Chapter 4

Central Orbits

4.1 General Properties

A central orbit is an orbit described by a particle acted on by forces, the
resultant of which always passes through a fixed point. In practice only 2 single
force, the resultant, is considered. With this statemment, we have a violation of
Newton'’s third law. Still, the theory of central orbits is useful and, as we shall
see, can be applied to rigorous Newtonian mechanics,

Take the fixed point as the origin and let the force, per unit mass, be

_ff'r

where f is a scalar function that could depend not only on positicn but also on
time, velocity, etc. f is the law of attraction toward the origin.
The equation of motion is

£ =—ff. (4.1.1)

Multiplying by rx we get
rXxE=0

which can be integrated at once to give

rxt=h {4.1.2)

where b, the angular momentum per unit mass, is a constant vector. Hence
Kepler’s second law holds for all central orbits. {We have also seen that, should
Kepler’s second law be obeyed, the orbit is a central orbit.) Multiplying (4.1.2)
by r-, we get

r-h=0, (4.1.3)

the equation of a plane through the origin. So, the motion takes place in this
plane. Since central orbits are two-dimensional, the vector notation has no
advantage and therefore will not be used.

Note that i k=0, then the motion takes place in a line containing the
origin. A linear orbit is possible only if it passes through the origin. Often f
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has a singularity at the origin, so there is legitimate worry about the meaning
of such an orbit. In practical cases the center of force is occupied by matter
that prevenis too close an approach; should the moving particle penetrate this
matter, then the physical circurnstances become obscure, but we should expect
the law of force to change. A few orbits passing through the origin will be
considered here from a mathematical angle; but such orbits are not realistic.

‘We shall assume that f varies with position only, and we shall consider only
conservative fields. This means that there must be a scalar function V{r} such
that the radial component of VV is equal to f(r}, and the transverse component
is zero; Le., o Loy

o = f{r} and T =40

The latter condition means that f is a function of r only and so can he written
F(r). In this case we find 2 V for any f from

V= f " ) dr. (4.1.4)

Hence the necessary and sufficient condition for the field to be conservative is
that f should not vary with 4.
The equation of motion is now

= —f(r)f (4.1.5)

The energy integral is
V() =0 (4.1.6)

This and (4.1.2) are the fundamental equations for central orbits. If ¥ is chosen
such that i% tends to zero when r tends to infinity, C is defined as the energy of
the orbit. From (4.1.6) € — V(r) must be nonnegative, so that the circles given
by the solutions, if any, of

C-V({r) =9

represent in general imporfant boundaries that cannot be crossed during the
motion. In particular, if €' is negative, there must be an upper limit to the
possible values of r, so that the motion is bounded. If €' is positive and dv/dr
(or f} always has the same sign, the velocity will tend to a finite limit when r
tends to infinity; the particle will never return, and the motion is infinite.
Resolving (4.1.5) along the radial and transverse directions, we have

F—rf® =—f(r) (4.1.7)

aﬂé a .
rd + 24 = 0. (4.1.8)

{4.1.8) can be integrated at once to give

P2=h, (4.1.9)
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which is equivalent to {4.1.2). The energy equation in polar coordinates is
%(gﬁ +728) +V(r)=C. (4.1.10)

The equations are not altered if —% replaces ¢ and & has its sign reversed;
so the motion is reversible. This means that if v were to change its sign at
some point, the path would be retraced. From {4.1.9) it is clear that 8 must
have the same sign throughout the motion; it will usually be taken as positive.
Alse from {4.1.9) we see that if C is positive, # feads to zero as » tends to
infinity; then, since ¥ tends to a finite limit, the motion must be asymptotic,
such as hyperbolic motion. This will not be the case if € = 0 (corresponding
to a parabolic orbit for Newtonian motion), since # tends to zero.

Eliminating # from (4.1.9) and (4.1.10), we get

1. A2
—T2 :C‘"V(?'}f é‘;‘g,

{4.1.11)
which relates r and {. The condition that the right-hand side must be non-
negative provides more stringent limits for the motion than € — Vi{r) = 0. A
point where # = 0 is called an apsis (plural apsides). Not all orbits have apsides;

- a spiral orbit may have none; a branch of a hyperbola has one and an elliptic

orbit has two. The existence of apsides depends on the equation

a3
0=C-V{(r)— 2’% (4.1.12)

In particular, if r Hes between two single roots, r1 and rg, of this equation, then
the motion must always take place within the ring bounded by the circles with
radii r; and ro. An apsis at the shorter distance is called pericenter, and at
the longer one, apocenter {with variations according to context, as explained
in Section 1.3). The angle between two successive apsidal lines {which must
be pericenter and apocenter} is called the apsidal ungle. Since the orbits are
reversible, they must be symmetrical about any apsis.

4.2 The Stability of Circular Orbits

The simplest central orbit is a circle with center at the origin; it can be
described under any force of attraction f(r). If the radius of the circle is a, we
have r =g and ¥ =7 = {}, so that

af? = §(a), (4.2.1)
k= [a® f(a)]"?, {4.2.2)

and .
56292 4+ Vi{ay=C. (4.2.3)
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Now suppose that the particle receives a small impulse. The impulse can be
resolved along and perpendicular to h. The impulse along h will slightly alter
the value of b and the plane of the orbit {or k). The impulse along ¥ will leave b
unchanged, while the transverse impulse will change & but not h. The resulting
orbit will remain in one plane, which cannot be very different from the original
plane; then, since the change in h is always small, there Is 10 loss of generality,
in considering the stability of the orbit, if we neglect it. Therefore we shall
consider only the effects of the component of the impulse that is perpendicular
to h. For the new orbit we can write

26 = [a® fa) + 6172, (4.2.4)

where 8, giving the change in h, is small. Eliminating 4 from {4.2.4) and (4.1.7),
we get

P laf(a) + 8] = ~5(r). (42.5)

Let us assume that the subseguent motion is very nearly circular, so that we

can pub
r=a+%,

where z remains small; then f(a + z) can be expanded in a Taylor series in.

powers of z. {4.2.5) becomes

P ai (1-32) [6* fa) + 8] = —F(a) - =f'(@) + O(=").

Simplifying, and ignoring terms of order 22, we get
. fla , 5
I+ !:3 . + fia)) — 3= 0. (4.2.6)

The constant term on the left-hand side can be absorbed by changing the de-
pendent variable; thie will leave an equation of the form

E+kx=0.

If % is positive, the solution is the well-known one for simple harmonic motion.
H % is negative, the solution involves hyperbolic functions and  no longer
remains small; in this case the ofbit deviates entirely from a circle and is said
to be unstable. The condition for stability is, then,

3%3 + f'{a) > 0. (4.2.7)

We notice that if equality occurs, the & term in {4.2.6) is enough to tip the
balance and insure instability. When the inequality is reversed, the orbit is
unstable.
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Let us consider orbits with constant energy , but variable angular momen-
tum h, and assume that one such circular orbit is possible. From (4.1.11) we

find
B2 = 2020 — 272V (v} — P72 (4.2.8)

So, for some C, if r and # are known, h can be found. Asr and 7 vary, h will
vary. We shall now investigate when A has a maximum.
Writing
B2 = g(r,+)
and using the notation
By g &g
= A = 55 rr T A ns? tC.
Ir=pp 9T 9 o OC

we have
d(h?) = gydr + gi dr

and
A2(R2) = grp{dr)? + 2g,:dr dF + gec(dF).

For A2 to have a stationary value, 4(h*) = 0; so,
Gr = 0= gp- (429)
For that value to be a maximum, d2(A%) must be negative for all dr and dr, so

that
Gregid — gor > 0. (4.2.10)

{We already know from (4.2.8) that g+ < 0.) (4.2.9) gives
(40 AV (r) - 2r ‘M” 2'2> =0=—2r%. {4.2.11)
So, 7 = 0 and therefore the orbit must he a circle; the energy is € and the
circular velocity is given by the square root of r*(dV/dr). (4.2.10) gives
dv o d2V
-2r? [40—41/ & - -2 2} >0
or, simplifying by means of (4.2.11),

v _, LAV
[67‘8_;_2 d2]>0.

But dV/dr = f{r), and r? must be positive; so, we have
3f(r)+rf(r)>0

as the condition for & to have a maximum. Hence, if the circular orbit is stable,
% has a maximmm. Similarly, if the circular orbit is unstable, & has a minimum
value.
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4.3 Further Basic Formulas
Two other formulas are often used where only the form of the orbit (as
opposed to its description in time} is important. We have

dr 7

= §
so, using this to eliminate r and f from the equations of energy and angular
momentum {4.1.10) and {4.1.9), we get

(%)2 = ?;f; [C — Vi - %} : (43.)

Another equation that does not involve the time can be found as follows:
let 1/r = u. Then

du_ 1 dr
a9~ 2 de
1 dr df
T ez dr 48
7
=—7

Also
Pu_ d (i
g2~ de \h

_dt df¥
‘_@’d—t(i)
_ 1 a2y
T TRy 42

Substituting into (4.1.7) and putting r6% = %%u°, we get

du 1 1
gz tu= Wf - (4.3.2)

In general (and as long as we have a conservative field}, (4.3.2) is not so
usefu] as (4.3.1), since the latter.is only a first-order differential equation. In
fact {4.3.2) can be recovered {rather laboriously} by differentiating (4.3.1), and
its only advantage occurs when f(1/u) has such a form that the solution can
be written down directly; this is the case when

i (E) = gu® + b,
u

Equations {4.1.7) and {4.1.8) require four arbitrary constants for their com-
plete solution; so far we have discussed two, h and C. Since § does not occur
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explicitly in the equations of motion, but only 6 and 4, an arbitrary constant
can be added o 8 in the final answer. Once the equation of the orhit is known,
as a function g{r,8) = 0, say, (4.1.9) can be used to find a first-order differen-
tial equation for r or 0 in terms of #; the solution to this supplies the fourth
arbitrary constant in the form r = r{t —tp), 6 = 8(f — #o). Alternatively we can
use the expression for the areal velocity,

dA 1 2 ho 1
Then 1
A= §ht + constant. (4.3.3)

This is useful when the area A can be conveniently calculated as a function of
r or §. In particular, if the area swept out between two points r; and re2 is
known, then the time in the orbit between these points is

The uses of these equations will be illustrated by some examples in the

. Tollowing four sections.

4.4 Newtonian Attraction

(It might be helpful, at this stage, to refer to Appendix A for a review of
the basic properties of conics.)
If a massive body is at the origin, it will give rise to a field of force

according to Newton’s law of gravitation. So

f:i'i and V=——§.

2

Here we assumne that the attracting body is at rest; a proper treatment, giving
rise to the same equations, will be given in Chapter 6. (4.3.2) gives

d?u il
aE T

and the solution to this may be written down at once as

u— ;—2 = Acos{f — ;).

This can be put into the form

§ = 1+ ecos(@ — o), (4.4.1)
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where 12

i@

and ¢ and §y are arbitrary constants. But {4.4.1) is the polar equation of a conic
with a focus at the origin, eccentricity e, and semilatus rectum (or parameter)

P (4.4.2)

P
We counld now use (4.4.1) and (4.1.9) to find an equation for r or § in terms
of ¢, and the solution of this would provide another arbitrary constant which,
together with h, e, and 8, completes the solution. This solution does not
include ', and since the energy integral is often very convenient to work with,
C will now be found in terms of the other constants of integration.
The energy integral is

[

uvtop

2 r c.

Now )
¥ =72 4 r2g2,

Differentiating (4.4.1) with respect to £, we have

P e sin(8 — 6g)6,

V]

)
S0
. eh . ;
F= > sin{f — fy) ({since r26 = h)
- % sin{8 — 6y). (4.4.3)
Also
h="2
,
= ﬁ[1 + ecos(d — )]
= 00l
5o
2
v = (%) [1.—2L 2e cos{f — 6p) + 7]
_ g 1-¢
=#o- 'k (4.4.4)
Hence
__ = e :
=—i 2}9 - _QCL’ {4-4-0)

where ¢ is negative for the hyperbola. For the parabola, 1/a = 0. Hence the
energy of the orbit depends only on the major axis. Now consider eguation
{4.3.3) and apply it $o an elliptic orbit. Let us start o messure A4, the ares
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swept out by the radius vector, when ¢ = 0, and continue until the particle has
returned to its starting point in the ellipse; then A will be equal to the area of
the ellipse, mab, and we find that the time taken over one compiete revolution
is

P = %ﬂ'ab.
Since b = a1 — €2, and h?/p = p = a(l — €?), we have
2312
P = 2?1'@. {4.4.6)

P is the period of the elliptic orbit; this also depends only on the major axis of

the ellipse.
The energy equation for an elliptic orbit is

2 1
2— — - —
U_’u<r a)

so that the energy of the orbit is equal to the energy of a particle at rest on the
circumference of a circle with center the origin and radius 2a. Hence the speed
at any point in the orbit is equal to the speed that would be acquired in falling
from rest on the circumference of the circle to that point.

Figure 4.1

If o particle is projected from a point B, distant ¢ from the center of force O,
with speed vg, then it will move in an ellipse, parabola, or hyperbola according
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as v? is less than, equal to, or greater than 2¢t/c. Let the first condition hold;
then the major axis of the ellipse is given by

2 1
d=u(2-3)

Let P be the other focus of the ellipse; this will vary, depending on the direction
of projection. But since OR+RP= 2a, then RP=2a — ¢, so that P must be
on the circumference of a circle with center R and radius (2a — ¢). If the orbit
pasées through a point S, then similar reasoning shows that P must lie on the
circumference of a circle with ceater § and radius (2a — OS).

Counsider the problem of projecting the particle from R with initial speed vg
so that it later passes through S. If the two circles intersect each other in two
real points, there are two possible foci P, and two possible routes from £ to §
with initial speed vy. If the circles do not intersect, then § cannot be reached
from R with this speed. The limit of accessibility occurs when the two circles
touch, as shown in Figure 4.2; in this case there is a unique orbit from R to §.

Figure 4.2

Consider the locus of points § which are just accessible from R. In the
notation of Figure 4.2 we have

0S+ SR = 0S8+ SP+ PR
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= 05+ 5B+ RA
= OB+ EA
= 04 + R4,

which is constant. So the locus of § is an ellipse, with foci O and R and
major axis OA+RA, touching at A the circle with center O and radius OA.
The tangent to this ellipse at S is the bisector of the angle BSR; since this
must also be the tangent to the orbit from R to S {the bisector of the angle
BSP), the ellipses touch at §. Therefore the locus of S is the envelope of all
the possible orbits from R. This ellipse defines the region of accessibility from
R corresponding to the initial speed of projection vp.

4.5 Einstein’s Modification of the Equation of the Orbit

As a consequence of the theory of relatlwty, Newton’s law is modified so
that the equation of the orbit becomes

42 3

e +u= h—2+au {45.1)
where
a:S%. (45.2)

¢ is the speed of light, so o is a small quantity, the square of which will be
neglected. The ratio of ou? o p/h? is equal to three times the square of the .
transverse velocity in units of ¢.

Equation (4.5.1) is to be solved by approximations. A first approximation,
found by neglecting ¢ altogether, is

= :—2[1 + e cos{f — b))

To find a better approximation, we substitute this value of u into the right-hand
side of (4.5.1); this gives
du 2 2

S = +a—+2a—ecos{5 93)+ h4

dg? YRy e?[1 +cos2(8 — 8p)]. (4.5.3)

Now it is easily verified that a particular integral of

&u 2

1
= T 70{}&4 {1+Qecos(9 — &) + 582{1—?(:082(9 - 60)3}

is
#2 1, : 1s ;
u=ay 1+ 5¢ 4+ efisin(6 — ;) — e cos2{6 — B} } .
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The complete solution of {4.5.3) is, then,

1 _a 12 (8 —
u—;[i—{-ecos{@—ﬁg)] =7 {(1—;—23 ) +efsin(f — &p)
_%ez cos 2{6 — 99)} , (4.5.4)

where p = h?/p.

Consider the modification to Keplerian motion described by (4.5.4); this is
due to the terms on the right-hand side. The first of these has the effect of
slightly increasing « by a constant quantity; this amount will be immperceptible.
The third term is small and periodic and its effects will also be imperceptible.
Bus the other term, while Buctusting, has a steadily increasing amplitude, so
that affer a long enough fime it is sure to have a perceptible effect. Ignoring
the other terms, we have, so far as observable effects are concerned,

w= L1+ ecos(f — )] + “EBsin(6 — o). (4.5.5)
P P’
Let P
Ef = 22,
b

then, neglecting o, {4.5.5) can be written
1
3= 2—3[1 + ecos{f — 8y — £8)]. {4.5.6}

Now at any instant {6 + k#)} is the angular coordinate of perihelion, and
from (4.5.6) we see that at any instant the planet may be considered to be
moving in an ellipse. But the coordinate that defines the line of apsides is
continually changing, so that the ellipse can be considered as rotating slowly in
space. The rate of angular change of the line of apsides is

27y

Aw = per period. (4.5.7)

Now, if we substitute the values for the orbit of Mercury, we find that the
change, Aw, in a century is 43”. This may seem to be a very small quantity,
but its effects can be observed, and until the advent of the thecry of relativity
this 43" remained as a serious discrepancy between observation and prediction
based on Newton’s law.

4.6 The Case f(r) = n°r

Here it is simplest to resolve the equation of motion along the z- and y-axes
to get
f&+n2x=0 and g}—}-nzyzﬁ.
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The solution is
2= Acos(nt+a), y=Bcos(ni+b).

This motion is always finite and must possess apsides. Let the axes be directed
so that one apsis lies on the y-axis, and let £ = O correspond to this apsis. Then
at t =90,z =0, and § =0, so that ¢ = £{7/2} and b = (. Hence the sclution
can be put in the form

= Asinnt, y= Bcosni,

so that the orbit is an ellipse with the origin at its center.

4.7 The Case f(r) = p/r® — Cotes’ Spirals

This case can be discussed rather simply for fwo reasons; (4.3.2) takes an
elementary form, and § is such that the equafions of motion can be infegrated
easily. We have :

#
Vir) ~3,2
S0
i rf? = - F, (4.7.1)
726 = h, (4.7.2)
and _
72 4247 - % =2C. (4.7.3)

Multiplying (4.7.1) by » and adding {4.7.3), we get
i+ 72 = 2C.
This can be integrated at once to give
rF =20+ A {4.7.4)

and
v =20 + 2At + B, (4.7.5)

where A and B are arbitrary constants.
If (4.7.5) is valid for all £, then the right-hand side must be positive for all
i, or
C>0 and 2BC-A*>0. (4.7.6)

In this case the motion will never terminate {we assume that it would terminate
if the particle fell into the origin); r has one minimum value, an apsis, and the
orbit branches off asymptotically on either side.

If the conditions (4.7.6) do not hold, the motion must involve the particle’s
falling into {or starting from) the origin, so that the motion must begin or end.
If C is negative, the motion will begin and end, and the orbit will possess one
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apsis. Otherwise r will vary monatonically between zero and infinity, and there
will be no apsis; the motion is asymptotic unless C=0.
The solution can be continued as follows: from (4.2.8) we have

R? = 2Cr? 4 p— {ri)?
= 2C(2C1 + 24t + B) + p — (2Ct + A

=p+2BC — A%
Now g
b=
80 4t
= p — A2 —_—— + .
6 ={u+2BC - A7) /20t2+2At+B+

The various cases depending on the signs of C' and (2BC — A?) are reflected in
the behavior of the integral. A full discussion is left to the interested reader;
there are six separate cases to be considered. These curves are known as Cofes’
spirals.

The form of the orbit can also be investigated by using (4.3.2). We have

dZu

_ £
@ T R
or 2
¥ #
it (l-73) =0

or, substituting for A2,

d*u

Y+ (2B - 4% =0.

Again, we are concerned with the sign of (2BC — 4?).

An interesting situation occurs when a force v/r® is superimposed onto
another field, f{r). The equations of motion for the field f(r) alone can be
written

1., B2 [(dr\’ h2
2= 2 TN V) - 47,
2" ort (d3> ¢ r) 2r2 (&.7.7)
With the added attraction v/r®, the equations of motion become
1.4 h? dr\? . h:f —
= PN = - Viry - ; 4.7.
2" T 2rd (da) GV - 5 (£78)

k1 and O are constants for the new motion; if they are chosen such that

B=h+v and Ci=C, . (4.7.9)
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then the equations {4.7.8) become
2 2 2
%7‘2= 2’% {%}9)] —C-V{) - ;“;5
where k = ii/hs.
Now suppose that the original equations have the solution
r=ri(t), r=ra8).
Then in the new motion,

r= ?"i(f — i@), r = ’I‘gik{@ — 90}]

So, the new orbit resembles the old except that thelatter is continuously ro-
tating. Apsidal angles are increased by the factor 1/%. This result was known
to Newton.

4.8 To Find the Law of Force, Given the Orbit

Sc far we have started with a law of force and have investigated possible
orbits. The reverse problem of finding the law of force that may be responsible
for a giver orbit is also important.

Consider the case of a circular orbit of radius a, passing through the origin.
If the direction d = 0 passes through the center of the circle, the polar equation
is

r = 2acosé. {4.8.1)
Then
__ L
" 9gcosé’
5 d_u _ sin &
a d9 = cos?d’
Py 1+sin%4
da—7= ————,
dg? cos® 8
and
du T
482 = aco g’
So, by {4.3.2}, we have
hz
fn= arcos® §

This field of force is not comservative, nor is it unique, for we can substitute
from (4.8.1) to get laws of force such as

hz

2a2rcost @’

Jr) =
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or B2
Hr)= 403 cos® '

or infinitely many others. But if we want a conservative field, we must use
(4.8.1) to eliminate §. In this case the solution is unique, and we have

flr) = ——. (4.8.2)

If we are interested oanly in conservative fields, it is usually simpler to use
equation {4.3.1}. This avoids the use of # and involves only one differentiation.
Here the eguation of the orbit must be used to eliminate § from dr/d8. For the
case considered above we have

dr\ 2
( r) = 4a?sin® § = 4a® — r?,

dé
S0
BB, .
V(T‘)ZC—z?—?f(‘é& -"i")
2a%h*
=C-—

leading immediately to (4.8.2).

Now consider the case of a circular orbit of radius a, where the center of
force (7 is inside the circle and at a distance ¢ from its center C. Let P be a
point on the circumference of the circle, and let ZPOC = 8. {See Figure 4.3.)
From the triangle OPC we have

a® =& + 1% — 2cr cosd,
which is the polar equation of the circle. Differentiating this we have

0={(2r —2ccosf)dr + 2crsinf dd,

so that
dr 2 _ 4d? sin® 8
8] T 4{r —ccosB)?
_ ¥4t — (d” - &2 — 2
- {a? — 2 +r2)? '
But Y .
dr\y~ 2r
(%) =FC-von-r
S0

4a2r?

POV = s
RZ T @ — 222
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Figure 4.3
and
2a%h?
C had V(‘I‘) = —(a2 — 02 T 7‘2)2 . (483)
Then Sa?h?
a ¥
flry= —(QZ RIS (4.8.4)

This solution is unique, provided ¢ # 0.

It should be remembered that if we start off with the law of force (4.8.4),
then there are infinitely many possible orbits, of which the circular orbit is only
one. Also, if we wanted a law of force to account for any circular orbit with the
center of force anywhere inside the circle, then {4.8.4) would be no good, since
it specifies a® — 2,

Consider the Keplerian orbit. From Kepler’s first two laws it is established
that the orbit of & planet is central and that its equation can be expressed as

L _ 1+ ecosf.
"

Here p and e are not specified; in fact we can give e any positive value. From
the equation of the orbit,

(&) -(Grame)
2y —{Eeg
dé i
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So, from {4.3.1),

or
h? + R - 1)
pr 2p°
Then, with the proviso that ¥ tends to zero as r tends to infinity, the constant

terms go out, and we have

=C ~V{r).

This is the inverse square law of attraction. It will account for any conic orbit
as long as the origin is at one focus.

In writing down (4.1.1) we considered —ft to be the force per unit mass.
Assuming the form f(r) = p/r%, it follows that the force acting on a planet
of mass m is —(um/r®)e. Now, from Newton’s third law, the planet must
be exerting an equal and opposite force on the Sun; but this force should be
predicted by the same inverse square law and must be of the form —(p'M/ r2)E,
where A is the mass of the Sun. Hence both forces must be equal 1o magnitude

o
Mm

3

G

,
This embodies Newton’s law of gravitation. G is the Newtonian gravitational
constant, and its value is found experimentally o be 6.670 x 1072 c.g.s. units.
The motion observed in the solar system confirms that G is a constant which
is independent of physical conditions such as temperature or chemical compo-
sition, and it is reasonable to expect that it is & universal constant of nature.
Since M is much greater than m for any planet, the effects of the attraction
of that planet on the Sun are small compared with the effects of the atiraction
of the Sun on the planet; so the situation in the solar system corresponds ap-
proximately to a model with a fixed center of attraction. The general problem,
in which two masses move in one another’s fields, is considered in Chapter 6.

4.9 The “Universality” of Newton’s Law

Newton’s law of gravitation is described as being “universal.” If is applied
in many contexts, and it isimportant to see what justification there may be for
applying it to situations outside the solar system. We have seen that Newton’s
law follows from Kepler’s first two laws of planetary motion (the third cannot
be invoked because it is not accurate), so if we can find two bodies traveling
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around each other in accord with Kepler’s first two laws, we know that they
are subject to Newton's law.

Fortunately there are many such systems, where two stars are observed to be
moving around each other; these are called wisual binaries (as opposed to other
tvpes of binary, which reveal their duplicity by showing two spectra, or one
spectrum with regularly shifting lines, or by eclipsing each other). Where two
such stars are observed, the motion of the fainter star, or companion, is plotted
with respect to the brighter or primary star. These observed, or apparent, orbits
are found to be ellipses, and the law of areas about the primary is obeyed;
but the primaries are not at the foci of the ellipses. This is not necessarily a
coniradiction of Kepler’s first law, since we are not observing the #rue orbit,
but a projection of it. The true orbit, §, will lie in a plane that is unlikely to
be at right angles to the line of sight. The apparent orbit S’ is the projection
of § onto the plane {sometimes called the plane of the sky) which is at right
angles to the Line of sight.

Now an ellipse will always project into another ellipse, and therefore since
S5’ is observed to be an ellipse, § is an ellipse also. The law of areas depends
on ratios; but ratios are not altered by projection, and since the law of areas
holds for the apparent orbit, it must also hold for the true orbit. Hence we can
apply the theory of central orbits to the true orbit. We assume that the stars
are spheres, so that their fields depend on the distance from their centers and
not on orientation, and we assume conservative felds.

Now, with a suitable projection, a focus of § can be made to project into
any desited point of §7 {altheugh the shape of &' will naturally be affected by
the projection), so whatever the position of the primary in §, there is always
a possible ellipse S with the primary at one focus. Thus it is possible, by
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geornetrical reasoning, to argue that Kepler’s first two laws could hold for the
motion of double stars so that Newton’s law would follow. But we want to show
that Newton's law is the only plausible one, and to do this we must show that
there is no reasonable law to account for elliptic motion unless the center of
attraction is af one focus of the ellipse.

Consider an elliptic orbit described under the action of a force directed
toward an arbitrary point inside the ellipse. If this point is taken as origin, the
equation of the ellipse must be taken in its general form:

glz,y) = az® + 2nay + by? + 2mz + 2y +c= 0. {49.1)

To find & law of force that is responsible for this orbit, we can change to po-
lar coordinates and use (4.3.2). But it is more straightforward to derive an
expression for the force in terms of cartesian coordinates.

The equations of motion are

. z -
E=—flr), §= —f{r)g, (49.9)
and the angular momentum integral can be written
g —y& = h {49.3)

The equation of the orbit is g{z, y} = 0. Differentiating this with respect {o 1,

re find
s g dz 09 dy _

— 0.
oz dt ' By dt

which can be written
g7+ gy5 = 0.

Eliminating % by means of {4.9.3}, we have

gz + 4Gy
Similarly,
j= 10
Lz -+ ygy
Differentiating again, we have
Of . + ot
)
= Bz Byy

Substituting for z and performing the differentiations, we get, eventually,

P h2’l'(-‘_g§g:cx + 2gzgyg3:y - g.g:gyy)
{zg- + ygy)s
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Then, from {4.9.2}, we have

— 2029492y + G2 0yy)

(9592
r) = hir--
f( ) (xgz_i_ygy}s

(4.9.9)

This law of force will account for any orbit, g{z, y} = 0. Now substituting from
{4.8.1}), differentiating, and using {4.9.1) to eliminate quadratic terms, we get

(abc + 2lmn — al® — bm? — en?)

flry=her {mz + 1y +c)®

(4.9.5)

Now the line mx + Iy + ¢ = 0 is called the pelar of the origin with respect
to the conic, and the distance of the point {z,y) from the line is the positive

value of
mx+ly+c

(12 £ m2)ifz
Hence {4.9.5) can be expressed verbally in the following form, due to Hamilton:

For a particle at P to describe an elliptic orbit under the action of
a central force divected towerd the point O, the force acting on P
varies directly as the radius from O and inversely as the cube of the
perpendicular distance from P to the polar of O with respect to the
ellipse.

This is not valid if O is at the center of the ellipse, since then the polar of O
is at infinity. A proof of this theorem, using projeciive geometry, is given in
Introduction to Dynamics by L. A. Pars, p. 209 (Ref. 6).

In general the law of force given by Hamilton’s theorem is not conservative.
If it is conservative, then for points (z, y) on the ellipse, (mz-Hiy+¢) must be a
function of r. To investigate this condition, rotate the axes so that the polar of
the origin is parallel to the y-axis, when { = 0. Then, for points on the ellipse,
z must be a fanction of r. This can be written '

z =q(r) (4.9.8)

an expression that must be identical with the equation of the ellipse. It foliows
that (4.9.6) must be a quadratic in z and y, and this means that the function ¢
is confined to the following two forms: (1) g(r} = a+52, and (2) g{r) = a+br.
[The form ¢{r) = a + br + cr? does not make (4.9.6) a quadratic in = and y.]
Form (1) gives a circular orbit with the center of force somewhere inside
the circle. This is not acceptable for various reasons. The force exerted by the
primary would at first increase and later decrease with increasing distance from
the star, which seems unlikely. It is strange that only circular orbits occur. That
there are other orbits close to the circular orbits can be seen as follows. Consider
the apsidal equation, (£.1.12). For the circular orbit this has two positive roots,
+ = {a+¢) and {ea—c}. Then, provided cis not zero, smell changes in the energy
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geometrical reasoning, to argue that Kepler’s first two laws could hold for the
motion of double stars so that Newton’s law would follow. But we want to show
that Newton's law is the only plausible one, and to do this we must show that
there is no reasonable law to account for elliptic motion unless the center of
attraction is at one focus of the ellipse.

Consider an elliptic orbit described under the action of a force directed
toward an arbitrary point inside the ellipse. If this point is taken as origin, the
equation of the ellipse must be taken in its general form:

glz,y) = az® 4 2nzy + by® + 2mz + 2y +c= 0. (4.9.1}

To Bnd a law of force that is responsible for this orbit, we can change o po-
lar coordinates and use (4.3.2). But it is more straightforward to derive an
expression for the force in terms of cartesian coordinates.

The equations of motion are

E=—f(N7 i=—f0)7, (49.2)
and the angular momentum integral can be written
2 — yi = h. (4.9.3)
The equation of the orbit is g{z,y) = 0. Differentiating this with respect to £,
we find 9 de 69.@_0

8z dt | By dt
which can be written
g+ gyy = 0.

Eliminating § by means of {4.9.3}, we have

___hey
TGy + Y9y
Similarly,
. hgz
g=—
e + UGy
Differentiating again, we have
. OF, N Ji
= By v

Substituting for z and performing the differentiations, we get, eventually,

R2a(—929zz + 29:9uGey — 92Gyy)
(292 + ygy)? '

=
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Then, from (4.9.2}, we have

B2, (Qggzz — 2029yGay + gggyy)

f{f'): (xgr_i_ygy}g

(4.9.4)

This law of force will account for any orbit, g{z, y) = 0. Now substituting from
{4.9.1), differentiating, and using {4.9.1) to eliminate quadratic terms, we get

(abe + 2imn — al® — bm® — en?)

— h2 a5
) ’ (mz - Iy 1 )3 (495}
Now the line mx + Iy + ¢ = 0 is called the polar of the origin with respect
to the conic, and the distance of the point {z,y) from the line is the positive

value of

mz+ilytc
(12 £ m2)ifz

Hence {4.9.5) can be expressed verbally in the following form, due to Hamilton:

For a particle at P to describe an elliptic orbit under the aclion of
e central force divected toward the point O, the force acting on P
varies directly as the radius from O and inversely as the cube of the
pervendiculer distonce from P fo the polar of O with respect to the
ellipse.

This is not valid if O is at the cenfer of the ellipse, since then the polar of O
is at infinity. A proof of this theorem, using projeciive geometry, is given in
Introduction to Dynamics by L. A. Pars, p. 299 (Ref. 6).

In general the law of force given by Hamilton’s theorem is not conservative.
If it is conservative, then for points (z, y) on the ellipse, (ma iy +¢) must be a
function of r. To investigate this condition, rotate the axes so that the polar of
the origin is parallel to the y-axis, when { = 0. Then, for points on the ellipse,
z rmst be a function of r. This can be written '

z = g{r) {4.9.6)

an expression that must be identical with the equation of the ellipse. It follows
that {4.9.6) must be a quadratic in z and y, and this means that the function g
is confined to the following two forms: (1) g(r} = a+¥2, and (2) g{r) = a+br.
[The form g{r) = a + br + cr? does not make (4.9.6) a quadratic in z and 3]
Form (1) gives a circular orbit with the center of force somewhere inside
thé circle. This is not acceptable for various reasons. The force exerted by the
primary would at first increase and later decrease with increasing distance from
the star, which seems unlikely. Tt is strange that only circular orbits occur. That
there azre other orbits close to the circular orbits can be seen as follows. Consider
the apsidal equation, (£4.1.12). For the circular orbit this has two positive roots,
r = {a+c) and {a—c). Then, provided cis not zero, small changes in the energy
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and angular momentum will still leave the apsidal equation with two positive
roots (which will differ only slightly from those of the circular orbit), and the
motion will be confined to values of r lying between these roots; bat it will no
longer be circular, so that the observed orbit will no longer be elliptic. Hence
this case can be disregarded. {In some cases spectroscopic observations yield
the component of orbital velocity in the line of sight; this is of such a nature as
to rule out these circular orbits.)
Form (2) gives the orbit

rcosf=a+br

since z = rcosf. But this is the Keplerian orbit that we are trying to justify.

One other case must be discussed. If the primary is at the center of the
ellipse 8, then we have the law of force f = n?r. But from the properties of
projection the primary will still be at the center of the apparent ellipse, &', and
this is not observed.

We have established that Newton’s law is the only plausible law governing
the Keplerian motion within the solar systemn, and where they are sufficiently
observed, the motions of exterior systems. In addition this law has successfully
predicted or accounted for nearly every other observed motion that involves
deviations from Keplerian motion caused by perturbations. It has also led to
an accurate modification of Kepler’s third law. The remainder of the text will
be devoted to a discussion of some of its consequences.

4.10 Worked Examples

The problems below are intended to help readers become thoroughly accus-
tomed to working with central orbits. In many cases the solution is halfway
achieved when the energy and-angular momentum integrals have been written
down, and the values of h and C found from the initial conditions. Readers
should have these equations at their fingertips; they will also need to be able to
use all the properties of Keplerian motion discussed above. Facility with these
formulas can only be achieved through practice. Some of the methods that are
useful in solving these problems are illustrated in the examples worked below.

1. A particle moves in g circular orbil of radius a under an atfraction fo
point inside the circle. The greatest and least speeds of the particle in its orbit
are v1 and vs. (See Figure 4.5). Show that the period is

malvy + va)
vVits )

Since the angular momentum about the center of force is constant, the
greatest and least speeds must be achieved at the ends of a diameter that
passes through the center of force. Let the pericenter distance be z; then the
angular momenta at the ends of this diameter aze zv; and (2a—z)vz. But these
are both equal to A, so oo
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V2

P g I S 1, S

Vi

Figure 4.5

h=zv = (2a — x)ve.
Elminating @ and solving for £, we find

VU2

h=2a .
v + v

The areal velocity is %h, and the product of the areal velocity and the period
is equal to the total area of the circle, 7a?. Hence
P22 _ 2
vy + v
and the answer follows at once.
[N.B. A reader who set about this problem by finding the law of force and

working from that would run into difficulties.]

2. A particle is projected with velocity «/2u/30° of right angles to the radius
vector at a distance a from the center of an attracting force pfr® per unit mass.
Find the path of the particle and show that the time it fakes to veach the center

is
8 Y 2u’
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From the initial conditions the angular momentum is

_ 2p  [2p
“Wiar TV

The potential function is ¥V = —1/3r3, so the energy of the orbit is

_lf2eN_ o _
C= <3a3> 30.3_0'

Then, from equation {4£.3.1), we have

arN' g B
a8} T B2 \ 3% 22

and substituting for h and simplifying, we get

2
(£ e

15 2
:gﬁa ~ {2r — ay’}.

Th:
o 2dr

la? = (2r — a)?]1/2

which can be integrated to give

cos ¢ (QT_G> =8-06
a

2r = a[l + cos(# — o))

Let us measure ¢ such that § ==  when r = a: then 8y = .

=dd

or

Figure 4.6

As 8 goes from 0 to 7, r goes from a t0 0, The area swept out by the radius
vector is
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1 2 a? 9

5] dﬁ_gf {1+ cos8)db

a2 1

— [+ 2siné 4+ 9—]——sm29

8 2 o
_3& T

6 -

‘The time taken is this area divided by the areal velocity, or

24 _ 37 [3a®
B8 Y 2u”

3. A particle moving under the action of a central force of attraction p/r?
18 projected from infinity with velocity V' s0 as to pass the center of force at a
distance ¢ if the force did not exisi. Show thoi the equation of the orbit is

1 & 1 / p
" sz—;— cosf l—i_czV‘*

where § iz measured from an apsis.

From the properties of motion under the inverse square law of atiraction,
we know that the orbit is a conic, and since the particle has finite velocity
at infinity, it is a hyperbola. Then ¥ § is measured from the apsis, the polar
equation of the orbit is

L_ 1+ ecosé,
r

where
2

p=all-€)= %, (4.10.1)

h being the angular momentum.
The energy equation is
2 1
Vispl = -1,
(F-2)

and from the initial conditions, this gives

Also from the initial conditions,
h=cV.
Substituting for @ and A into (4.10.1) and solving for 2, we find

82 1 + c2v4
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so that the eguation of the orbit becomes

2 I 4
M:l—i—cosﬁ E+i§ N

from which the result follows at once.

4. A particle is projecied from a point A af right angles to SA and is acted
on by a force varying inversely as the square of the distance toward S. If the
infensity of the force is unity of unit distance, SA, and the speed of projection
15 éj show that the eccentricity of the orbit is ‘Z’ and find the periodic time.

With the dimensions given in the question, the law of attraction is 1/r?,
and the pofential function is —{1/r}. The energy of the orbit is

1, 1 1
= =i =

C

2 r 8

which is negative; hence the orbit is an ellipse. Using the energy integral in the
form

1
IR
rooa
we find a = 4/7.
The angular momentum of the orbit is %, angd since
a{l— ¥y = h?,
we have
Ha-)=1
so that

=32
€=73.

To find the period, we use the formula

a?
P=2r/—, wherepu=1
H

so that P = 16#/7\/’? units of time.

4.11 Problems

1. Find the condition for the law of force to result in finite motion for all
values of .

2. A particle moves in a field of force p/r? toward the origin. Show that
its orbit is a conic. ¥ the maximum and minimum speeds in an elliptical
orbit are vy and v, find the values of g, e, the period and the angular
momentum, in terms of vy, vz and p.
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3. A particle moves in a field of force pfr? toward the origin. It is projected
with velocity V from a point at distance R, at an angle £ to the radius
vector. Show that in the subsequent motion

. 2 2u  R*VZsin?p
2 _yz A e RTVTSIMTD
m=v R+ r r2 )

Hence find conditions satisfed by R, V, 8, so that » may {a) increase
steadily to infinity, (b) decrease to a minimum and then increase to infin-
ity, {¢} oscillate between two fixed values.

4. Show that in elliptic motion about a focus under attraction p/r?, the
radial velocity is given by the equation

1272 = %{a(l +e)—rHr —a{l - e)}.

5. Show that for a central orbit deseribed under the law of force y/r?, the
apsidal distances are given by the roots of the quadratic

2077 + 2ur — K2 = 0.

Hence, or otherwise, show that for an elliptic orbit ¢ = —{u/2a) and
h? = pup, where p is the length of the semilatus rectum.

6. Find the condition for a cizcular orbit, described under the law of force
f{r) = pfr™, to be stable. Investigate the stability of circular motion
under the following laws of force:

i o B U I U

= i 3t E mt I
F20 g3z T3 2T g

7. A particle moves subject to a repulsive force p/r? away from the origin.
Show that the orbit is the branch of 2 hyperbola that does not contain
the origin, the origin being at a focus. If the particle is projected with
velocity +/u/c from a point distant ¢ from the origin, at right angles to
the radius vector, find the eccentricity of the hyperbola.

8. A particle describes an ellipse under the action of a central force directed
toward a focus. Find, in terms of the eccentricity of the ellipse, the ratic
of the time spent near pericenter between the ends of the latus rectum to
the total period of the orbif.

9. A particle acted on by a central force u/r? is projected with velocity v at
right angles to the radius vector at a distance ¢ from the center of force.
Investigate the limits of u that yield the various types of conic orbit, and
in the case of the elliptic orbit find the eccentricity and major axis, and
also find the condition as to whether the projection point at the end of
the major axis is at pericenter or apocenter.
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10.

11.

iz,

i3.

14.

15.
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A body is describing an ellipse of eccentricity e under the action of a force
tending toward a focus, and when it is at the near apsis the center of force
is transferred to the other focus. Show that the eccentricity of the new

bit i
orbit is o3+ )

l—e

If the apsidal distances are o and b, where a is greater than b, show that
the velocity at the former is given by

1
U§=—b2—a2] Fd?"

and the velocity at any distance r is given by

2a 7 op P
ﬂzzm];Fdfﬁ-mj;Fd’r,

where F is the central force.

If {C) is a closed orbit described under the action of a central force, § the
center of force, O the center of gravity of the area enclosed by the curve
(C), and G the center of gravity of the curve (C), on the supposition
that the density at each point varies inversely as the speed, show that the
points S, O, and G are collinear and that 25G = 350. Show also that
the center of gravity of the curve (C), assuming constant density, also lies
on the line 50G.

Find the condition for the stability of a circular orbit, described under
the law of force f(r) toward the center of the circle, by considering the
equation (4.1.11).

A particle moving in a circular orbit with speed v, under the action of a
force ditected toward its center is given a small radial impulse resulting
in an mitial radial velocity §u.. If the resulting motion is stable, show
that the mean of the apsidal distances is approximately ¢, the radius of
the original circle. Solve the equations of motion for r and §, and show
that the apsidal angle is 7 /p, where

af’(a)
HOR

A particle describes a circle, of radius o, steadily under a central atiraction
#(r)/® to the center of the circle, where ¢'(a) > 0. Show that the period

o

pr=3+

" of a small oscillation about the steady motion is

f a3
27 m.
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186.

17.

18.

ig.

20.

21.

22,

23.

24.

23.

A body is describing an ellipse under the action of a force to a focus.
When the body is at one extremity of the minor axis, the law of force
is changed without instantaneous change of the magnitude of the force
or of the velocity. If the force now varies as the distance, show that the
pericdic time is the same as before.

A particle, acted on by a central force of attraction toward a point O,
varying as the distance, is projected from a point P so as to pass through
a point @ such that OFP = (. Show that the least possible speed of

projection is
OP/usin LPOQ

where p(O P is the force per unit mass, and find its direction.

Two particles are describing the same ellipse about a center of force in
the center in opposite directions, the mass of one being double that of
the other. If the particles meet and coalesce at the end of the minor axis,
show that the new orbit frisects the major axis of the old.

If two particles P, ) describe the same ellipse under the same central force
to the center C, show that the area of the triangle CP{} is invariable.

If a particle is describing an ellipse about a center of force in the center,
show that the sum of the reciprocals of its angular velocities about the
focl is constant.

A particle is moving in a circular orbit under the action of a central force
f1/r® when it receives a small tangential impuise. Trace the future orbit
for the two cases of the impulse increasing and decreasing the speed.

A particle is subject to a central attraction p/r® per unit mass toward a
fixed point O. Tt is projected from a point P, with speed \/u/OP, in a
direction making an angle o with the radius vector OF. Show that the
tangent to the path at every point makes a fixed angle with the radius
vector.

Using the theorem on revolving orbits, and letting the initial force tend
to zero, deduce some of the possible orbits under the law of force u/r®.
Why cannot all the possible orbits be found in this way?

When the law of force is {u/r?) + (v/r®), show that the orbit is a conic
whose major axis is rotating around the focus, and find its mean angular
velocity in terms of the period if the conic is an ellipse.

Discuss the possible orbits under an inverse cube law of attraction. Show
that there are six possible cases, and describe each one, sketching specimen
curves.
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26.

27.

28.

29.

30.

31.

32.
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A particle moves under an attraction p/r® per unit mass toward a fixed
point . It is projected from a point A, distant a from O, with velocity v
at right angles to OA. Show that the differential equation of the orbit is

2
(&) =" (- ) .

Show that in the special case when v® = u/2a%, the orbit is the circle on
O A as diameter, and that the time from A to O is

i .
V8

By considering the energy equation, investigate some possible orbits when
the law of force is p/r.

A particle moves under the central force —pu{7?/r)2. Solve the motion for
position and time.

Show that if the central force is p(r/z®), the orbit is a conic; and show
further that if the particle is projected at right angles to the radins vector
at (a,0) with speed given by 2v%a = p, the orbit is a circle.

A particle of mass m is projected from an apsis with the velocity from
infinity under the attraction of & force

m, T
™oa "
r3 ga

directed to a ceater at a distance g; find the equation of the orbit de-
scribed.

A particle is projected at a distance ¢ from the center of force with velocity
2(\/z/a) at an angle 7 /4 with the radius vector, the force being p[{3/r%)+
{a?/+®)] per unit mass. Determine the orbit, and show that the fime to

the center of foree is .

23

A particle under the action of a central force u[{(r + a}/r*] is projected
from an apsis at distance g with a speed that is proportionate to that in
a circle at the same distance as 1 : /2. Show that the equation of the
orbit is r{2 + §%) = 24 and that the particle will arrive at the origin in

time
as
'y 8
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33.

34.

35.

36.

37.

38.

38.

Find the conservative law of force to the origin when the path is the
cardioid r = a{l — cos#); and show that if F is the force at the apsis and
v the speed, then 3v? = 4aF.

Pind the conservative laws of force under which a particle can describe
the orbits (a) 7 = 1/cf and (b) r = %

Find the conservative law of force under which a particle can describe the
orbit 12 = & cos 26.

Show that in order that it may be possible for a particle to describe a
circelar orbit under the atfraction of a center of force situated at a given
point within the circle, the law of force must be of the form

A
# EENEIEE

Show that the group of possible circles in a field of this form consists of
the orbits described when the particle is projected from any point distant
b from the center of force in any direction with the velocity from infinity,
and that the periods vary as the cubes of the radii of the circles.

Find expressions for the central force when the orbit is an ellipse with the
origin lying at the ends of the major and minor axes, respectively. What
do they reduce to when the orbit becomes a cizcle?

Show that the curves
ar+by+e=zf (%),

where a, b, and ¢ are arbitrary constants and f is a given function, can be
described under the same law of central force to the origin.

If a conic is described under the central force u(r/p®) given by Hamilton’s
theorem, show that the periodic time is

3
2:'1'%}@,
H

where pg is the perpendicular from the center of the conic on the polar of
the center of force.




