-&=¥T)
E = SQR{CH*CH - SH+SH)}
DE = ENADT
IF DH < O THEX 23
S = LOG({2%+DH + 1 s#*E)/{CH + SHY}/SQR(-ALPHA)
GOTO 2320
S = - LOG({-28+DH + 1.8%+E)/(CH - SH))/SQR(-ALPEA}
§T = §

RE¥ STORE INITIAL GUESS FOR POSSIBLE USE LATER IN

I = S+S+ALPHA

GGSUB 3000

C1 = C1%S5 : C2 = C2*S*5 : C3 = C3#5%8%8
F = RO*CL + T#C2 + HO*C3 - DT

FP = RO=C0 + UsCLl + HU=C2

FPP = (- ROxALPHA + ¥T)#Cl + UxCO

FPPP = {; RO*ALPHA + HU)®CO — T#ALPHE=C1
DS = - F/FP

DS = - F/(FP + DS*FPP/a#)

DS = - F/{FP + DS*FPP/2% + DS»DS«FPPP/8%)

5=s5+0D5
REM GQUARTIC COEVERGENCE

IF 4BS(DS} < 1E-12 THE¥ RETURHX
REN FEWTON>S HETHOD SUCCEEDED

¢ ¥C=HC + 1 : IF HC < 6 THEN 2350

REE IF ¥C = 6, TEEW NEWTON’S HETHOD HAS FAILED
5= L¥=5:¥ =0
REE STQﬁT LLGUEERE’S EETHOR

REX LAGUERRE'S METHOD, IN CASE NEWTOK’S HETHOD FAILS.

179
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7530 X = S#S=ALPHA

2540 GOSUB 3000
3550 C1 = CixS ; €2 = C2#S#5 : €3 = (3#545+S
2560 F = RO*C1 ¥ U*C2 + HO+C3 - DT
2570 FP = RO#CO + UGl + MU+C2
2580 FPP = (- RO*ALPHA + HU)*CL + TUxCO
5580 DS = - LNsF/(FP + SGH(FP)*SQR
(ABS((LY - 1£)x(LN - 18)*FP*FP - (LK - 1#)*LExF+FPP)))

2600 8 = § + DS

261¢ IF ABS{DS) < iE-12 THEN RETURN

ng20 NG = NC + 1:IF HC < 20 THE¥ 2530

2630 PRINT “THE SOLUTION OF XEPLER’S EQUATICN FAILED.®

2640 RETURY

Example:

p=1,t=0t=1r=(1,.1, 1), vo=(—1,2 —2).
r = (611238439231 5136, 1.928 730 71354574, —.256 247890 0031234)
v = (—.514777098 388 2709, 1.664 046142113536, —.127756 125439 778)

6.11 The Two-Point Boundary Value Problem I—Application of
Lambert’s Thecrem

The problem fo be discussed in this and the following two sections is that
of finding the Keplerian orbit passing through two given positions, with a given
time taken for the transfer. This is of traditional importance in the determi-
nation of orbits, with the field dominated by the majesty of Gauss. Today, the
problem must be routinely solved under many circumstances, such as maneu-
vers leading to rendezvous between two spacecraft, and orbits of missiles. Today
there are many good methods of solution, and a detailed discussion would fill
a book. The first two methods to be considered are elegant to use, but will
require some mathematical derivation. We shall also meet another “universal”
formulation, due to Gauss.

Analytically, we are given r; = {z1,y1, 21} and Tz = (T2, s, 22) and A, the
timne interval between them; this will be assumed to be positive. The problem
will be considered solved if the velocity v; has been found. All practical methods
of solution involve iteration. Also a solubion is pot unique; the operator may
choose the sense in which the orbit is described, and, for elliptic motion, there
may be the option of several revolutions being made before the end of the time
interval is reached. In the following discussion we assume that less than a
complete revolution is involved; generalization will be left to an exercise. The
initial discussion will be for elliptic motion, but will scon be made general.

Let the two points in the orbit be called Py and P, and the corresponding
eccentric anomalies F: and Fs. Then By > Ey, and, since we are considering
less than a complete tevolution, B2 — F: < 27, We can assume without loss
of generality that 0 < E; < 27. Now infroduce the following intermediate
guantities:

(6.11.1)

2G = E» + E, so 0 <G < 2,
dg=F:— Br=AF.s0o 0<g<u.
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J is defined by

ecos =cosj, wherel<j <. (6.11.2)
Also let
e=j+g, so {J<%e<?r,
§=j—g, so —irT<ib<im (6.11.3)
Then
ri =a(l —ecosE;) and ro=a(l —ecos k),
and
r1 + r2 = a[2 — e{cos By + cos F)]
= 2a(1 — ecos G cosg)
= 2a(1 — cosjcosg). (6.11.4)
Let the chord PP have length ¢; this is known, since
2= (r1 - I‘z)z = (.‘351 - $2}2 + (yl - 92)2 + (Zi — 22)2. (6115)
But also, using (6.3.16), we can write
¢ = ¢*{cos By — cos Bx Y2 + a?(1 — €*){sin B — sin E1)*
= 4a?sin® G sin? g + 46%(1 — €®) cos® G sin’ ¢
= 4a”®sin? g{1 — cos” 7).
So
¢ = 32asingsin j. (6.11.8)
Combining (6.11.4) and (6.11.6), we find
71 + 79+ ¢ = 2a[l — cos{g + )] = dasin® L, (6.11.7)
and
r1 + 72 — ¢ = 2a[l — cos(g — §)] = 4asin® 14, (6.11.8)
Finally, from Kepler’s equation,
nAf = -E2 - E1 — e(SiJlEQ bt SiBE})
={e— &) — (sine —siné)
= (e —sine) — (6 — sin 8). {6.11.8)

Equations (6.11.7) to (6.11.9} constitute Lambert’s theorem for elliptic motion.

€ and & are not uniguely determnined by these formulas, and they must next
be discussed. First, nobe that if the orbital arc is sufficiently small, then € and §
should be taken as the smallest posifive values satisfying {(6.11.7} and {6.11.8).
Now from the inequalities {6.11.3), we always have

sinle>0, and cosid >0 (6.11.10)
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The signs of cos %e and of sin %6 have still to be determined. To do this, consider
the critical situations in which these guantities are zero.

When sin £6 = 0, then s6=0andr +re—c=0 which can only happen
when the chord PP passes through the attracting focus. So we have the rule:

If the orbital segment does not inciude the
attracting focus, then sin %5 > 0. .
(6.11.11)
If the orbital segment includes the

attracting focus then, sin £6 < 0.

Pigure 6.8 illustrates the first case. The attracting focus is S and the empty
focus is §’; the orbital segment is shaded. Notice that from the programing
point of view, it is the decision of the operator whether to have one case or the
other.

Figure 6.8

When cos %e = (), then %e = %ﬁ', and ry +re+c=4a. Now SP + 87 =
SP, + §'P; = 2a, so in this case the chord PP passes through the empty
focus, §'. Consequently:

If the orbital segment does not include the

- empty focus, then cos e > 0.
(6.12.12)

If the orbital segment includes the
empty focus then, cos %E < 4.

The test in this instance requires some calculation. Let the subscript ¢ be
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applied to the critical case when cos %e =0. So

o = ri+ra+¢ E
o= 4 bl
- 51 _ T}_+?'2—C
sin"ge = ritrete
“ {6.11.13)

n{Af), =1 — &, +siné,.

Then cos %e >, =, < { according as to
whetherAf <, =, > {At),.

Next define
X = SGN{cos 3€), Y = SGN(sin 38). (6.11.14)

Then i €* and 8* are the smallest positive numbers satisfying {6.11.7} and
(6.11.8}, we have

e=Ye and §=n(l-X}+ X8 (6.11.15)
{(6.11.9} becomes
nAt =7l - X} + X{" —sine™)} - V(6" —sinéd*). (6.11.16)

For a short enough time of transfer, A¢, the orbit will be hyperbolic. To test
for this we must find the time of transfer, {Af),, for a parabolic arc. This is
accomplished by considering the formulas for eliiptic motion and letting a — co.
“‘When ¢ is large, € and 8 are small, so,

a€® ~r +rotec and adt ~ritra—c
Replacing n by Jaa~3?, (6.11.16) is approximated by
| JEAL & %as,r:z{e*g — 5%,
'there, obviously, we must take X = 1. Then in the limit for parabelic motion,
wwith \/u = £,
BE(AD), = (r1+r2 + )2+ YV (r 4 rp — ¢)*/2 (6.11.17)

__'Th'is is Euler’s theorem.
<" For practical purposes, the three equations that make up Lambert’s theorem
re best combined into one. Let

N M=ritrte M=ritrn-q {6.11.18)
_bere Aj and Ay are both positive. After substitution for n, (6.11.16) can be

lkAL — a2(1 — X)7] = 6a>2[X (" — sine*) — Y (§* — sin&*)]

3, € —sine” L sl 3% 3§ —sins* .91 872
—_— —_— —_— —_—— —_——— _— #*
= 4X . %e* (4asm 3¢ ) 4}’ ot 5 4a sin 25

= XQ(e)A] ~ YA, (6.11.19)
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where the function @) is defined by
30 —sinf
=7 6.11.20
Q{ ) 4 ﬂ3 18 ( }

This function was the subject of some briliant manipulation by Gauss. Here
we sipmimarize some of the results. Let

z = sin® 16. (6.11.21)
Then with § considered as a function of z, we find from elementary calcenlus,

2 dQ—;—Q (1—a)™ 2, (6.11.22)

The appropriate sclution is

® %
0= g$_3/2 f 5 (6.11.23)
A iz

This will be expressed in three ways. If the integrand is expanded in powers of
¢, and the resulting series integrated term by term, we find

Q=F(}.%5=), (6.11.24)

21
where the hypergeometric series is defined by

a- b ala+ 1}6b+1) ,

- - - i S 1125
F(ﬂ, b [ 84 fE} E-+ C(C-f' E}{}t}i z° + (6 O}
Also, if 0 < z €1, then
Q = %1_—3/2 ;:—(.’E _ $2)1/2 + —1(23 _ 1) + i}} , (61i26}

and if z < 0, then

Q:Z(-—m)—w [2( — )2 zﬂ{1—zx+2{z \1/2}] (6.11.27)

The series is not efficient for |z| greater than about .1, and the analytical ex-

pressions are not efficient for = close to zero. In letting z be negative, we are

allowing for hyperbolic motion, and (6.11.19) has, magically, become universal.
Gauss expressed &) as s function of

s =sn’ 10=11-V1I-2). (6.11.28)
The new series can be found by using the identity

Fla, b, a—;—b+2,a:) F(2e,2b,a+b+ 31— 2v/1—x)
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{See Refereﬂces 23 and 24 which confain & treasury of information such as this.)
Then

T R=EF(,2
6
=1+ r —%

[ [413

")
-8

Sty
B

6-8-10 4
(iauss first showed that @ satisfied the differential equation

4z*{1 — ™) 49

T HB(1- 220 =6. (6.11.30)

and solved it in powers of z*, using the method of undetermined coefficients,
to derive {6.11.2G}. The equation can also be solved analytically to give:

If0 < z* < 3, then

3 [2(22" — D)z — 232 £ sin™H (22" — 1) + Z]

= — == 6.11.31
Q 15 (E* _ ‘1;*‘2)3/2 ( )
If = < (, then
b I PRLA Ve *1/2_1}1 ) D *2 x\1/2
3 12(1 - 2z%)(z x*) {1—3a* + 2z %) }] (6.11.32)

Q= 16 (%2 — z+)3/2

The following program was used to verify these formulas, showing that the
series or the analytical expressions gave the same resuits, whether z or ¥ was
used, and the program was used o decide on a cut-off point for the use of
- the series. You should write a similar program and gain some facility with the
. calenlation of . Gauss derived other expressions for the computation of {,
- some of which involved continned fractions. (Note that the use of continued
. fractions in medern computation is increasing.] It would be worth while to
read his book {Reference 23) and experiment with some of his formulas. In
the work that follows we shall use the formulas that involve z*, since they will
~ also be useful in the following section. The series will be used for [z| < .1, or
- |z*} < .025, and the formulas otherwise. You should experiment to see for what
- value of z* it is equally efficient. in terms of time, to calculate the series or the
_ formmulas on your computer.

10 REH THIS PROGRAH CHECKS THE ANALYTICAL FORHS
30 REM (6.11.28), (6.11.27), (6.11.31) A¥D (6.11.32},
- 30 REM AWD COMPARES THE NUMBERS OF TERHS NEEDED IN
40 REM THE HYPERGEDHMETRIC SERIES.

50 LS

--80 DEFDBL A-¥,0-Z : DEFINT ¥

S 70 PI = 3.141592653589793%

.80 INPYT “EXTER % VALUE FOR X " ; X

80 5 = .54 : B = 1.5% : C = 2.5%

106 GOSUB 500 : REM CALCULATES F({4,B,C:X)

110 PRINT : PRINT ©THE SUM OF THE SERIES WITH X IS " ; S
$20 PRINT : PRINT “THE NUKBER OF TERMS NEEDED WAS " ; H + 2
130 IF X < 0% TWEE 190 4

140 ¥ = 284X -

450 F = 1, 5#*(SQR(X}/(X*X))*
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{ - SQR(X - X=X} + ATN(Y/SGR{{% - T=T))/28 + PI/f4%¥)

180 REHE (6.11.26)
£7¢ PRINT : PRINT "THE ANALYTICAL FORHULA GIVES " ; F

196 Y = SQR{¥X=X - X)

F = . Tod#{28*Y - LOG{i# - 244X + 28=Y¥))=({ - X)"-1.5%)
210  REH (6.11.27)
220 PRINT : PRINT “THE ANALYTICAL FORMULA GIVES © ; F
030 X8 = {(if - SQR{i% ~ X))/2%
24 A = 1%:8 = 3%:X = IS
250 GOSUR 500
260 PRINT : PRINT "THE SUM OF THE SERIES USING X+ IS ” ; S
270 PRINT : PRI¥T "THE NUHBER OF TERMS ¥EEDED WaS " ; N + 2
280 IF IS < (O THEY 340
290 ¥ = 28xX5 - i¥
306 F = (32/16%)=(ATH{Y/SQR{1% - TxY)}

+ 2#*T+SQR{ES - XS*XS) + PI/2#)/((XS - XS=XS)"1.5%}

3190 REH (6.1£1.31)
320 PRINT : PRI¥T “TEE ANALYTICAL FORHMULA GIVES " ; F

E¥D
340 ¥# = SQR(XS5*XS - IS)
350 T = (33/168)=(28=(14 - 28xXS)*Y
= LOG{1E = 28=XS + 2FxY) 3/ (Yx¥=2Y)
360 REM (6.11.32}.
370 PRINT : PRINT “THE ANALYTICAL FORNULA GIVES © ; F

380 EWND
500 REM COMPUTES THE HYPERGEOMETRIC SERIES F{4,B,C;%)
510 F = XI*i%B/C
§20 8§ = 18+ F
530 FOR ¥ = 1 TQ 200
540 ¥ =¥
F= ?*X*(A + DE)*(B + DN)/{{C + DE)+(DH + 18))
S6C s =

57¢ IF ABS(F) < 1E-i5 THE¥ 600

580 ¥EXT N

590 PRINT “HO CONVERGENCE; DX =" ; F
600 RETURN

Examples

With z = .5, ¢ = 1.210 841 860059 132, with the number of terms required
in the series being 43 and 20. With z = —.5, @ = .880 5450358166306, with
43 and 18 terms needed.

We are now, at last, ready to comstruct a program. The unknown quantity
to be approximated in the iteration will be
1
z=—.
a

The equation for z is, from {6.11.19),
171
HOES [g(xgl;xi —Y @AY + (1 - X}m-m} ~At=0, (6.11.33)

where for {J; the argument z; = z22/4 is the input argument.
For a solution using Newton’s method,

F(z)= (X)\3 {(1 - %) T - Ql}
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—1/2
v { (1 - %) - Qz})

—(1- X}z—zz-m. (6.11.34)

]

On the following page a fowchart for the calculation is given. I hope that
you will see that, cnce you are satisfied with the validify of the mathematics,
the implementation of the method is quite simple. It should be noted that
the calculation of {At#), from (6.11.13) has been arranged to make use of the
function Q.

The initial guesses for the iteration are z, = +£2/A2, depending on the type
of orbit. These are generally satisfactory although not ideal. A search procedure
could be substituted, as discussed in a later exercise.

Finally, we need to find the velocity at the starting time ?;. For this we
shall derive expressions for the f and g functions, where

ro = fr; +gv1

so that
(6.11.35)

1
Vy = —{fg — fI1}.
1 g{ 2 — fri)
Notice that this fails if g = 0, which happens when the chord P, P contains
the attracting focus. There are extra complications here since the plane of the

orbit is not determined. Discussion of this case is left as an exercise.
Define

a = +asin 3¢, § = asin 36, v = Vasing. (6.11.36)
Then it is straightforward to show that
= g(cas/_\.E —-1y+1
71

2 2
=1- =) {6.11.37)

LB

and
3/2
9="73 {sin AE — esin Fs + esin B
4

= EYaﬁfy. {6.11.38)

Further, from (6.11.7) and (6.11.8), we have
= %Ah :6 = %A%

v = /a(sin ecos 15 — cos Lesin 18)

22 Y,
—of1- 22 2 XYpy1- T

(6.11.39)
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These complete the formulas necessary to solve the problem with the exception
of the case mentioned above where s = 0. A program listing follows. When
debugging your program you should use the cutput of a program for solving
the initial value problem. For instance, using the example from section 6.10,
we would have

INPUT
r1:(x1a_\/n21)
= (Xz,}&: zz)

Fy, T2

c from (6.11.5)

At An A, from (8.11.18)
» B

Y: see (6.11.11) (at), from (6.‘1}.37}
and (6.11.14)

r ={1,.1,-.1)
Ty = {.611238439 231 5136,1.928739 713 545 74, —.256 247830003 123 4}
At =1,

The output should be

(at),— At vi=(-.1,2,—.2).

This example was successfully run. The iterates for z as printed out were:

|

—1.369910793537273
—1.955 737 570679317
—2,066 796 385 782 970
—2.069 703032263 395
—2.069 704914045863
—2.069 704 914 046 651
—2.069 704 914 046 650.

z=2/%: initial guess +

xo=he/ N — Q ,
(A =58 — Y RQ) 2=—2/%
initial guess

10 REY THE TWO-POINT BOUNDARY VALUE PROBLEE.
20 REM APPLICATION OF LANBERT’S THEOREH.
30 CLS
40 DEFDBL 4-M,(3-Z : DEFIXNT ¥
50 PRINT “ENTER COORADINATES OF THE INITIAL POSITION ¥ ;
. 60 INPUT Xi, Yi ,Z1 : PRIET
7¢ PRINT “ENTER COCRDINATES OF THE FINAL POSITION " ;
80 IXPUT X2, Y2, Z2 : PRINT
© 80 INPUT “ENTER THE TIEE INTERVAL * ; DT : PRIET
100 IFPUT "ENWTER THE VALUE OF 5 " ; MU : PRINT
110 PRINT "ENTER +1# IF THE ORBITAL ARC DOES ¥OT INCLIDE"
. 1230 PRINT “THE ATTRACTING FOCUS, OTHERWISE, ENTER -i# 7V ; YY
130 GE = SQR{HU)
140 PI = 3.1415926535389793%
© 3150 R1 = SQR{X1%Yi + YisY¥{ + Zi=Z1)
160 SQR{X2%X2 + Y2*Y2 + Z2%Z2)
C = sQR{{¥1 - X2)={X1 - X2) + (¥i - ¥2)={¥1 - ¥2)

i m i

x=tzh — O o _+S(21 - z2){Zi - Z23)

o = SOR(RL + B2 + G)
X=1Zh Qe L2 = Sg];'(iji + B2 - C)

= *

#(z) from (6.11.33) 113 = Li2sL1
£(z) from (6.11.34) L
rz==f(z)/T(z) DTPE;HUEési; TI$128)/ (684GK)
z=z+Az IF DIP > DT THER 330

Z = 28/L12 : X = L22/L1i2
FRINT 2
0 GOSUB 4500
DTC = (LI3*PI - YY#L2340)/8%
IF DTC » DT THEN 340
IL = 1% : ¥X = 1 : GOTO 380
Z = - 28/L12 : PRINT Z
XL = 1% : HE = 4
1 REM LIFES 360-470 CO¥TAIY THE ITERATION FOR Z.
0 X = .25§«2xLi2 : GOSUB 4500 : 91 = §
X = .25#+7=L22 : GOSDUB 4500 : U2 =
DEL = {XX#J1=L13 - YY=g2xL23)/(68+8K) - DT

Flowchart 8.2
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390 I

406 DEL

410 D

426 D
430 D
440 D
450 Z

460 PRI

47G @
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F ¥ = 1 TEEW 410

DEL + 28%FPI1/(GE=#{Z"1.5%))
{XZ*LIS*(1#/SQR{1 -~ Li2=Z/4%) - Q1)

- vy=123=(13/SQR(1% - L22%Z/42) - 927}
DER/{48%GE=*Z) : IF ¥ = 1 THEY 4490

DER - 3#=PI/{GK=Z"°2.58)) : RE¥ (6.11.34)}.
Z = - DEL/DER

+ DZ:IF ABS{DZ) < iE-15 THENW 480 P

ER

g

OTO 350

480 PRINT

29G @

Z
Al = {L1/28)=SQR{1% - L22+Z/4%8)
= XXYY#{L2/28)*30R{1¥ - L12xZ/4%)

500 REM (6.11.39)

5i¢ F
520 G
530

540 X
55¢ Y
560 Z
B7C¢ P
580

4500
4510
4520
4530
4540
4550
4560
4570
4580
- 4550
4660
4610
4620

4630
4640
4650
4660

4670 g

4680
4680

{8 - CE=GAM*GAM/R1
YYsL1sL2*GAK/GX
REN {8.11.37) AND (6.11.38).
¥1 = (X2 - F3X1)/8
¥i = {¥2 - P*Y1}/G
¥i = (Z2 - F=Z1)/G : REH {&.11.35).
RINT IVi, YV1, 2V

o

END

IS = .53={1# - SQR{i# - %)}
IF ABS{X) > .iE THEN 4600
FAC = 1.28%XS
qQ = i# + FiC
FOR ¥ = 1 T0 10
DH =¥
FAC = FAC=XS»(3% + DE}/(2.5% + DN}
q =0+ FiC
WEXT ¥ : HEN (6.11.2%).
RETURY
IF IS < O# THEN 4680
Y = 2#%IS - 12
q = {3#/168)«={ATH{Y/SQR{1% ~ Y*Y¥})
+ 2#¢T*SQR{XS - IS=XS) + PI/2¥)
g = Q/{{xs - 1S*AS)"1.5%}
REN {6.11.31).
RETURY
Y = SHR{XS=XS - IS)
(3#/168)% (28 {18 — 2#=ASLI+Y
- LOG{12 - 28=IS + 2B=Y3 )/ (Y#T*T3}
REX (6.11.32).
RETURY

nou

Problems

1.

We consider the case where the attracting focus lies on the chord P Pb.
Show that it is still possible to find a. Now show that for this case,

2T1T2
1+ 712

o —71
r1+ 71

and ecosy =

With o known, the speeds at £, and # can be found. Since p = A%/,
the angle between the radius vector and the velocity vector at time £; can
then be found. Then show that whether the radial distance is increasing
or decreasing at £; depends on the value of X. Finally, show in detail that
if the operator chooses the orbital plane, then the problem can be solved.
if the transfer orbit is elliptic, show that the smallest possible value for
a is (r1 + r2 + ¢)/4. Instead of using as initial guess for zg the quantity
2/(r1 -+ ro + ¢}, write a program in which a search is used instead of this
guess, starting with z = 4/(r1 + r2 + ¢), and diminishing it. If the orbit
is hyperbolic, the search could start with 7 = 0, with, again, gradual
reduction. Co epERLian : T
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3. If the( transfer orbit is elliptic, there may be the possibility that more than
one reveolution can be involved. Show that i m revolutions are involved,
then the left-hand side of (6.11.19) must be replaced by

[kt — a2 (2m +1 - Xl

(eneralize your program to allow for this. How will it break down if m
complete revolutions are not possible?

6.12 The Two-Point Boundary Value Problem II—Gauss® Method

This method is lengthy to derive but, when it is applicable, probably the
most efficient for computation. It uses the quantity y, defined to be the ratio of
the area of the secior (i.e., the area swept out by the radius vector during the
time interval) to the area of the friangle (i.e., the area 715/}, In application
it is usual o assume that § is not inciuded in the sector.

We start by considering the case of elliptic motion, again with the promise
of universal formulas to come. Since n = hfab, twice the area of the sector is,
by (6.11.9),

hA? = abl{e — sine) — {6 — sin ).

If (X1,Y:,0) and {X5,Y2,0) are the coordinates of P and P, in the orbital
reference system, then twice the area of the triangle is
2A = X3 Ys —~ XY
= ablsin Fy(cos By - e) — sin Fy(cos Ea — e)]
E4+E . E2—Ez}

=ab [séﬂ{Ez — Ey) — 2ecos 3 sin
= ablsin 2g — 2 cos jsin g]

= ab[sin(e — &) — {sine — sin §}].

Hence

=
Y= oA
_ e—6—(sine—-sind)
~ Sin(e—6) — (sine - sind)’ (6.12.1)

(6.12.1) contains a implicitly, and this quantity is to be eliminated. Let

Uy — th = Qf,

- where 17 and va are the true anomalies corresponding to £y and . Then

& =52 4 rg — 2r1ray cos 2f.
i
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Now from {6.11.7) and (6.11.8),

402 [1 - cos(j + )}l —cos(j —@)] = (ri+rz + )1 + 72— ¢)
' =(r + ?"2)2 - ?'? - ?‘3 + 2ryracos2f

= 4rire cos® i
After some manipulation the left-hand side can be shown to be equal to
4a%(cos g — cos §)%,

so we have
2a{cosg — cosj) = 2cos f1/rira. {6.12.2}

Multiplying through by cosg and using (6.11.4), we find
1419 — 2cos feosgy/rive = 2a sin? g. {6.12.3)

From {6.12.1),

nt

" sin2g — 2singcos)
ant

= 9singcos frirs

Square {6.12.4), eliminate n? using na® = g, and then substitute for a from
{6.12.2); we get

(6.12.4)

2put?
2 _ _ H# -
y{ri +vr2—2cos feosgy/rire) = Teos?frir’ {6.12.5)
Also from (6.12.1},
1= € — & — sin{e — 4}
ymi= sin{e — §) — (sine — sin §)
_ 2g — sin 2g
" 2sing{cosg — cosj)
a{2g — sin 2g) k
= . .12.8
2singecos f/rire © )
Eliminating o between (6.12.4) and {6.12.6}, we find
5 pt? 2g —sin2g
-1y = . 6.12.7
V1= Gos frr st (6120

In the notation of Gauss wrile

ry+Ta

1+ 2# = 2eos £ /71T
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and
2 #tz

o= (2cos fo/riTa)®
Then {6.12.5) and {6.12.7) become

2

3 m-
= - 6.12.8
¥ = [ Yan?g)2 (6.12.8)
and
2qg—sin2
vyt = m2 g _smnag (6.12.9)

sin® g
y is the quantity to be determined from these two equations.
For the computation, define

K =+/2(riro+ 1113} = 2y/rirzcos f. (6.12.10)
Then

EALY
m? = & KS} , (6.12.11)
and N i
1 o —
= 12,12
£ Ve (6 }
- Further, define
z* =sin® 1g. (6.12.13)

Then
(2g — sin2g)/ sin® 39 = 3Q(="),
_where () is the function discussed in the preceding section. The two equations
to be solved can now be writien as

i (6.12.14)
y =1+ (m*/y*) 50{z").

Note that these formulas are valid if the transfer orbit is hyperbolic.

A possible method for solving these equations, and one that is used in the
_-program that follows, is Steffensen’s method. One step can be summarized as
¢ follows:

Start with an estimate for y. 3
Let 31 = y. Then calculate
m?
Ty =5 — £,
EE

2 3 2.
mel =1+ (Q’;—z> 29{3;37 (6.12.15)

The new estimate of y is
vz —w1)*

Y T Tt
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A good starting guess for y is go = 1.
Once y is known, then it is necessary to find the f and g functions. Since

4070 XS = HS/(YG2+*YG2) - EL

408C GOSUB 4500

4050 Y63 = 1% + {48:MS*Q)/{(3F*VGE2#YG2)
4100 DEK = (Y61 - Y62 - YE2 + YG3)
£110 IF ABS{DEW) < 1E-15 THEN 4170
£120 DY = {¥62 - Y&1)=(¥G2 - YG1)}/DEN
4130 YGi = ¥YGi - DY

4140 REX APPLICATION UF STEFFENSEN’'S METHOD.
4150 PRINT Y61

4160 IF &BS{DY) > 1E-i5 THEK 4040

4170 RETURY

4500 IF ABS(XS) > 1% THEW 4580

4510 FAC = 1,288

4520 Q = 1% + FiC

4530 FAR ¥ = 1 TO 10

ry = fri + gvi,

then
Ty X Ty = gh.

Now the area of the sector is %hAi, and that of the triangle is %}rl X Tal

Therefore y = At/g, or

At
g=—. {6.12.16) 4540 DE =N

y 4550  TFAC = FAC*XIS=(3% + DE)/(2.5% + DN}
4560 0 =0 ;E mg ;
4570 ¥EXT N : REH {6.11.298).

Also 4530 RETURY

2590 IF IS < 0% THEW 4650
4800 Y = 28+%S - 13

4610 § = (3#/168)=(ATR(TE/SQR(IE - Y*Y))
+ 28#T#SQR(XS - IS=XS) + PL/2#)
4620 § = Q/{(XS - XS*XS)"1.5#)
4630 REH {5.11.31).
4640 RETURY
¥
Q

F=1-2(1—cosAE)
1

2
=1- Zasin’g.

h B R T R
= E3 s - &
But from {6.12.4}, \ s670 Riﬁz.?g(g ;2§$*IS + 285Y) )7 (Y#T+T)
asin?g = (kAt) 2680 RETURE
K22 .
So 6.13 The Two-Point Boundary Value Problem III—The Method of
(kAz)? .
F=1-9322 (6.12.17) Herrick and Liu
K%2r,

This is an attractive method that requires only the formmlas for the f and g
. functions. The unknown quantity to be found by iteration is p, the parameter of
the conic, and the method is sometimes referred to as the “p-iteration method.”

This completes the formulas needed to solve the problem.
A listing of a program for accomplishing this soluticn follows.

%g ﬁ g%&gg}ggg&%@g&g?gg _gﬁgg‘ﬁ‘ - Tt fails {as do others) if the chord P, P passes through the attracting focus {for
39 CLS then p is determined, but the orbit is not), but is otherwise valid for any type

40 DEFDBL &4-¥ , 0-Z : DEFINT ¥

50 PRINT "ENTER COORDIEATES OF THE INITIAL POSITION . of orbit. The operator of the program will need to decide whether or not

S I M. L RN i FINAL POSTTION ™ . the orbital segment does not include (Y = 1) or does include (¥ = —1) the
B0 IRUT X2, X2, 22 RN e . DT . PRTNT - attracting focus. If the orbit is elliptic, we shall assume that the transfer is
100 ég?ﬁ'rs"min'zg. TEE VALUE OF 3U “; ¥U : PRINT _ accomplished in less than one complete revolution.
= SQR(XY : . - . ,
126 PT = 3?141592653589793# If v and vy are the respective true anomalies at the points P4 and 7%, then
130 BL = SQR{XI*X1 + YisT1 + Z1sZ1) ‘
146 R2 = SQR{I2%I32 ¢ Y2#Y¥Z + Z25Z2) r{-Io
156 RAY = SQR(2#+(R1*R2 + X4*X2 + Tix¥2 + Z122)) C = cos{va — vy} = =
160 REN (5.12.10). Ty
170 GOSYUE €00¢ : REM FIND THE SECTOR-TRIANGLE RATIO,
186 F = 18 - 24+(GKADT)#(GK*DT)/ (KAT#KAY*YG1#YG1+R1) - and (6.13.1)

19¢ € = DT/YG1 : REE (6.12.16) AND {§.12.17}
200 XVi = (X2 - F=Xi)/G
210 T¥1 = (Y2 - F=Y1)/6

sin{vg —v;1) = Y1 - C%

220 Z¥4 = (Z2 - F=Z1)/6

230 PRINT X¥1,YV{,ZVi

249 EWD .

4000 REY SUBRROUTINE FOR FINDING GAUSS’ SECTOR-TRIANGLE RATID.
4010 HS = (GXADT)={(GK*DT}/ (YAY+EAY#KAY)

£020 EL = {(Rf + B2 - KAT)/(22+XAY) : REM {6.12.11} AWD (6.12.12).

403G Y51 = 1# : REX INITIAL GUESS.

4040 XS = ¥S/{YGi#¥G1) - EL

4050 GUSTE 450C

E060 YE2 = 1% + {(48+NS*Q)/(3E+YG4*YGL) : REN (6.12.14).
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Now from {6.7.9), ;
f= ﬁ{cos(vg —u)— il +1,

172

g= N7 sin{vs — v1), (6.13.2)
rs — fry ’
vy = ——,
g

where we assume that g # 0.
If p is estimated, vi can be calculated, and the vectors r; and v used to

find the resulting position vector, r*, at the end of the time interval Af. Then

we can find the cosine of the angle between I and r*

* Ir;-r

(6.13.3)

ot
This must be compared with C from (6.13.1), and then p must be changed in
order o drive the difference

Dipy=C-C" (6.13.4)

to zero. Once this has been done, the problem is solved, because the velocity
v; is known.

As stated, this procedure can, however, lead to a false solution. When r*
is found from r; and v1, a “g” function is calculated; for a valid solution, this
should have the same sign as ¥. If this is not the case, the solution will be
false, and a new search will be needed.

In the program that follows, the secant method is used for the iteration.
First, there is a search for an interval in which D(p) changes sign. For the
search, the program requires a starting value for p and an increment. p is
stepped up by this increment until either DX(p) changes sign, or there is no
change after a specified number of trials. In the former case the secant method
takes command; in the latter case the program stops, and different input values
for p and its increment are needed. The program uses much of that from section
6.1,

19 REX TRC-POINT BOUNDARY VALUE PROBLEH.
ga REM TEE "P-ITERATIO®" HETHOD.
0 REX

40 RE¥ THE SUBROUTINE STARTING AT LI¥E 200¢ FOR SCOLVIRG
50 RE¥ XEPLER’S EQUATION IN UNIVERSAL VARIABLES HAS BEEYW

gg ggg OEITTED FROE THIS LISTING. SEE SECTION §.10.
80 REE TO CONFORM WITH THE NOTATION FOR UNIVERSAL

g0 HEX VARIARLES, THE SUBSCRIPTS ARE O AED 1, NOT, &S
100 REM IN. THE TEIT, { AND 2.

110 RER

120 CLS

130 DEFDBL A-¥,0-Z : DEFINT ¥

140 PRINT “ENTER CODHODINATES OF THE INTTIAL POSITION =

150 INBUT X6, Y0, Z0 : PRINT

160 PRINT “ENTER COORDINATES OF THE FINAL POSITION ®

170 INBPUT X1, ¥1, Z1.: PRINT

180 INPUT "ENTER THE TIME INTERVAL " ; DT : PRINT

190 INPUT "ENTER THE VALUE OF XU  ; XU : PRINT

2G0 PRINT "ENTER +i% IF THE OEBITAL ARC DOES XOT INCLUDE THEY
210 INPUT "ATTRACTING FOCUS; OTHERWISE, EWTER -i% " ; YY
225 PRINT : PRINT WENTER A TAIAL VALUE FOR P AND AR®

280 PRINT "INTERVAL, DP TO BE USED IN THE INITIAL SEARCE *
240 INPUT P, DP

6.13 ‘The Two-Point Boundary Value Problemn I1I 197

250 RO = SQR{XO*X0 + YO*YD + Z0O%Z0)

260 R1 = SQR{XixX1 + Yix¥i + Z1sZ1)

270 CDF = (Z0%X1 + YO=Y1i + Z0*Z1}/(RO%Ri)

280 §DF = YY<SQR{1¥ ~ CDF*CDF) : REH (6.13.1)

294 HSEC = 0

300 REH ¥SEC = O DURING THE PRELININARY SEARCH, ARD @ WHEX
310 REM THE SECANT HETHOD IS IN PROGHESS.

320 REXH

330 NTEST = 1

3490 REN ¥TEST COUNTS THE NUMBER OF INCREHMENTS I¥ THE

350 BEH INITIAL SEARCH. IF & SOLUTION IS HOT BRACKETED
360 REM AFTER TEXN INCREMENTS, THE OPERATOR HAS THE CHOICE
370 REM OF ENDING THE PROGRAH CR CHOOSING DIFFERENT P, DP.
380 REN¥

P

Ri=({DF - i8)/P2 + 1%
RO*R1%SDF/SQR{HD*P2)

{X1 -~ F*X0)/€G

{¥1 - F=Y0)/G

{Z1 - F%Z0)/G : REE (6.13.2)

LVO=XYC + YVO#TVO # ZVO*ZVQ

480 U = XO*XVO + YO*YV0 + ZO%*ZVQ

470 ALPHA = 28+MU/R0 - V0§

475 §DT = DT

480 GOSTYB 2000 : REM SOLVE KEPLER’S EQUATION
485 DT = SDT

400 F = i - (NU/RG)=CZ

500 G = DT - HU=C3

540 FDOT = - {HU/(FP*RG)I)I*CL

520 GDOT = 1# - (MU/FP)=C2

530 X = X0%F + XYO%G

540 ¥ = YO*F + YVO=G

550 Z = ZO*F + ZVO#G

S80 CAF = {X0=Y + YO=Y # Z0#Z)/{RO*SGR{X=X * ¥#7 + I*Z})
570 DEL2 = CDF - CAF

580 PRINT P2, DEL2 :
530 IF NSEC = i THEN 650 : REM (6.13.3) &¥D (6.13.4).
800 IF NTEST = 1 THEN $20

§10 IF DELi#DEL2 < 0% THEN 640

§20 NTEST = NTEST + 1 : IF NTEST > 10 THEN 720

3

N

o

=
HnH

630 DELY = DEL2 : P1 = P2 : P2 = P{ + DP : GOTD 400
640 WSEC = 1
6§50 DP = - DEL2#(P2 - Pi}/(DEL2 - DEL1)

650  AEM APPLICATION OF THE SECANT METHOD.

87¢ IF &BS(DP) < 1E-14 THEW §50

680 P{ = P2 : P2 = P2 #+ DP : DEL1 = DEL2 : GOTD 400
690 IF G*YY < ¢ TEEN GDT0 710

70C PRINT XV0, Y¥0, ZVO: E¥D

710 PRINT “FALSE SCLUTICN."

720 INPUT "ENTER 1 FOR ANCTHER TRY, 2 TC QUIT ¥ ; ¥N
730 O¥ X¥ GOTO 220, 740

720 ERD

With INPUT the same as that for the numerical example mentioned in

section 8.11, the following iterations resulted:

? D(p)
—.397 (80507 304 5806
—. 200793 803873667 4
—.206 0136544382135
—.139278 0499229185
—0R61290054301113
—.043028 1042262790
— 007428 418 756 8887
+.022475044 9176505

Search :

e B 03 00 1D b
e iy i e

Fieration - 4.124 206 651 103 461
4.116 104006191 029
4116600642691 455
£.116 600000054 286
4.116 599 995 999 998
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6.14 Some Expansions in Elliptic Motion

Alshough the formulas for elliptic motion make it possible to caleulate the
position of a planet in its orbit at any time, it would be useful to have this po-
sition given directly by one formula. Unfortunately Kepler’s equation proves a
sturnbling block to this, but if it can be solved as a series, then we can find series
expansions for r and v, in particular, in terms of 3 and e. The development
of these series for their useful application (particularly to perturbation theory)
demands the use of Bessel functions, and is considered outside the scope of this
text. The reader should consult the texts by Smart or Plummer (Refs. 29, 26)
for full accounts. Here we shall be content to find the first few terms in three

expansions.
Consider Kepler’s equation

M=F-esmE.

If e = 0, then £ = M, and if € is very small, M will be a reasonable first
approximation to F. If we write Kepler’s equation in the form

E=M+esinF,
| then, given some value F;, which is approximate, a better one is
Eipy =M+esink;.
So, starting off with By = A we have
Fo=M4esinM,

Es =M + esin(M + esin M)
= M + efsin M cos{esin M) + cos M sin(esin M)].

F5 is only an approximate value, correct to the order e*; so, consistent with
this approximation,

By =M+esnM+esinMcos M.

If € is negligible, this solution will be good encugh; if not, we can find the term
in e* by writing down Ej and neglecting e*. We find

Es=M +esin M + Le®sin2M + 3e°(3sin 3M — sin M). (6.14.1)

This process can be continued indefinitely, althongh the later terms cbviously
become unwieldy. ‘

The following method for finding r in terms of e and A/ is due to MacMillan, -

as given by Moulton (Ref. 11). From Kepler’s equation
9E esin &

“Be  1—-ecosE’
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and
dM = {1 —ecos E}dF,

so that
oF C
e——dM =esin B dF.
e
This can be Integrated to give
M oo
e @dﬂ/f = —ecos F + constant.
y  Oe

Substituting the series for F in terms of e and M, we find
M
—ecos £ = constant + e] (sinM +esin2M +---}dM
9

or, since rfa =1 — ecos E,

r i
—=l+c—ecosM - §ezc032M+
a

where ¢ is a constant still to be found. Assuming that the series is uniformly
convergent (which is the case for moderate e}, we can integrate both sides of the
equation with respect to 3 between the limits M = 0 to M = 27, integrating
the series term by term. Hence

21 27
f 3dM=27r(1+c}—ef cosMdM —---
g G o -

The trigonometric terms all vanish when integrated between these limits. To

evaluate the left-hand side, we note that r/a and 43 can easily be put in terms

of F and 4dF, and we find
2m(1 + 1e*) = 27 (1 + <),
so that ¢ = %6’2. Then

1
2 =1—ecosM — %ez(cos 2M -1 - ges(cos 3M —3cosM)y—--- (6.14.2)

To find the series for v, differentiate equation (6.3.17), and eliminate sin v,
using {6.3.18); then
ST 2
_1—8\_ aM,
(1 —ecosF)?

and by Kepler’s equation this reduces to
P

2
dv = vl—ez(de) did.

aM

dv =
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The procedure is to use the series for ¥ in terms of M to find dE /M, square
it, multiply it into 1 — e? as a power series in ¢, and then integrate. The final
result is

v=M+2esin M + 8e?sin 2M + Le(13sin3M — 3sin M) + -+ (6.14.3)
It is obvious in this case we have no trouble over the constant of integration.

This expansion [or, more specifically, the expansion of (v — M}] is called the

equation of the cenler.
The reader will find additional expansions in Appendix D.

Problems

1. Show that if fourth and higher powers of e are neglected, then

E=M+ I—ecosM 2\1—ccosM

esin M 1( esin M )3
is a solution of Kepler’s equation.

2. Show that the equation of the center, {v — 3}, is given in terms of the
true ancmaly v by the expression

o=, et 23+ 1) — (p— 1)A%}
21 p(1+2%)

sin pv,
p=1

where

e
A= ——0o
1+vV1-e¥’
with € being the eccentricity of the orbit. Show that the maximum value
of the equation of the center occurs approximately when

— T st
U—-2+Sm 7}
e being small.

3. Show that if the eccentricity e is small and e® is neglected,
r = a{l — ecosnt + ” sin? n¥)

and
w = n{l+ e cos 2nt),

where v is the radius vector, ¢ the time measured from the nearer apsis,

27 /n the period, & the semimajor axis, and w the angular velocity about -

the empty focus.
Hence show that the Moon always very nearly turns the same face to that
focus of its orbit in which the Earth is not situated.
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4. If the origin is at the center of force and the 2-axis points toward peri-
center, show that the coordinates in an elliptic orbit are (z,y), where

azz cos M + %e(cos?M—B)—i— %BQ(SCOSSM— 3cos M}

Y—sinM+ %esin?M—i— %ez{gsiESM — 15sin MY+ ---

.=
5. Derive two extra terms for each of the three series developed in this sec-
tion.

6.15 The Orbit in Space

The six constants of integration found in Sections 6.2 and 6.3 complete the

- formal solution to the problem, but they are not in a form that is immediately
" useful to the astronomer. Any set of six independent constants will suffice, but

those usually used will now be described: they are known as the elements of
the orbii.

Figure 6.9

In Figure 6.9 the Sun is at O, Oz points toward the vernal equinox and

Oz toward the north pole of the ecliptic. Let the plane of the orbit cut the
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celestial sphere in the great circle HPA, where H is the point where the body
in its orbit rises north of the ecliptic, called the ascending node. The point at
which the body crosses the ecliptic, moving south, is the descending node. The
angle zOH is the longitude of the ascending node; it is written §. This angle
is measured eastward around the ecliptic. The angle between the plane of the
orbit and the ecliptic {or the angle between b and %) is called the inclination;
it is written 5. ¢ always lies between 0 and 180°. For 0° < ¢ < 90° the orbit
is direct; for 90° < i < 180° the orbit is retrograde. If OP is the direction of
perihelion, the angle HOP is called the argument of perthelion; it is written w.
The quantity &, defined by

w=8§+tw
is the longitude of perihelion; it is measured first in the ecliptic to the ascending
node, and then in the plane of the orbit to the direction of peribelion. The
remaining three elements of the elliptic orbit are a,e, and T. For a parabolic
orbit only five elements are needed; ¢, the perihelion distance, replaces ¢ and e.

& is an element that can be used instead of w. There are other alternatives

to the elemments defined above. For instance it may be convenient to replace 7
by

y = —nT.

The frue longitude of a planet is the angle measured from the vernal equinox,
first along the ecliptic to the ascending node, and then in the direction of the
orbit to the planet. Denoting this by L, we have

L=4+v=8a+wt+ev=§8+u,

where u is the angle HOA, A being the position of the planet on the celestial
sphere; u is called the argument of the lafitude of the planet. The mean longitude
{ of the planet is defined by '

I=@+n{t—T)=&+ M.

When ¢ = 0 we have an epoch (which can, of course, be any convenient date};
the value of I when t =01is :

e=w—-—nT=4&+x,

which is the mean longitude af the epoch.
_ The angles § and i depend on the direction of h. Let h have components
(hay Py Bz} Then
h,=h-%=cosi.
Let the unit vector along OH be f; this has components (cos §,sin &, 0). But
ixﬁ:ﬁsini, S0 . )

(—Ay, b, 0) = sini(cos §,sin 9,0),
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and .
hy =sin sini
—h, = cos f sing, {(6.15.1)

h, = cosi.

The angle w can be found formally from the unit vector P.

We consider two programs. In the first, the INPUT will consist of a set of
elements, and the OUTPUT will be the components of position and velocity at
3 given fime {. The elements will be based on the ecliptic, and the coordinate
axes for resolving the vectors will be equatorial. If a vector has components
{X,Y, Z) in the orbital reference system, and {x,y, 2} in the equatorial system,

then
X

= P(—e)R(- ) P(~1)R(~w) 3; . (6.15.2)

(I~ =

(See Appendix B for the definition of the rotation matrices.) [ suggest the
following sequence of calculations:

¢ Find the components of position and velocity at the time of perihelion in
the orbital reference system.

e Rotate these to the eguatorial system.

e Use the f and g functions to calculate components at the given time £.

1f the elements contain, not the time of pericenter, but the mean anomaly
* af the epoch g, then the first step should be to find the components of position
and velocity at 4 in the orbital reference system.
A partial listing showing the rotations and a possible subroutine for the
rotations follows.

.19 REH TEIS PROGRAX HAS AS INPUT 4 SET OF XEPLERIAN

0 REM ELEMENTS, a, e, i (INC}, TP (TIME OF PERICENTER),
4] REM little omega (AP), AND BIG DHEGA (LAN);

49 REN ALSOC, & TINE T AT ¥HICH COMPGNENTS OF POSITIOR
50 REH AND VELOCITY ARE REQUIRED. THE ELEHENTS 4RE

80 REM REFERRED T0D THE ECLIPTIC. VECTGRS WILL BE

70 REM RESOLYED IN THE EQUATOHIAL REFERENCE SYSTEM.

REM
.90 DEFDBL A-K,0-Z : DEFINT ¥
. 100 CLS
110 PI = 3.141592653580793%
120 GOSUB 5000 : REN ENTER DATA.
130 GOSUB 5500
140 REM THIS WILL GIVE THE CDXPONENTS OF POSITICH
%gg o R%g A¥D VELQCITY AT THE TIHE GOF PERICENTER, TP.
175 REN YOU XUST INSERT HERE THE PROGRAM FROM SECTION 6.10
186 REE THAT WILL FIND COMPONENTS OF POSITION AND
18¢ RE¥ VELOCITY AT TIME T, YOU WILL START FROY
200 REM LINE 170 IN THAT PROGRAH.
5000 INPUT “EWTER THE EZCCENTRICITY OF THE ORBIT " ; E
5005 INPUT “ENTER THE SEMIKAJOR AXIS OF THE ORBIT " ; 4
5006 PRINT
50i¢ PRINT
5020 INPUT “ENTER THE INCLINATION, IN DEGREES v ; IEC
E030 FRIRT
5040 INC = INC#PI/I8C
5050 INPUT “ENTER TEE LONGITUDE OF THE ASCEWDING HODE 7 ; LAY
5080 FRINT
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5070 LAN = LAN*PI/180

£680 1HPUT YENTER THE ARGUMENT OF PERICENTER ¥ ; 4P
5090 PRINT

5100 AP = AP*PI/180

5110 INPUT “ENTER THE TIXE OF PERICENTER " ; TP

5120 PRINT i,
5130 PRINT "ENTER THE TIME AT VEICH THE COMPONENTS GF
5140 INPUT “POSITION AND VELOCITY ARE REQUIRED " ; T
5150 PRINT

G160 DEL = .4090928% : RE¥ OBLIQUITY OF THE ECLIPTIC
5170 RETURN

5500 XC = 4={i% - E} : YC = 02 : ZC = (¥

5510 REM COORDINATES OF PERICENTER IN THE ORBITAL
5520 REX REFERENCE SYSTEX.

5580 TH = - 4P : NR = 3 : GOSUB 57i¢

5540 TH # - INC : ¥R = 1 : GOSUB 5710
E650 TH = - LAE : ¥R = 3 : GOSUB £71¢
5560 TH = - OBL : ER = 1 : GOSUB 5710

5570 REHM THE POSITION VECTOR IS MOV RESOLVED IK

§680 REM THE EQUATORIAL REFERENCE SYSTEH.

5680 X0 = XC : YO = YC : Z0 = ZC

5600 IC = 0¥ : YC = SQROMU={1# + E)/(a=(f2 - £))) : ZC = 0%
5610 REN CDMPONENTS OF THE VELOCITY AT PERICENTER

5620 REM IN THE CRBITAL REFEREECE SYSTEH.

5630 TH = - &P : KR = 3 : GOSUB B7i¢
5640 TH = - INC : KR = 1 : GOSUB 5710
5650 TH = - LAF : ¥& = 3 : GOSUB 5710
5660 TH = - OBL : ¥R = i : GOSUB B71¢0

5670  REH THE VELOCITY VECTOR IS NOW RESOLVED IN
5680 HEM THE EQUATORIAL REFERENCE SYSTEH.

5690 XVo = IC : YV0 = Y€ : ZVO = IC

§700 RETURE

5710 REH THIS SUBROTTINE ROTATES COORDINATES THROUGE
5720 REM THE ANGLE TH; WR IS 1, 2, 3 FOR ROTATIONS
5730 REE AROUND THE X, Y, AND Z AXES, RESPECTIVELY.
5740 OF HR GOTG 5750, 5750, 5830

5750 YCT = YC#COS(TH) + ZCSSIN(TH)

5760 ZC = - YC#SIN(TH)} + ZC=COS(TH)
B770 YC = Y(T
5780 RETURN

5780 XCT = IC*COS(TH) - ZC*SIN{TH)
5800 ZC = XC=SIN{TH) + ZC=CDS{TE)
5810 XC = ICT

5320 RETURN

5830 XCT = IC*COS(TH) + YCsSIN(TH)
5840 YC = - XC*SIN(TE} + YCxCOS(TH)
5850 XC = ICT

5860 RETURN

In the second program {which should be debugged alongside the first} the
INPUT will consist of components of position and velocity at some time #, and
the QUTPUT will be a set of elements. A completely general program would
allow for the cases i = 0 {when Q is undefined) and e = 0 (when w is undefined).
I leave such refinements to you; but we will consider the possibilities of parabolic
or hyperbolic orbits.

A drawback with BASIC and some other languages is that, of the inverse
trigonometric fanctions, only tan™? is available, with QUTPUT in the interval
{—90°,90°). Iz FORTRAN there is the function DATAN2(X,Y}, where X and
Y are numbers proportional to the cosine and sime of the angle {ie., X =
roosf,Y = rsind; r > 0) and the value of the function is the angle with
tangent Y/X in the interval [0°,360°]. If you are not using FORTRAN, I
suggest that vou write a subroutine to do the same job.

The formulas to be used here (and the algorithm that follows is not the only
one possible) are: _ -

(hgs by Bz =h =1 X W, (6.15.3)
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vxh

— & (6.15.4)

(eza€y=‘32) =e= E_: r
Now let 11 point toward the ascending node, so that #i = {cos §,sin §3,0). Then,
since fi - € = ¢ cOS W,
£C08Ww = eg CoS §L + ey sin . {6.15.5)

Also

-

fxe={esinwih
and
: fixe={e,sinf, —e, 080, e,co8 Y — e, 8in Q).

iquating the z— or y— components, and using (6.15.1}, we find

esinw = —2-, (6.15.6)
sind

Remember that this choice of elements is invalid, anyway, if siné = 0.}

At the start of the calculation the components of r and v may have to be
hanged, using the rotation P{e¢), from equatorial to ecliptic coordinates. A
equence of calculation is as follows:

1. Find hg, by, h from (6.15.3).

. From (6.15.1), cos § is proportional to —h,, and sin & is proportional
- to hz. So find 8.

From {6.15.1), cosi is proportional to h, and sini is proportional to
(hZ+ h2)/2. 8o find i.

4. Find ecosw and esinw from (6.15.4}, (6.15.5) and {6.15.6), and then find

.
5. Find e from e = {e2 + 2 + 2)1/2.

6. Find a from

a = (6.15.7)

¥, I a™? is positive, find F from

L ]
<

, (6.15.8)

3 *
T=z—(E—esmE)1i%. (6.15.9)

{One can, of course, add or subtract from this an integral multiple of the
. period.)

r .
ecosF=1——, esinf =
a

3

and then T from
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8. If ¢! is negative, the equations to use are

Z=cos§1(F)=é(l—£*):

F=h [Z +vZ? - 1} - SGN(x-v), (6.15.10)

—a3
T;t—{esmhF—F) 7

9. If ¢—! = 0, and the orbit is parabolic; then

A2 v T 12 - 1

and (6.15.11)

243
T=t—(173+7) .
A3 \j i ]

These two programs should be debugged together, with the output of one
being the input of the other. Make up your own orbits, and in each case make a
sketch showing the orbit projected into the ecliptic, indicating the parts north or
south of the ecliptic. Include the orbit of the Earth, and mark in the position of
the Earth at the time of perihelion, so that you get some ideas about visibility.
Also experiment with orbits of artificial satellites of the Earth.

Orbital elements of some comets and asteroids are listed in Appendices G

and H.

6.16 The Geocentric Coordinates

We have seen how to find the heliocentric coordinates of a comet resolved
in the equatorial reference system. Let the vector from the Farth o the Sun be

R=(X.Y,2), - (6.16.1)

resolved in the same system. These cocrdinates are tabulated in almanacs for
equatorial systems of specific epochs. Then the geocentric vector from the Earth
to the comet is

p=r+ R : (6.16.2)
If p = (£,1,(), resolved in the same system, and if the right ascension and
declination (in radians) are ¢ and &, then

p ={£,n,() = plcosacosé, sinccos 8, sin é). (6.16.3)

o and & are easily found, and can then be transposed, if wanted, to appropriate -

units. In this way, the observed values at any given time ¢ can Le comput{led}
A table of such values for regular intervals of the time is called an ephemeris.
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X,Y and Z are tabulated, and to find their values for a given time, interpo-
lation will be needed. This is discussed in Section 18.2. If you are making up
your own orbits, thea it is sufficient to use a reasonable approximation based
6t short formulas. The following set of formulas is taken from the Almanac for
omputers, 1986 Ref. 37. I am grateful to Dr. L. E. Doggett for bringing it to
my atteation, and to Dr. P. K. Seidelmann for his permission to use it.

First, we introduce the Julian Date, D, for specifying the time. This is the
time measured from Greenwich Mean Noon on January 1st, 4713 B.C. Julian
Dates are tabulated in almanacs; but the following beautiful formula enables the
Julian Date to be found from the Gregorian Calendar Date for dates A.D. 1800,
February 28th, through A.D. 2099. Let Y be the year, so 1900 <Y < 2099; let
A1 be the month, so I < M < 12; let D be the day, se 1 € D < 31; let UT be
the universal time in hours. Then

ID = 367+Y — INT(7 + (Y + INT((M + 9)/12)}/4) + INT(275 * M/9)
+D 417210135 + UT/24. (6.16.4)

ere INT{...) is the greatest integer function. FThis formula can be made more
eneral 1o cover a wider range of dates.
Now let

T = (JD — 2451 545.0) /365 25, {6.16.5)

which is the time in centuries measured from AD 2000. Next let
AM = 357°.528 +35999°.050 = 7. {6.16.6)
hen the true longitude of the Sun is

L = 280°.460 + 36000°.772 + T + (1°.915 — 0°.0048 + T » SIN(M)
+0°.020 = SIN{2 % M), (6.16.7)

ere appropriate conversion to radians must be made.
The radial distance may be adequately found from

R=1.00014 - 0.016 75 = COS{M) — 0.000 14+ COS{2 = M). {(6.16.8)
convert to equatorial coordinates, use
€ =123°.439 - 0°.013 = 7. {6.16.9)

ver the period considered, the error in 1 does not exceed about one minute
‘arc.

17 The Effects of Planetary Aberration and Parallax

- Let us suppose that the Computed right ascension and declination have
en corrected for the effects of precession and annual and diurnal aberration.
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Neglecting refraction effects in the Earth’s atmosphere, there will still be two
factors leading to a difference between the observed and computed values. Since
light moves with a finite speed, the position observed corresponds to some time
before the instant of observation. This effect is called planetary aberration (it
should not be confused with other types of aberration). If ¢ is the time of
observation, the observed position will correspond to a time

f_ P
C

where c is the speed of light.

Also the geocentric coordinates of the Sun are measured from the center
of the Earth; in order to compute the angles measured by an actual observer,
we should use the coordinates of the Sun measured from that observer. So we
need the geocentric coordinates of the observer; they will depend on his (or
her) position and on the time. Let the geocentric distance of the observer be
p1, measured in units of the Earth’s equatorial radius, and let the geocentric
latitude be ¢. Let the local sidereal time {converted to radians) be #. These
form a triplet of spherical polar coordinates, so that the coordinates of the

observer are
AX = {4.26356 x 107%)p; cos ¢ cos,

AY = {4.28356 x 107>)p; cos ¢sin ¥, (6.17.1)
AZ = (4.26356 % 10-5)p; sin 6.

Then the modified solar coordinates, which should be used in the calculation
of right ascension and declination, are

Xi=X-AX, i=Y-AY, Z=2Z-AZ (6.17.2)

The local sidereal time can be found by subtracting the longitude of the observer
from the Greenwich sidereal time, the latter is tabulated in almanacs. A formula
for Greenwich mean sidereal time is {Rel. 37.)

GMST = 6.697 37456 + 2400".051 336 = TO 4 0™.000 0258622 x T0?
+1.002737909 % UT, : (6.17.3)

where UT is the universal time of the observation, and
TO = (D0 — 2451 545.0)/36 525 (6.17.4)

and JDO is the Julian Date at 0® UT for the day of the observation.
Note that for a change of D days and H hours of mean solar time, the mean
sidereal time changes by .

24" 065 7098235 + D + 1.002 737906 = H.
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.18 Projects

We now have powerful means to investigate and solve a wide variety of
problems where Keplerian motion is a good approximation to actuality. In
. many cases, proper generalization can be made later using numerical integration
- and some perturbation analysis. One intention of these projects is to breathe
Somne life into the formulas and programs. The projects are intended to provide
‘ideas, and many have been left deliberately vague, in order to encourage your
initiative and imagination. Some projects assume graphics capability, and most
#re enhanced by the use of graphics: use it when possible; it is a superb learning
" tool, removing misconceptions, and generating new ideas. Where possible, I
récomnmend that you try to turn a project into a “computer game.” Constantly,
“try to think of more guestions for the computer to answer.

1. With INPUT g, e and w, plot ellipses, parabolas and appropriate branches
of hyperbolas; in particular, get used to the effects of changing e. In the
case of hyperbolas, it may help the picture if asymptotes are included,
say, as dotted lines.

2. Let an attracting mass remain at the center of the screen, and consider
motion relative to it. The INPUT would consist of initial conditions for
the second body. Experiment with these, plotting the orbits.

3. With the same model, let a “target” be fixed on the right of the screen;
the interceptor will starf somewhere on the left, with initial velocity hor-
izontal. Have a competition for the closest interception.

4. With the same model, have the target moving around the central mass
" In an eilipse; this makes the timing of the launching of the interceptor
important.

.5. With the same model, look at orbits having the same initial position and
speed, but with varyving initial directions for the velocity.

6. This is like the preceding model, but now, keep the direction of the initial
veloelty fixed, and vary the initial speed. {Note: with polar coordinates
r and §, the equation of the orbit is p/r = 1 + ecos{vg + §), where vy is
the inifial true anomaly. You do not need actually o find v, but only
the values of ecos vy and esinvg.)

% 7. Project 5 can be made more interesting if several particles are “fired”
simultaneously from the same position, with the same speed, but in dif-
ferent directions. Plot positions after equal intervals of time. Erase the
old positions before plotting new cfes.

8. Follow the simuiltaneous motions of several particles that start at the left
of the screen at the same time, moving horizontally with the same imitial
speed. Again, plot positions after equal intervals of time. Notice the
way in which the particles are “focused” and then dispersed. As an extra

-dimension for this project vou might give the central body an actual size,

and-stop the orbits of the parficlesithat ateaversted” w0 anne
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. Follow the breaking up of a comet. The initial orbit wonld have position
and velocity ro and v just before tp. For the project, the initial conditions
at #, would be 1y and vp + &v;, for the ith particle, where the velocity
increments would be small.

Follow the motion of a visual binary system. First, keep the center of mass
fized, and then let the center of mass move across the screen, deriving
figures like Figure 6.1. Allow for the fact that the plane of the orbit is
unlikely to be perpendicular to the line of sight.

Now let the binary be a spectroscopic binary, which is studied through the
Doppler shifts resulting from the velocity components in the line of sight;
usually, the spectrum of one star ozly is observed. The radial velocity
is plotted as a function of time. Plot some of these curves, varying the
eccentricities and orientations of the orbits. Let Vg be the radial velocity
of the center of mass of the system. If the velocity curve is aplot of ¥, the
radial velocity, against €, then it is the case that the area above the fine
V = Vg is equal to that below the line, V = Vi, when just one revelution
is considered. Can you justify this? Look up spectroscopic binaries in an
astronomy textbook.

Set up graphics programs to illustrate the situations of problems 20-24
in section 6.4.

A satellite is moving in an orbit around the Earth. Choose elements
for the orbit, and then plot sub-orbital points {i.e., points at which the
satellite is at the zenith), taking into account the rotation of the Earth.

A satellite is moving in an orbif around the Earth, and an observer is
at a definite point on the Farth (which can be assumed to be spherical).
It is required to find times at which the satellite rises and sets. Neglect
atmospheric tefraction. (With the origin at the center of the Earth, let
vectors to the satellite and observer be r and R, respectively. You are
looking for times at which {R — r) is perpendicular to R. Finding the
times will require iteration.)

Ignoring refraction in the Earth’s atmosphere, write a program for finding
whether a satellite of the Earth is in direct sunlight, or shadow. Assume
the Sun to be a point source of light. {Derive a formula for the distance
from the center of the Earth to the line joining the satellite and the Sun;
for critical cases, you are looking for times at which this distance is equal
to the radius of the Earth.)

In a very oversimplified model of an ICBM trajectory a missile leaves
a point on the Earth’s surface with a given velocity and moves subject
ozly to the gravitational field of a spherical Earth until it lands. Let
the radius of the Earth be R and the initial speed be V; the angle of
launch is to be varied. Let this angle be ¢, the angle between the initial
velocity and the local horizon. Let the center of the Earth be O, the point
of launch be P and the empty focus 0. First, show, using properties
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of the ellipse, that the angle OP0; = 2¢. For all ¢ a is the same,
and PO; = 2a — R, a constant, so (; lies on a circle with center P.
The range is greatest when the angle POO; is greatest, or the angle
PO;0 = nr/2. In this instance, show that csc{£POO;) = (2u/RV?) — 1.
Let the complete angle swept throngh by the radius vector from launch to
landing be ¥; so /POO; = ¥/2. Construct a table showing for different
¥, the corresponding V, and the time of flight.

. 17. Now investigate the consequences of small errors at launch of the ICBM.
: Start with an orbit of greater range. One at a time, add small errors of,
say, 0.1% in the initial speed, V, and the lannch angle, ¢. In each case, find
the distance of the point of impact from the intended target. Assuming
that the effects of the small initial errors are linear, derive tolerances for
: errors at launch, so that errors at landing are within prescribed bounds.
"48. Next, identify geographically the launching point and the target, and
%5 introduce the rotation of the Earth. Find a suitable trajectory for the
ICBM, and look for a minimum launching speed. Repeat the error anal-
vsis.
19, Next, we consider some rendezvous problems. Note that the ICBM tra-
' jectories can be said to fall into this category. First, consider a “hostile”
rendezvous, in which an ICBM with known orbit is to be destroyed. The
interceptor is to be fired from a point on the surface of the Earth that
can be close to the target. or distant from it. By all means, choose actual
geographical locations. Assume that there is a maximum initial speed for
launching the interceptor. Find possible orbits for interception.

). Now consider a “friendly” rendezvous with a satellite; here, assume that
“friendly” means that at rendezvous (a) the velocities are parallel or (b)
the relative speed is a minimum.

. Suppose that we want to transfer from a circular orbit of radius a; to a
larger circular orbit of radius as, these orbits being coplanar. The best
known intermediate orbit is an eflipse having pericenter distance a; and
apocenter distance as; this gives the “Hohmann transfer.” Assuming the
velocity changes to be instantaneous, the increments at the ends of the
transfer orbit are easily found and discussed analytically. I has been
argued that if the ratio az/a1 is large, greater than 10, say, then it is
more efficient to use two transfer ellipses; the first has pericenter distance
ay and apocenter distance €}, and the second has apocenter distance @
and pericenter distance as. Consider this analytically or numerically.

. Buppose that the circular orbits of, the preceding project are in different
" planes, the angle between them being small. Use a Hohmann transfer orbit
" ‘ag a first approximation, and look for transfer ellipses having minimum
total velocity changes at the ends. Is there 2 most efficient place for the
transfer orbit to start or finish? '

Using right ascension and declination as coordinates, plot apparent paths
of comets as observed from the Earth. Include the option of adding the
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orbit of the Sun. This project is greatly enhanced if some of the brighter
stars are included in the display. Use data from Appendix G.

Project cometary orbits into the ecliptic, and include, optionally, orbits
of the major planets.

Generalize ephemeris calculations to include range and range-rate. In-
clude satellite-to-satellite ohservations,

We are not yet prepared to deal with the dynamics when more than two
bodies are involved. But in many cases some idea of the motion can be
generated by “patching together” parts of Keplerian orbits. Suppose that
we have the Sun, with mass M, and a planet, with mass m, moving around
the Sun in a circular orbit of radius r;. Then (and this is discussed in
section 11.18) the planet can be considered as surrounded by an “activity
sphere” of radius 7, (m/M)*°. Now introduce a third body, a comet, say,
with negligible mass. Assume that outside the activity sphere, this mass
moves in a Keplerian orbit around the Sun, but inside the activity sphere
it moves in a Keplerian orbit around the planet. Write a program for
calculating orbits in this model. Iteration will be needed to find when
the comet enters the activity sphere. For a start, anyway, restrict calcu-
lations to two dimensions. Look for cases where an encounter with the
planet results in a significant change in the orbital energy of the comet.
Interpreting the planet as Jupiter, look for situations in which a parabolic
comet is “captured” by Jupiter (turned into a periodic comet with aphe-
lion distance close to the radius of Jupiter’s orbit) or expelled from the
solar systern. Also investigate how a spacecraft launched from the Earth,
with aphelion distance 1, can receive a boost in energy in order to reach,
say, Saturn.

It has been suggested that the “star of Bethlehem” was Halley’s comet,
and that the Birth took place during the summer at about the time of the
comet’s appearance. Using the following elements (Ref. 71}, discuss the
hypothesis on the basis of geometrical reasoning. 7' = —11, Oct. 10.848,
g = 0.58720, e = 0.96737, w = 92°.544, 0 = 35°.191, ¢ = 163°.584.
(Note: T is given according to the Julian calendar.) '

Chapter 7

: The Determination of Orbits

7.1 Introduction

In Chapter Six we have seen how, once the elements of an orbit are known,
‘the geocentric position on the celestial sphere can be calculated for any time.
-In this chapter we shall be concerned with the reverse situation, that of finding
the elements of an orbit from observations. For convenience we shall refer to
‘the observed body as a comet, but it could equally well be a minor planet or
an interplanetary spacecraft; with slight modifications to the methods used, it
‘could be an artificial satellite. The roughest glance at the process of ephemeris
omputation described in Section 6.16 will show that the work cannot practi-
ally be reversed, so that some new technique must be found. In fact no direct
ay is known for finding the elements of an orbit from observations, and it is
necessary to proceed by approximations.

We divide the subject into two parts: finding a prefiminary, approximate
“orbit from a minimum of observations, and, secondly, using many observations
o improve the orbit. The second part is by far the more important; in fact
he detailed analysis of many observations yields not only a definitive orbit, but
also knowledge of the dypamical environment in which the motion takes place;
.., the relevant forces, gravitational or otherwise. This is too big an area for
he present text, and will be only briefly looked at in sections 7.4-7.6.

" The classical problem of the determination of orbits is to find a preliminary
“orbit of a newly discovered comet or minor planet using data from three ob-
servations, each one comprising time, right ascension and declination. It has
been argued forcibly that this is no longer an important problem; but it is one
_ha,t still evokes a lot of interest, and it can be solved, elegantly and without
rudgery, on the microcomputer. I+ is none the worse for having a long and
ometimes romantic history. The pofential solver faces some danger. Selution
may be impossible if the observations are too close together in time, or if they
are unfavorably placed geometrically relative to each other. The situation is
mplicated by the fact that the observations will contain errors. How do you
ate the “position” of a fuzzy object with a little tail? All methods of solution
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