Chapter 5

-Some Properties of Solid Bodies

5.1 Center of Mass and Center of Gravity

Consider a system of point masses of which the ith has mass m; and position
vector r; with respect to any origin. The center of mass of the system is defined
. %o be af the point T where

T =

2o T

, (5.1.1)
o
and the summation extends over all members of the system. By the vector
definition this point is independent of the orientation of the axes; we have fo
show that it is also independent of the position of the origin. Let the origin be
transferred to r’; then the position vectors with respect to the new origin are
ri =1; — ', so that the center of mass with respect to this new origin is at

Sl -
2
o

which is the same point as that found with respect to the first origin. This means
that the center of mass is independent of the reference system and depends only
on the configuration of the masses.

The center of gravity, T, is defined such that the sum of the moments of the
forces m;g acting at r; is equal to the moment of the combined masses, S om,

acting at ry: ie,
rg X mei = Z{r,— % gm;).

The general solution of this equation for ry is
ro= YTy

[ S s
where & is an arhitrary scalar. To be useful, this point must depend only on
~ the configuration of the masses and not on the direction of g, so that k = 0 and

r, =F. (5.1.2)

+ kg =7+ kg,

&9
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These definitions are for systems of point masses. One purpose of this
chapter is to break away from the use of abstract point masses so that we can
apply the laws of mechanics to solid bodies. The generalization here is simple:
we replace the summation signs by integral signs, to give

Jrdm
Jdm

r= (533)
integrated over the whole body. If p is the density and dv is an element of
volume, then we have dm = pdv. Provided the density is finite everywhere,
there is no difficulty over the convergence of the integral.

If & solid is symmetrical about some plane {for instance if the plane is the
zy-plane, the distribution of mass would be independent of the sign of 2}, then
that plane is called a plane of symmetry. By symmetry the center of mass of
the body must lie in that plane. In general, three planes meet in a point, so
that if 2 body has three planes of symmetry, the center of mass is found. It may
be that the three planes meet in a line; in this case there is still some ambiguity
and integration must be used. But all the bodies considered here will be spheres
or, at worst, ellipsoids, for which the center of mass is immmediately seen to be
the geometrical center.

5.2 The Moments and Products of Inertia — The Inertia Tensor

In order to discuss the angular momentum of a solid body, we need some
quantities known as the moments and products of inertia. In considering these,
we shall, for convenience, infroduce the inertia tensor. Teasor nofation will be
used only in this section and will be developed only as far as is needed for the
purpose in hand.

Consider coordinates {1, z2, z3) instead of {z, y, z}. We shall use the dummy
suffiz notation where, if a suffix appears twice in a term, then the term is
summed over the (three) possible values of the suffix. Thus a;2; means precisely
what it says, but a;z; stands for

E a;z; or {gi%1+ gazs + aszs).

1=1,2,3

Although the results will be applied to continucus solids, we shall, for conve-
nience, continue to use summations over mass clements. These can easily be
replaced by integrals.
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Define the six quantities I;; by
Iy = Somziz; — 3 mazt = A,
DLy = S mziz; — y,ma3 = B,
133 = meixi i meg C, .

5.2.1
fos = — Y mzaz3 = —F, (5-2-1)
Iy = -3 masz; = -G,
Lo ==Y mz25 = -,

A, B, and C are the moments of inertia and F, G and H are the products of
inertia of the system of masses. They can all be given by the one equation

I.p= Z mz;zibag — Zm$a$5, {5.2.2)

where 8,5, called the Kronecker delte, is zero if o and 53 are unequal and is one
if they are equal.

Let the system have angular velocity w so that the velocify of the mass
element m at T is w X r, and its angular momentum about the origin is mr X
{w x 1). The total angular momentum of the system about the origin is, then,

H= Zmr X (w X 1)
= Z m[rlw — (- w)r]
= Zm{ziz;w — {zwir].
Resolving along the component directions, we see that the z; component is
Hy = Inwy + haws + Iisws = Liwi.

Then, using matrix notation, we have

I s g
{H1 Hy Ha] = w1 wa ws] | To1 122 Ia3 {5.2.3)
I31 f3n Ins

where I, = Iga.

The matrix T has been defized with respect to a particular set of axes, but
from (5.2.3) we might expect it to have some existence, similar to that of a
vector, that is independent of the system of reference. This is the case. 1is
an example of a tensor of rank two. The operative definition (from Milne’s
Vectorial Mechanics, Ref. 8) is as follows:

With each set of orthogonal triads of unit vectors associate a set
of nine numbers, {,,. Then the sets are said o describe a tensor, T,
provided that if t,. is associated with the triad (11,132} and t), is the
set associated with {(i],15,15), then

Ugo = lualugles,
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where
at -~
loe =1, - 15,

fThe {’s are the direction cosines of the new set of axes with respect o the
old set.] According to this definition we cannot describe a tensor without
reference to some triad, bui the tensor itself is to be distinguished from
any one of its descriptions. Just as a vector may be considered as the
class of all its representations with respect to different triads, so a tensor
is the class of all its descriptions.

To prove that [T] is a tensor, use (5.2.3), written in the form
Ha =walas.
‘With respect to the new triad we have
Hi =w,Ip
Now H and w are vectors.

H = Hii; + Holp + H3lz = H,i,

and

H=01.
Also

T =130 + el + 11ads, et

So we have

Hé = {p; H;
and similarly,

wh = Lpswi.
Therefore

whlhe = Hp
=lg:H;
= lpawsdji

By changing the dummy suffixes, this can be put into the form
wi{Is — lgilialis) = 0,

and since this holds for any «,, the result is established.

It would be profitable but, unfortunately, not to the point, to devote much
more space to a discussion of tensors. The Interested reader will be able to find
cut more about tensors sisewhere. It is important o realize that tensors are
quantities obeying certain laws of transformation when the reference system is
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changed; these are such that a tensor equation which is true in one reference
system is frue in any reference system.
The product z;1;; will be denoted by x-I; it is an nner produci of the
vector and the tensor. Since Ing = Iga, I is said to be a self-conjugate tensor.
When considering the rotation of a body about some axis, it is necessary to

. know the moment of inertia of the body about that axis. Let 03, the axis of

rotation, pass through the origin, and let P be a mass element m. Then the
angular momentum about 0§ is

Z wmPR?,

where PR is the perpendicular distance of P from OS5 and w is the angular
velocity. The moment of inertia about OS5 is 3 mPR®.

Z8

PFigare 5.1

Let us return for a moment to more familiar notation, such that the direction
of 08 is {I,m,n} and the coordimates of P are (z,y,2}. Then

PR? = OF - OR®
= (22 + 9% + 2%) — (Iz + my + nz)®
= (2247 + P+ m* +n?) - o+ my + nz)?,

50
S mPR® = A + Bm® + On” — 2Fmn — 2Gnl — 2H1m. (5.2.4)
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Consider the quadric
Az® + By® + C2* — 2Fyz — G2z — 2Hzy = constant. (5.2.5)

If P is a point on the quadric, the moment of inertia about the axis OF is
inversely proportional to the square of the distance OF. Since there is a real
moment of Inertia in any direction, the quadric must be an ellipsoid; it is called
the momental ellipsoid, and ifs axes are the principal azes of inertia. I the
reader does not like the abstraction of the imertia tensor, it may be helpful
instead to think of the momental ellipsoid; this is something that is obvicusly
independent of its description with respect to any particular triad. {But not all
tensors are amenable to this sort of parallel.)

As the body moves, the description of I with respect to a fixed reference
systern will vary, but it will remain constant with respect to axes fixed in the
body itself. If the body is rotating about a Hne through the origin and is subject
to external forces of moment T, then the angular momentum equation is

d

r= dt —(w 1)

= a(w -I)+wx (w-I} (from Section 2.7}
G Itwx (WD) (5.2.6)

If the axes of reference fixed in the body are chosen as the principal axes of
inertia, {(5.2.6) can be written as

P ]
;= Aﬂ — (B = Cluaws,
dw?
Ty = }'3—2 —(C — Awawi, (5.2.7)
d
s = cﬂ — (A — Bwiws.

These are Euler’s equations of motion.

‘We complete this section by finding the moments of inertia of two homoge-
neous solids, the sphere, and the ellipsoid about its axes. For the sphere, we
have, by symmetry, A = B=¢. But

A+B+0=2f(zz+y2+z2)dm=2pfg~2dv

ntegrated over the volume of the sphere, where p is the density and dv is the
element of volume. Dividing the sphere up into thin concentric shells, we find

A+B+C=2p47r] r dr
o
_8r 5

el 3

9
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where ¢ is the radius of the sphere. Hence

&7 2
A= —pa® ==-Md® 2.
P = g (5.2.8

where M is the mass of the sphere.
For the ellipsoid, the axes are the principal axes of inertia, and

A= [wr+Hdm=p 7+ P dzay

integrated throughout the ellipsoid

2 2
+ y? -
ptgta=t

3]

If the variables are changed to z' = z/a, ¥ = y/b, 2’ = z/c, then the integra-
tion reduces to an integration throughout a sphere and is performed without
difficulty. The result is

A= %MUF ), (5.2.9)

with similar expressions for B and C, where M is the mass of the ellipsoid.

(The moments of inertia about the principal axes of simple bodies are given
‘by a mnemonic known as Routh’s rule. This states that they are M 2 [, where
2 is the sum of the squares of the lengths of the semiaxes of the body at right
angles to the given axis, and n has the values 3, 4, or 5, according as the body
is rectangular, elliptical, or ellipsoidal.)

Problems

. 1. Show that the moment of inertia of a body with center of gravity G about
any axis is equal to the moment of inertia about a parallel axis through
G plus Mp?, where M is the mass of the body and p is the perpendicular
distance from G to the axis.

2. A body has angular velocity w about an axis passing through the origin.
Show that twice its kinetic energy is Ij;wiw;.

3. A body has symmetry sbont an axis 1 such that A = B. Show that the

angular velocity of the body can be expressed as
ni+ix @
dt

and that its angular momentum is

Cni+ Al x g

Interpret n
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4. Assuming them to be homogeneous bodies with constant angular rotations
throughout, find the angular momenta due to axial rotation of the Sun,
the Earth, the Moon, and Jupiter.

5. Find the angular momentum of each planet due to its revolution around
the Sun. Hence investigate the distribution of angular meomentum in the
solar system.

5.3 The Potential of a Sphere

The potential at ) of a solid body is
d d
V:—Gme=*Gpr? (5.3.1)

where the integral is taken throughout the body. I O lies outside the body, the
integrand is finite everywhere {as long as the density has no singularity}, so that
there is no trouble over convergence. If O les inside the body, the integrand
has a singularity at O; but if we use spherical polar coordinates®, the element
of volume is

dv = r2sin 8 dr d6 d¢

V:—G/fj/prsin@drdeqB

and the integral converges.

Consider the attraction experienced at an internal point O of a uniform
spherical shell, bounded by concentric spheres. Let a cone with vertex O and
small solid angle? dw cut the shell, as shown in Figure 5.2, in two frustra
PRG'P' and RSS'E'. If p is the density, the mass of a thin slice of the cone of
thickness dr is pr? duw dr, and its attraction at O is Godw dr. So, the attractions
of the two frustra are Gp dw P} and Gpdw RS. But, since the bounding spheres
are concentric, they make equal intercepts on any chord; hence PQ = RS and
the attractions at O are equal and opposite. By taking cones in all directions
around O, we see that the resultant attraction is zerc. In integrating Gpdw dr
with respect fo r, we appear to have neglected wedge-shaped elements at P and
(3, but the farther integration with respect to w implies that dw tends to zero,
so that these wedge-shaped elements contribute nothing.

and

INote that in this text the notation for spherical polar coordinates has: r the radial
distance from the origin, # the angle measured from the z-axis, so 0 < & < 7, and ¢ the angle
corresponding to longitude, measured from the z-axis in the zy-plane.

?Consider a sphere of unit radius; then unit area on its surlace subtends unit solid angle
at the center. The element of solid angle in spherical polar coordinates is

dw = sin& df dop.
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Figure 5.2

Ag this stage it is convenient to consider the internal attraction of a uniform

" shell bounded by two similar ellipsoids, called a homotd. {Two eliipsoids are

similar if their axes are in a constant ratio). The same method is used, the rele-
vant figure being Figure 5.3. Now this figure can be regarded as the projection
of Figure 5.2, so that we still have PQ = RS. Hence the attraction of a homoeid

- at an internal point is zero.

Now consider the potential of a uniform, thin spherical shell at a point O
outside the shell. Let the shell have center C, radius e and thickness da, and let
OC = r. {See Figure 5.4.)  If P is a point on the shell, let the angle OCP = 4.
Divide the shell into thin rings perpendicular to OC and defined by 8 lying
within the limits § and § + d#. The radius of the ring is esinf, and its mass is

pX2rasind x add x da

where p is the density of the shell. Any element of the ring is at the distance
(rz +a? — 2ar cos 9)}/2

from O, so that the potential of the ring at O is

sin & d6

~Gp2ra®d
Gp2ma a(rz + a2 — 2arcost)1/?
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Figure 5.3
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Figure 5.4
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and the total potential at O is

i in 8 df
V=_ 9 2 sin
Gplma da‘/ﬁ {r? 4 a? - 2ar cosf)1/?

where the square root must always be positive. This can be integrated at once
to give

T

V=—-Gdm {L(?J + o” — 2ar cos 9)1/2}
T a=0

where dm = 4wa®pda is the mass of the shell. This means that, as far as O is
concerned, the shell could just as well have all its mass concentrated at €. This
must also apply to a shell of finite $hickness, since the result is not affected by
integration over @, and it applies in particular to a solid sphere constructed out

‘of shells of equal density (i.e., the density depends only on ), with total radius

less than r.
If a sphere has total mass M, center C, and density that is a function

only of distance from C, then for gravitational purposes we can treat it as a

- point mass M at C, as long as we remain outside it. So, there is no difficulty

in generalizing particle motion under Newton’s law to apply to the motion of
spheres. For much of the dynamics in the solar system it is sufficient to assume
that the Sun and planets are constructed in spherical sheils, so that they can
be treated as point masses.

Problems

1. A sphere of 150 kg, placed with its center 30 cm vertically below that
of another sphere, is found to cause an apparent increase of the latter’s
weight by the 1.14 x 107% part. What value does this imply for the
constant of gravitation?

2. The density of a sphere varies as the depth below the surface. Show that
the resultant attraction is greatest at a depth equal to one-third of the
radius, and that the value here is four-thirds of the value at the surface.

3. A solid sphere of radius a is such that its density at any peint is propor-
tional to the nth power of the distance of that point from the cenier of
the sphere. Find the potential at any external point and show that the
potential at an internal point at a distance r from the center is

GM [n +3 r““"z}

n+ 2 a antd

where A is the total mass of the sphere.
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4. Show that the initial rate of decrease of g in descending a mine shaft
would be equal to g/a if the density p of the Earth (of radius aj were
uniform. But if the Earth had a spherical nucleus of different density and
radius b, the density of this nucleus must be

14 1-Ad®
P T )
where A{g/a) is the initial rate of decrease of g in descending the shait.

5. Assming the Earth to be a homogeneous sphere of density o and radius
a, surrounded by a spherical shell of density p and thickness (b—a), show
that the weight of a body given by a spring balance is unaltered at first
on descending vertically if

24
=075+
P 2a3 + 1°

The rotation of the Earth may be neglected.

6. A solid sphere of radius a and uniform density is surrounded by a concen-
tric shell of internal radius ¢ and external radius b in which the density is
a function of the distance from the center. Find the law of density if the
force of atfraction is constant in the substance of the shell, and show that
the mass of the shell is to the mass of the sphere as (b — a?) is to a®.

7. The density of a sphere of radius ¢ and mean density p is a function of
the distance from the center, such that the attraction at any point inside
the sphere is proportional to the square of the distance from the center.
Express the density at distance r from the center in terms of p, ¢ and r
and show that the potential of an internal point at a distance r from the
center is s 3

éerﬁé—u -

8. A system of particles, m;, is assembled from a state of infinite diffusion.
Show that the potential energy lost in the process of assembly is 3 3, m; Vi,
where V; is the potential at the ultimate position of m;.

Assuming that the Sun remains a homogeneous sphere, find the change in
potential energy if it contracts by z per cent of its radius. If the amount
of heat emitted annually by the Sun would raise the temperature of a
mass of water equal to the mass of the Sun by 1.44°C, and this heat were
produced by a contraction of 2 per cent per million years, find =.

5.4 The Potential of a Distant Body — MacCullagh’s Formula

When we leave simple figures such as the sphere, expressions for the poten-
tials become somewhat tiresome; this will become patently clear in the following
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section oz the ellipsoid. However, if the point that we are considering is at a dis-
tance from the attracting body which is large compared with the body’s overall
dimensions (as is often the case in astronomy), there is a simple approximate
formula for the potential, due to MacCullagh.

Figure 5.5

Let G be the center of gravity of the attracting body and O a point distant
R from 3, where R is large compared with the dimensions of the body. I dm is

. the mass of an element at P, such that GP = » and ZOGP = 6, the polential

at Ois

dm
v=-¢[5p
__G/ dm
B (R? +r? — 2Rrcos§)H/?
G or S22
—_‘éfdm(l—ZRcosQ—i-?)
& ’ 1 3 r 2 3
TR Toosf— =+ zzeo 0+ 0 (%
Rj[dm{1+RCOS§ > R2+2 75 C08 —}-O(R) }
__G 1 1 . s
__E{/dm-i—ﬁjrcosgdm-f-ﬁ]{% — 3r°sin Q}dm-q-o(ﬁ) }

The first integral on the right-hand side gives M, the total mass of the body.
Since G is at the center of gravity of the body, the second integral is zero. Let
I be the moment of inertia of the body about GO; then

I= ]rQ sin? 8 dm.
Also, if A, B, and € are the principal moments of inertia,
A+B+C=2fr2dm.

Hence M
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where terms of the order (r/R)® have been neglected. This is MacCullagh’s
formmula.

Most celestial bodies are only slightly distorted from spherical figures, and
the second term on the right-hand side of (5.4.1) is small, not only by virtue of
the smallness of r/R but also because the quantity 44+ B 4+ C — 37 is small.
Hence {5.4.1) can be applied even for only moderately small r/R.

5.5 The Field of a Homogeneous Ellipsoid

There are several ways of arriving at the formulas for the field of a homoge-
neous ellipsoid, and all depend at some stage on somewhat brutal integration.
The approach given here is based on that used by Ramsey in his text Newtonian
Attraction (Ref. 12). It falls into several stages.

Pirst we shall find the internal potential of a homoid. Since there is no net
force inside the hornoid, the potential is constant and equal to the value at the
center (. Let the boundaries of the homoid have axes a, b, ¢, and pa, pb, pc,
where p is less than one. With the center as apex, construct a cone with solid
angle dw, intercepting the homoid at distances  and pr from O. The potential
at O due to the frustram contained in this cone is

" i
—Gf pr? dw dr = ——Gp{1 - p")r’ dw,
or r 2
so the total potential at O is
Vo= —éGp(l —pz)fﬁdw

integrated over the outer boundazy.
Now the equation of the outer boundary is

$2 y2 22

oz + ] + ) = 1.
Let a point on the boundary have coordinates {rl,rm,rn), where [, n, and n
are direction cosines. Then

2 m?® n?
’”2(;;%—2*?);1-

If r, §, and ¢ are taken as spherical polar coordinates, we have [ = sinfcos ¢,
m =sinfsing, n = cosf. Also, the element of solid angle is dw = sinfdfde.
Since the integrand in the expression for ¥, is symmetrical about each axis, its
integrated value is eight times the value when infegrated over one quadrant.
Hence
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2 /2 pwi2 sin £ df do
= sepu-s) [ [ Bk (R
0 0 2 [ €08 gé+31n¢ _i_cosﬁ
s a? B2 2

Let tan¢ = ¢. Then

w2 oo site §d6 dt
%=—4Gp(1~192)f ] — - — :
o Jo sin“f  cos’f (sm 6 c0326> 2

a? B b? e

[t e (5 T_l =
o AZ+B22 | AB Ajl, 2 AP’
sin 8 46

sin’f  cos?f sin®@  cos?6 1/2
= e 22

Put u = ¢ tan ¥; then substituting and rearranging, we eventually get

7{/2
Vo = -2xGp(1 —p°) f
G

Vo = —mGp(1l — p*label, (5.5.1)

where o g
I= f Ku and A? = (0® + u)(B® + u){c* + u). {(5.5.2
Jo

If we put p = 0, we have the potential at the center of a solid homogeneous
ellipsoid.

Next we shall find the components of attraction at a point P, with coor-
dinates {x,y, z), inside a solid ellipsoid. Since the homoid outside the similar
¢llipsoid passing through P exerts no force at P, it is sufficient to find the force
exerted by an ellipsoid at a point on its surface.

From P let a line in the direction {I,m,n} meet the ellipsoid again at &,
where PO = r; then the coordinates of ¢} are

(z+1Ir, y+mr, z+nr).

Writing down the conditions for P and @ to lie on the ellipsoid with semiaxes
a, b, and ¢, and subtracting them, we get

2?2 m? n? iz wmy nz
2 —_— _ —_— —_ —— _— = {}. k; _'y.
r (a2+62+62>+2r<32—§-b2+62) G (5.5.3)

r =0 gives P; the other value gives (.
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Construct a cone with vertex P, solid angle dw, and axis lying along PQ.
The force at P due to the matter in this cone is

—Gpdw f dr = Gpr dw.
o

So, the components of this force at P are
(—=Gplr dw, —Gpmr dw — Gprr dw),

and to get the total components of force, we integrate over all possible values
of w. But, since every line through P has a real intersection with the ellipsoid,
an integration over all w will cover the ellipsoid twice. So the z-component of
force is

X = —%Gp]lrdw

S/ lx my  nz
1 z (a—2+ i 8)
=—§pr 12 2 2 .

m_;_?_
a2+b‘2 2

The terms in mn, nl, and {m contribute nothing to the integral, since terms in
Irn and I{—m), for instance, occur equally and cancel cne another. So we get

32
a—de
X = —sz[m (554}
2 TETE
= —GpAz. (5.5.5)

There are similar expressions for ¥ and Z, functions B and € being similarly
defined. {The notation is confusing; A4, B, and € must not be confused with
the moments of inertia.)

To simplify the expression for A, we use the same substitutions as were used
to find (5.5.1) and (5.5.2). In this case we get, eventually,

(7

oo d .
A= Zfrabc./; m {506)

and similar expressions for B and €.

Now we are able to find the potential ¥V at any point inside an ellipsoid.
From the relation between the potential function and the field of force, V must
be of the form

V= —%GP{D _ Az? — By? — C22). (5.5.7)
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From (5.5.1) and {5.5.2} the value of D is known, and we have

o 2% y* 22 Y du .
V——Grrpabcj(; {zﬁ‘az—%u_bz—ku—c?—[—u}z' (5.5.8)

This can also be writien in the form

£2 85I y* 8l 2 oI ..
V—"—G?rpabc{f-%-;;-a—a-f-F'%-i-?'a} (5.5.9)
From (5.5.4) we see that
A+B+C= -/dw = 4x. (5.5.10}
Also,
dw
2 2 2 _ -
A + B +Cc* = j[ R (5.5.11)
ZTweta

I should be noted that the values of A, B, and C depend only on the ratios of
the axes.

In general the integrals can be evaluated only in terms of elliptic functions.
But, for spheroids, two axes are equal, and elementary functions can be used.
Let @ = b, so that A = B. From (5.5.11} we have

2402 + C2 = f d
52 R% m2 n2
a2 + )
ff ]% sin 8 df d
o Jo sim?8d  cos? B
a? . 2

f+1 du

=27

-1 1 1 1 3
ztlE )

where u = cos§.

There are two cases:

¢ OBLATE SPHEROID, a > ¢.

dwale a?
2 g swac oy 8%
24a° +Cc = ~— tan 2 1
Vi_ 2
= 47a’ < tan~t ( c ) (5.5.12)
e 1 o2

where a2{1 — &%) = 2.




106 Chapter 5. Some Properties of Solid Bodies

@ PROLATE SPHEROID, @ < C.

24a%> + Cc =
crte=Ema Ne-ve-a

1—62131%-6
1-¢’

ra’c ln{c-i— V2 —az}

(5.5.13)

= 2rc°

where a® = (1 — €%}

In each case e is the eccentricity of the generating ellipse. The separate
values of A and € can be found by (5.5.10).
Consider the case of a prolate spheroid that is only slightly distorted from

a sphere. Then
= a(l + E),

where €, called the ellipticity, is small. Approximately,

e’ = 2.

Expanding {5.5.13) in powers of e, we have

1
241 — ) + O = 2nc?

=4xc?(1— 2" — Zet 410

-, 2.3, 2.5
" (Ze+§e +ze -3r)

Then, since 24 + C' = 47, we find

: 2
2.4 = 4']‘[’(§ -E— Ig€2 + )

Then, neglecting powers of €, we have
A= %‘n’(l + %e)
Then {5.5.14)
C= %ﬁ(l — %E).

These expressions will be needed later when we consider the tidal distortion of
a liquid sphere. Similar expressions for the slightly distorted oblate spheroid
are

= %71’{}. - %E),

4 (5.5.15)
C = %7&'{2 + gf),
where ¢ = a1 —€).

Now suppose we have a nearly spherical ellipsoid with axes g, a{l - g} and
a{l — €). Since we are neglecting powers of € and 7, the expressions for 4, B,
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and € will be linear in € and 5. When 5 = 0, we have, from the resulis above,
A=tn(l- Ze),
B= %’ﬂ'(l - %e},
C = in{l + e).

Similarly, if € = 0, b becomes the unequal axis of a sphercid, and we have
A= %7"{3‘ - %n):
B = %7‘—{1 + g"‘?}a

These two cases must be particular cases of a general formula for the potential;
since this is linear in € and 5, we must have

A= 457‘-(1 - %6 - %’?)7
B = n{l—Ze+ 5m), (5.5.16)
C=3n(l+ 2e— 2p).

These results can be put into a symmetrical form if we take k tc be the mean
radius so that

3k=at+b+c
Then
A=tr(1-8-55),
B=4r{1-§ %), (5.5.17)
C=3r(l-§-F).

No direct way to find the field cutside an ellipsoid is known; this must be
done in two stages, using a theorem due to Ivory.
Let the boundary S of the ellipsoid have equation

.’L"2 y2 22
S S
a? + bE + 2

Then an ellipsoid S(A) with equation

z2 y2 2,'2

P LTS W T Y

has the same fodi as § and is said to be confocal with S. If we consider {z,y, z)
as any fixed point, there are three quadrics passing through it which are confocal
to 8, since {5.5.18) can be cousidered as a cubic in A. It is easy to show that
all the roots are real; for consider

1 (5.5.18)

1:2 y2 2’2

a2+)\+bz—§—/\+c2—§-)._l'

o) =
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Let (z,y,z) lie outside S; then taking a and ¢ to represent the largest and

srallest axes, respectively, we see that for
A large and positive, ¢{A) is nearly equal to —1;
A=0, ¢(}) > 0 [since {z,y, ) lies outside SJ;
A= —c ¢, (€ small and positive}, ¢(A) is large and positive;
A= —c® — ¢, ¢{A) is large and negative;
and so on. The graph of ¢{A)} is of the form:

&(A)

I
o)

i
o

S g URURPIPRY SRR |

e e = = am ra vt e b e = e o = e e ok

Figure 5.6

The only root that interests us here is the one which keeps all the denomina-
tors in (5.5.18) positive, so that we still have an ellipsoid. There is clearly one
and only one such root, and it is the largest of the three. Where X is mentioned,
it is this root that is meant.

Let P, {z',¢/, '), be a point on S(A}, and let P, {(x,y, z), be defined so that

A 5.5.1
L N ( 9)

S
m\n

where a2 = a2 + ), etc. Then P maust lie on §. The points P and P’ are called
corresponding points, and there Is a one-to-one correspondence between them.
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Figure 5.7

Let QR be an elementary strip of § with cross-section dydz, parallel to
the z-axis, and let Q'R’ be the corzesponding strip of §{)), with cross-section
dy’ d2', so that

dydz be .
dy' dz’ = W {0520)

Then if df {r}/dr denotes the law of force for distance r (an inverse square law
for Newtonian attraction) and p is the density of each ellipsoid, the attraction
at P’ due to the strip QR has as its z-component:

]
AX = —Gpdydz / %ces (P'TRAx

where T is the position of an element dz dydz. Now
B+t =%
if y and z are constant (as they are along the strip) then

zdr =rdr

S0 ;

costPTR=2=22
T dx
and we have

df d
AX-—m—Gpdydz/—f—idx
dr dz

= Gpdydz [f(P'Q) - f(F'R)L.
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cince the limits of integration are the ends, ¢ and R, .of the strip.
In the same way, the z-component of the attraction at P due to the strip
Q’R’ is ) l
AX' = Gpdy &2'[f(PQ') ~ F(PR)].
Now, from {5.5.19), we see that for any pair of corresponding points, PQ’ =
P'Q and PR' = P'R. So, using (5.5.20) we find

AX _ ke
AX' T W
Taking all strips such as QR of S and Q'R’ of S(A), we finally have
X _ bk
X' e’

where X is the z-component of the attraction due to the ellipsoid S at P, and
X' is the similar component of §{A) at P. This result is Ivory’s theorem and
is true for any conservative law of force. For Newton'’s law we have, since P is

inside S{}),

X' =-A'Gpz,
where A’ is the same function of ¢/, ¥, and &’ as Aisof a, b, and ¢. So,
be abc
=——A4 =——A4 ! 5.5.21
X b’c’A Gpx T Gpz', { )

with similar expressions for ¥ and Z.

To calculate the components of force at P, it is necessary first to find the
appropriate value of ), then o/, V', and ¢/, and then A', B', and C". It is easy,
if not practically useful, to find analytical expressions for the components. We
h T

R T jm 2ma'¥ du
= — - i .
7w " o (@t @+ )7 1w + 1)

Puttingu+ A =v,

i du
ji (a® +v)/(a® +0) (B + v)(¢® +v)

X = —2rGpebes’

dv

oA (5.5.22)

= MQWGpabcr’j
x

with similar expressions for ¥ and Z.
This suggests that the exterior potential should be

[*] $i2 y’z 212 ) dv a
_ _ B B ] 5.5.23
14 ﬂGPabcjﬁ (1 a?+v B4+uv E+uv) Aly) (5529
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To establish this, it is sufficient to show that 0V/9x = —X. Differentiating
{5.5.23) partially with respect to z, we find
oV s / e du
~ 35 = —27w( pabes RCEDIND

A z? y'? 272 1
””G‘”}b‘ca—x{l_ I A BEA c2—£—A} A

Since {z',1/, ) lies on S{A), the second term on the right-hand side vanishes,
and we are left with the first, which is X so, {5.5.23) is established.

Problems

1. Show that if ¢ > b > ¢, then A < B < € and Aa? > BF > Cc%. Show
also that, for points on the surface of the ellipsoid, the potential is greatest
at the ends of the c-axis.

2. Show that for a prolate spheroid where a = b= cv'1 — €2,

2

i e e
Cﬂ”{rzgm}-

3. Show that a spheroid of uniform density cannot have its boundary surface
as one of its equipotential surfaces.

4. Find the external potential of a uniform shell bounded by two confocal
ellipsoids (a focalosd).

5. Show that if a solid uniform ellipsoid of mass A4 is nearly spherical and
has axes a, va? — b and va? — k, the potential at an external point is

GM GM

r 10r3

{2 (h+ k) + 2 (—2h + &)+ 22(h — 2k)}

to the first order of small quantities. Investigate the relation between this
and the approximation of MacCullagh’s formula.

6. A solid of uniform density p is in the form of the spheroid obtained by
rotating an ellipse, of latus rectum 2p and eccentricity e, aboutf the major
axis. Show that the potential and intensity of the attracting force at a
focus of the generating ellipse are

and
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5.6 Laplace’s Equation, Legendre Polynomials, and the Potential of
the Barth

Celestial bodies are not homogeneous; their internal densities are increased,
owing to pressure, so that we cannot apply the results for homogeneous bodies
wher investigating their fields. Should some law of density be assumed, the
potential can, of course, be calculated by integration. But regardless of the
nature of the attracting bodies, the potential must satisfy one of the foliowing
two differential equations. For reglons away from attracting matter,

ViV =0 (5.6.1)

which is Laplace’s equation.
For regions within attracting matter,

V2V = d4zGp {(56.2)

where p is the density; this is Poisson’s equation. These equations, it has been
remarked, make mathematics much easier for anyone who does not have to solve
them; but there are times when the solution can be expressed relatively simply.
This is notably so in the investigation of the external field of a body with
axial symmetry and which is only slightly distorted from spherical symmetry—
assumptions that can reasonably be made about many celestial bodies. We shall
not discuss Poisson’s equation further, but shall consider some of the properties
of solutions of Laplace’s equation, which are relevant to the expression for the
external potential of the Earth.

To derive Laplace’s equation, consider first a system of point masses, m; at
(€1,m:,¢:). At a point {x,y, 2), not in contact with a pazticle, the potential is

v=-GY. ",

where )
rP=(z-&F +{y—m) +(z-0)
Then
aV g 37‘5
w0275
_ (z - &)
= G;m2 .
and

v ™m; {z — &)*
W:GZ{‘E—sm,T .

There are similar expressions for 8°V/dy® and 8°V/52*, and by addition we

that
flad tha PV OV PV

5z Tz T2 =0
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which is Laplace’s equation. The generalization for continuous attracting bodies
is made by replacing the summations by integrals.

A solution of {5.6.1) that is homogeneous in z, y, and z is called a karmonic
function, or a spherical harmonic. We say that f{z,y,z) s & homogeneous
function of degree n if

F{Az, Ay, Az) = A% fla,y, 2).

Should f be harmonic, n is its degree. Harmonic functions are immensely
mmportant, and accounts of them are given in standard works on analysis and
- applied mathematics; a useful introduction is given in Ramsey’s Newfonian
- Atfraction (Ref. 12). In this section we comsider integral values of n and shall
merely note some properties of immediate coacern.

In spherical polar coordinates, Laplace’s equation can be writfen

8 { 0V 1 a4/, 8V 1 8 .
a—r(?‘a—r%m'@(sm%a)*;ﬂ‘a_&*“ (563)

A harmonic function of degree n will have the form
'rnsn(gz é):

where S, is called a surface harmonic of order n. Substituting

V =r"5.00,6)

into (5.6.3), we find that »* divides out, and that

828, 88, 1 88,
. Now let
cosf = .
. Then (5.6.4) becomes
i a5 1 &8
J— 1 —_ MR - T un = {4, . .P
3;1{( u}3p}+2—p2 56 +a(n+1)5,=0 {5.6.5)

Suppose now that the distribution of attracting matter has axial symmetry
and that 4 is measured from the axis of symmetry. ¢ no longer appears, and if

v Pp{1)
is harmo:zic, then P, satisfies the differential equation
d o 4P, \

known as Legendre’s eguation.
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If (5.6.6) is solved in series, the solution takes the form
Po = {ao + 21 + asp + )+ {mp +asp’ +asp® + o)

where the first series terminates if n is an even integer, and the second if . is
an odd integer. In each case the infinite series fails to converge in fche entire
range |u| < 1, and so is of no use to us here. Hence the relevant solution for ?:’n
is a polynomial in g, known as the Legendre polynomial of order n. The series
giving I, is found to be

(2n)! L onfn—=1) L,
= A“W{"“ ~ "
aln-Dn-—Dn-3) .4 }
T2 n-D2n-3) } (5.6.7)

where A, the arbitrary constant, is taken as one, for reasons which will appear
shortly. The series ends in a constant if 7 is even, and a term m p if n is odd.

There are many ways in which these polynomials can be considered. One,
in particular, is often used for their original definition and is useful when calcu-

lating the polynomials in the absence of a reference. Consider Figure 5.8. The

potential at P due to a mass m at @ is

_mG

Figure 5.8

and clearly the function L

PQ
is harmonic. Let (O be any origin; then since
PQ? =%~ 2racosf +a*

=17 —2rau+a”
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the function - 1

V= {(r2 = 2rap + a2y /2

satisfles Laplace's equation. It can be expanded in powers of afr for r > a, and
r/a for r < a. Denoting the coefficient of v /o™ or a™/r"**! by F,, we have

_1
- a
and (5.6.8)

V=%{1%§P1+(;—I)QPQ-I-----?-{g)nPn-l--"}, r>a.

v {H—ZPH—(£)2P2+---+(;)nPn+---}, r<a,

The P, are polynomials in g, and they satisfy Legendre’s equation; they must
therefore be given by {5.6.7) for some A,. P, is the coefficiens of A™ in the
expansion of

(1 —2uh + B2~

or
(1= b+ )12
o 1 1-3
= _ A2 fatiig _ B2 ...
1-§-2(2,uh 3 )-5-2_4(2;1:’1 A+
‘We find that

P;:,U,
1
P2=§(3#2“3)

1
Py = 3(5p° - 3p)
i

Py 3

(35u% — 30p% +3), etc.
and in general P, is given by (5.6.7) where 4, = 1.

Let us assume that the Farth has symmetry abou$ the north-south axis,
and that ¢ is measured from the north pole. The external potential must be of
the form

MG

r

V=-

1 1
{E - r_2J2P2 - r_3J3P3 - } {5.6.9)

where the J's are constants. Here we have neglected the term with P alto-
gether, since it can be removed by a change of origin north or south so that it
coincides with the center of gravity of the Earth. In the same way the term in
1/R? in the derivation of MacCullagh’s fornmula (Section 5.4) vanishes by virtue
of the choice of the center of gravity as origin.
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An advantage of (5.6.9) is that it can immediately be written down, once
axial symmetry has been assumed, and any suitable experiment (such as the
study of the orbit of an artificial satellite) can be used to determine the J’s.
For a spherical Earth all the J’s would be zero; in fact Ja is of the order of 1073
(the unit of length being the Earth’s equatorial radius), Js is of the order of
JZ, and the others are smaller. The inclusion of the odd P’s allows for a lack
of symmetry about the equator. The harmonics just discussed are called zonal
harmonics. For practical purposes it is also necessary to consider harmonics
that depend on the longitude; these are tesseral and sectorial harmonics, and
require associated Legendre polynomials for their expression. They will not be

discussed here.

Problenms
1. f V is a harmonic function of degree n, show that

o
Hze Oyd Bz

is also harmonic, of degree {(n —a —b—c).
2. If y S, is harmonic, show that r~"~%8, is also harmonic.

3. Solve Legendre’s equation in series, justifying the comments made in the
text.

4. From the formuia

1 (=3
I N b Y
V1-2pt+2 5
derive the recursion relations

2+ 1 n
=D Py, a=1,23,...
w1 PP - Pl

Pn-l-l(ﬂ) =

and

P;e-l—l{;l)zP:z—l(ﬁ) = (2#_*—1}?%(#)7 n= 132731--'

5. Show that
+1

PyPndp=0

-1

+1 9 2
f} (P dp= 52

if n #£ m, and

6. Compare the first two terms of {5.6.9) with MacCullagh’s formula.
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7. A circular ring of radius o has line density p. Taking the origin as the
center of the ring and measuring # from the axis perpendicular to its
plane, write down the potential of the ring at points along the axis, and
hence, or otherwise, show that the potential at (r,#) is given by

Vl:—?aer{z_5(2)2P2+;§(£)4p4—...}

for r < a, and

Vim-mGp{4- () At 32 () A ]

forr > a.

8. A circular disc has radius @ and density p per unit area. Prove that its
potential at {r,#) is given by

¥ 1 /7my2
V1=—2HQGP{}.—GP1+2(G) P2

O )

for r < a and 0 < & < #/2, the sign of the term in P, being changed if
7/2 <6< 7, and

=26y - 5 () R g () A

for r > a. The coordinate system is similar to that of problem 7.

9. Find, in the form of an infinite series, the potential due to a Hat circular
annulus (e.g., Saturn’s ring) at points moderately near the center of the
ring.

If & small but massive planet occupies the center of the ring, show that
the maximum deflection of the plumb line on its surface {on account of
the attraction of the ring) will occur in latitude 45°, approximately.

5.7 The Tidal Distortion of a Liguid Sphere Under the Action of a
Distant Point Mass

The theory of this chapier will be illustrated by its application to two prob-
femns of astronomical interest: these concern the tides and possible figures of
rotating fluid masses.

Consider a spherical mass M of incompressible Huld of density p, called the
primary. Suppose that this is made subject to the tidal influence of a second
body which is at a great distance from the primary compared with the radius




118 Chapter 5. Some Properties of Solid Bodies

of the latter, and which is such that for gravitational purposes it can be treated
as & point mass M’. Let the origin be at the center of mass of the primary, and
take coordinates (r,8,¢) in spherical polars. The potential at {r, 8, ¢) due o
M’ at the point {R,0,¢), where r € R, is

M'G
" (R? +r2 — 2Rr cos6)1/?

1 2 —1/2
= —gg (1 —21C055+ f—)

V=

R R R?
_ M'G M'Greost M'Gr?(3cos? 0 — 1) N
TR R 2R®

The first term is constant if R is constant, and so gives rise to no force on
M. The second gives rise to a uniform force with intensity —(M'G/R?). This
can be neutralized if the axes of reference are rotating with an acceleration
M'G/R? while the center of mass of M always remains at the origin. This
condition is fulfilled in the case of the Earth-Moon system if we suppose that
the Moon remains at a constant distance from the Earth; the z-axis will then
always point toward the Moon. We are left with the remaining terms, which
constitute the #ide raising potential Vr. Since r < R, only the first term will
be considered, and expressing this in cartesian coordinates, where the z-axis
poinuts toward M, we have

Vr = —u{a® — Ly — 32%), (5.7.1)
where
MG
e

We have to find out what effect this will have on the shape of the primary.
The condition to apply is that the free suzface of M must be an equipotential
surface in the combined felds of Af and A7, This is reasonable, since, if possible,
matter tends to move from places of higher to lower potential energy, and on
the free surface of a liquid there is nothing to prevent such an adjustment.

Alternatively, consider the pressure in the liquid. Pressure is “force per unit
area.” Consider an element of mass dm with volume éz 6y 6z and density p. If
p. is the pressure acting on the face &y 8z, the force acting on that face must be
1 8y 67, The difference between this force and the force acting on the opposite

face is 5
(%a@ 6z> bx.
But this must be equal to the net force in the z-direction which is acting on

the element. This force is X ém, or Xpdx by bz, Hence

o
Oz

bz = Xpbz.
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This leads at once to the equation for the general change of pressure:

d
- v
D
Now, over a free surface the pressure must be constant, so that V' must be
constant and the surface is an equipotential.
Let us assumme that 3 takes up the figure of an ellipsoid; then the potential

at (z,y,2) is
%G‘,@(A:z:2 + By + C2%) — u(z* — L4® — 12%) + constant.

This must he constant over the surface

$2 y2 22

ZTgptash

and the condition for this is that the coefficients of 2%, y%, and 2% must be
proportional; Le.,

2 A R EA_ 2 B §
i) er(pef)=e(cs ). orm

This provides two equations for the ratios of the axes, and (5.5.10) is a third;

they can be solved, and the solutions are considered in more detail in the

following section on rotating fluid masses. As in the case of the rotating fluid

there are solutions with three unequal axes, but we are concerned with small

distortions from spherical figures, and for these two axes are equal. This means

that there are two symmetrical bulges pointing toward and away from M'.
Let b = ¢; then if ¢ = a{l — €}, we have

4 4 &2 2[4 2 2
Crl1-Zel o —pn—edca1+Ze)+ L
37r( 55) Go (1—e) {37r ( + 56) + Gp
4 8 B
= —ril1_— 2o
31’ ( 56) + Cp +
We may neglect terms of the order €? and pe, and solve this equation fo find

45
Tf this is applied to the Earth-Moon system, and we assume that the Earth
is a fluid mass with density 5.52, then we have M’ = 7.38 x 10* gm and
R =3.84%10" cm. Then i
e=0.84x 107"

Taking the Earth’s radius as 6.4 x 10% c¢m, the difference between the axes is
5.4 x 10° cm.
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Comparisont with actuality is not profitable here. The Earth is not a fiuid
rmass, 10T is it even entirely covered with water. Also, there are complicating
factors such as the friction between the water and the sea beds, which delays
the tides at any place. {This friction is believed to be partly responsible for the
dowing down of the Harth's rotation, mentioned in Section 1.11.) In practice
the forecasting of tides is largely empirical. '

5.8 Ellipsoidal Figures of Rotating Fluid Masses

We shall consider only homogeneous Anid masses rotating uniformly as solid
bodies. Then from Section 3.4 we can treat the problem as one of statics,
provided we include the ferm

- 5%+ )

per unit mass in the potential function, where the angular velocity is w about
Oz Here we shall consider only possible ellipsoidal forms; but it has been
shown by Poincaré that there are infinitely many other possibilities.

For az ellipsoid a surface of constant pressure is given by

(w? — AGp)a® + (w® — BGp)y® — CGpz® = constant.
Assuming the free surface to be

I2 yz 22

2teta=t
the condition for this also to be a surface of constant pressure is
a*{(w® — AGp) = ¥*(w® — BGp) = —c"CGp. (5.8.1)
Eliminating w we get
a?b* (B — A) = (a® - B*)C. (5.8.2)

So, we can have ¢ = b, when the figure is an oblate spheroid, known as a
Maclourin spheroid. The nearly spherical case will be discussed later in this
section. If @ # b, the substitution for 4, B, and C, according to the formulas
of Section 5.3, into (5.8.2) gives

f“’ 1,1 1, v lude 583
A 2 e R AT (5.8.3)

If 2 and b are known, this can be regarded as an equation for finding ¢; and
since the left-hand side is negative for small ¢ and positive for large ¢, there
must be & real root.
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From (5.8.1) the value of w” is found to be

» _ {Aa®— B¥)Gp
(a8

L

o0 udy
= QTerabc-/o TS {5.8.4}

Since the right-hand side is positive, the corresponding value of w is real.
Also from {5.8.1} we have

a®w? = Gp(Aa® — C%)

~ 2 2 o wdy
= 2xGpabe(a” — ¢7) ji (a? +u)(c® +u)A’

so that ¢ < a. Similarly, ¢ < b, so that the ellipsoid rotates about its shorbest
axis. An ellipsoid of this type is known as a Jacobi ellipsoid. There are no nearly
spherical Jacobi ellipsoids, but they form a one-parameter family, branching off
from the Maclaurin spheroids. The sequence of models depends on the ratio
w?/p and not only on w. Numerical values have been found by Darwin, and
have been discussed, in particutar, by Jeans (Refs. 13, 14}.

Returning to the Maclaurin spheroids, consider the case of a slightly dis-
torted sphere. Using the formulas (5.5.15) and following the method of the
preceding section, we find :

P
152 (5.8.5)

T 167 Gp
Taking p = 5.52 and w = 27/86,164 (since there are 86,164 seconds in a sidereal
day), we find € = 4.3 x 10~>. This leads to a predicted difference of about 43 };
rmiles between the polar and equatorial diameters. This is more than the actual
flattening, but the discrepancy is bardly surprising in view of the assumptions
that we have made.

Problems

1. Show that there are no Jacobi ellipsoids which are only slightly distorted
spheres.

2. The polar and equatorial diameters of Jupiter are observed to be 133,200
and 142,700 km, respectively, and its mean density is 1.34. Asswming that
it is a homogeneous fluid and that its distortion is the result of a solid
body rotation, find the predicted period of rotation. The observed period
is of the order of ten hours; what conclusions can be drawn from this?
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. The period of rotation of the Sun is of the order of 25.4 days, and its mean

density is 1.41. Assuming that it is a homogeneous fluid mass and rotates
as a solid body, what distortion from a spherical figure is predicted?

. Show that for a Maclaurin spheroid:

a2 — 92 1
v —3—2i\/1—egsin“le—3(—2—1>,
e

wmGp &

where ¢ = a?(1 — ¢*). By expanding this for the cases e small and ¢
nearly equal to one, show that the left-hand side is small at each extreme.
Find the maximum possible value for the left-hard side.

. Assuming that the Moorn is composed of a homogeneous fiuid of density

3.34 and total mass 7.368 x 10% gm, and that it is at a constant distance
3.84 x 10'° cm from the Barth, find the predicted tidal distortion of its
figure.

. A homogeneous fluid body has a slow uniform rotation; it is subject to

the tidal influence of a distant body which lies in the plane of its equator.
Investigate the total distortion of the body.

Apply this theory to the predicted figure of the Moon, using the data
above, given that the period of rotation is 27.32 days.

. Compare the tideraising potentials of the Sun and Moon on the Earth.

Assuming that the Earth is a homogeneous fluid (and neglecting its ro-
tation), find approximate figures for the Earth when the three bodies are
in a straight line and when the angle between the lines joining the Earth
to the Sun and Moon is 90°.

. Show that the potential of a plane annulus bounded by concentric circles

at a point on its axis is

2xGp(l - 1),
where p is the mass per unit area and I, I’ are the distances of the point
from the inner and cuter edges.
A planet is at the center of a uniform plane annulus of mass M and
inner and outer radii ¢ and b, large compared with the planet’s radius.

Show that to & first approximation the effect of the ring on the figure of
equilibrium of the planet is eguivalent to that of a rotational velocity w

where
o M
abla + 5

. A homogeneous gravitating solid is in the form of a prolate spheroid of

small ellipticity e, where ¢ = {a — ¢)fa and a and ¢ are the semiaxes of
a meridian section. The spheroid is rotating about its axis with angular

5.8,
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velocity w. Show that the direction of a plumb line at any point on the
spheroid will pass through the center, provided

Beg
2 —_ —_—
s 5q

where g is the approximately constant value of gravity at the surface.

Two masses M are placed at distances ¢ on opposite sides of the center
of a gravitating liquid sphere of radius a and total mass M . SBhow that,
neglecting powers of afc above the third, the liquid is deformed into a
prolate spheroid, the ratio of the minor axis to the major being

v

15 M (i}3_

If two more particles of the same mass M are placed at distances ¢ from
the center on an axis at right angles to the line joining the former pair,
show that the surface becomes an oblate spheroid, the ratio of the axes
being the same as in the previous case.

A planet consists of a point mass and an atmosphere of negligible mass.
Tnvestigate the degree of small distortions due to rotation and to fidal

forces.
Assuming that Jupiter is such a planet, compare the figures for the dis-
tortion and rotasion with those of problem 2. What conclusion can be
drawn?






