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N, and let these be changed to 1, 1, and & by a rotation about O through
the angle €, so that @i points toward P, 1 lies in the ecliptic (it is the summer
solstice) and =1, then

m=jcose+ ksine,
f

= —jsine+ kcose.
But the componeits of OX along these two sets of axes are

(cosécosav, cosésina, sind)

and
(cos Beos A, cos Bsin A, sin f3),

and equations (2.9.5) follow at once. So, although it is useful to be familiar
with the methods of spherical trigonometry, you should be on the lookout for
methods that are cuicker and perhaps safer.

Rotation matrices can often be used in preference to spherical trigonometry,
especially in computations. The following is an elegant, derivation of several
formulas of spherical trigonometry using rotation matrices. (I am indebted

to B.C. Marsden for this method.) First, make certain that you thoroughly -

understand the matrices. (See Appendix B.) For the triangle of Figure 2.13,
start with axes such that the zy-plane is in the plane OBCand the z-axis points
along OB. The sequence of rotations: R{a}, P(—C), R(-b), will result in the
new z-axis pointing along OA with the new y-axis on the great circle AC. The
identical result can be generated using the rotations: P(B), R(c), P(A—7). So
we have the identity

R(-b)P(-C)R(a) = P(A— m)R(c)P{B).
Substitute, multiply the matrices, and then compare components!

Problem

Using the triangle PNX, derive expressions for « and 6 in terms of Aand 3.
Check these expressions, using the alternative method indicated above.

Chapter 3

Introduction To Vectorial Mechanics

3.1 Forces as Vectors

Mechanics deals with the effects of forces, and the first step in this chapter
is to establish that forces are vectors. Certainly forces have magnitudes and
directions, so we have to show that they can be added or resolved according to
the vector law. It can be shown experimentally that a force P can be resolved
in a direction making # with its line of action, and that the resultant is P cos§;
so, forces can be resolved and therefore added as vectors. Alternatively we can
accept the properties of the triangle of forces to be experimentally proved. That
is, if three forces acting through a point are in equilibrinm, then it is possible

-.to construct a triangle with sides parallel fo the lines of action of the forces and

with lengths proportional #o their magnitudes. This is precisely equivalent to
the vector law of addition.

Forces are localized vectors, and they musi always be treated as such. Ex-
pressions such as “resolving a force” or “the moment of a force” follow from
their vector definitions.

3.2 Basic Definitions

The mass of a body is a measure of the amount of material in the body.
A unit of mass can be defined in terms of a definite volume of some standard
substance; for instance, the gram is the mass of a cubic centimeter of water.
At some point on the Earth’s surface the force exerted on a body of mass m
is mg, where ¢ is constant for that place, due mostly to the Earth’s gravity.
mg is the weight of the body. On the Moon the body would weigh less, but its
mass would remain the same; hence mass, and not weight, is the fundamental
quantity. Two masses can be compared at some place by comparing their
weights, so there is no difficuity in allotting a measure to any particular mass.
Mass is, of course, a scalar guantity. In the work immediately following, it will
be convenient to assume that bodies are point masses; a point mass has its
entire mass concentrated at a geometrical point.
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42 Chapter 3. Introduction To Vectorial Mechanics

The product mv of the mass and velocity of a body is the linear momentum
of that body. This is a vector. {A discussion of the system of reference with
respect to which v is measured is given in the following section.) ‘

Let a mass m be at T with respect to some origin . Then the product
r x mv is the angular momentum about O of the mass. (This is sometimes
called “moment of momentumn.”) Angular momentum is a vector of which the
modulus is seen {from Section 2.5) to be 2m times the areal velocity with respect
to O. Angular momentum will usually be used in preference to areal velocity.

The kinetic energy of m is 3mv?, a scalar.

I a constant force P acts on a particle that suffers a displacement r, then
the work done by the force is P - 1, a scalar. If P is not constant, the work done
in moving from A4 to B is compounded from the infinitesimal displacements dr
along the curve AB, so that the total is

B
Wap = ] P-dr (3.2.1)
A

integrated along the curve.

/dr
A

Figure 3.1

Power is the rate of doing work. The work done by P in a displacement dr
is P - dr, which can be written as P - {dr/dt} df, so that the rate of doing work
is P+ v, a scalar. '

These quantities can be measured in units of length, mass, and time. These
units will often be taken in this text as the centimeter, the gram, and the second,
or as “c.g.s.” units. The unit of force is the dyne; it produces unit acceleration
in unit mass. The unit of work is the erg, measured by one dyne moving its
point of application through one centimeter; and so on. There is no ambiguity
in denoting all these by “c.g.s. unifs.”

It is always important to bear in mind the dimensions of these quantities. If
L, M, and T stand for length, mass, and time, then speed has the dimensions
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LT, kinetic energy has the dimensions MI*/T?, and so on. Tt is a useful check
to make sure that all the terms in any equation have the same dimensions. For
nstance, it is all right to equate kinetic energy and work, but not work and
power.

The force exerted by a body or system of bodies at some point 1s taken to
mean the force that the system would exert on a particle of unit mass placed
at that point. This is strictly “force per unit mass,” and the dimensions must
be altered accordingly. The phrase “per unit mass” ought, then, to be included
alse wherever quantities such as energy or momentum occur, but in practice
there need be no ambignity if it is not always used.

Let P be such a force, varying with r; then it constitutes a field of force.
Axn important type of field of force is one where P(r} is the gradient of a scalar
function of r. This is expressed conventionally as

P=_VV (3.2.2)

whiere V{r) is the potential of the field. It should be noted that we get the same
field of force if an arbitrary constant is added to V. If such a potential function
exists, then the field is said to be conservative. In such a case it is often easier
to work with V| a scalar, than with P. For a conservative field (3.2.1) becomes

B
War =—/ VV .dr
A

B
= —[ VV -+ds

A

B

- L ‘fii:ds by (2.8.1)]

= V{4) - V(B). (3.2.3)

So, the work done in going from A to B depends cnly on the positions of the
ends of the path and not on the shape of the path itself. This is one of the
most important properties of a conservative field, and it is possible to define it
by this property.

Counsider a mass m on the Barth at A. H it is lifted to a point B, the work
performed by the gravitational attraction of the Earth is negative, and equal
to mWag. But whoever lifts it works against the gravitational attraction of
the Earth, and performs positive work of amount —mWag. Now, if the mass
descends to A, energy equal to this amount of work is released and is available
to be turned into any form of energy snch as kinetic energy, heat, etc. Hence the
mass has encrgy by virtue of its position, and this is known as potential energy.
It should not be confused with “potential”, sinee it has different dimensions.

Usaally it is possible to choose the arbitrary constant in the potential such
that V tends to zero at great distances. In this case the potential at 4 is equal
to the work done by the attracting systemn in moving a unit mass from A to
infinity. The dimensions of potential are therefore work per unit rmass.
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T many texts the potential is defined as the negative value of that given by
{3:2:2); usnaily when it is defined in this way it is called the force function. In
praictice it is easy fo get the signs confused, and, regardless of the definition,
when the potentia! finds its way into an actual equation, it is wise to check that
it$ sign makes sense. For Newtonian attraction, V is negative and the force
function is positive. An example of positive V is the potential of the field due
o the repulsive force experienced by particles in the tail of a comet as a result
of the radiation pressure from the Sun.

The potential function must be single-valued. For example, if V = —k4, in
two-dimensional polar coordinates, then for any point ¥ has an infinite number
of values. The gradient of V gives a force that is k/r in the transverse direction,
but if a point moves around the origin in a closed curve, the work done in one
revolution is 27k, and not zerc. If frictional forces, such as air resistance, are
present, then the field will not be conservative. However, in nearly all the work
in this text we shall be concerned with conservative fields.

The surfaces V = constant are called level surfaces. No work is done in a
dispiacement over a level surface. From Section 2.8 we see that the line of action
of the force through any point is perpendicular to the level surface through that

point.

3.3 Newton’s Laws of Motion

The bridge between the kinematics of a particle and the forces acting on it
is provided by Newton’s three laws of motion. These are:

1. Every particle continues in a state of rest or uniform motion in a straight
line unless it is compelled by some external force to change that state.

2. The rate of change of the linear momentum of a particle is proportional
to the force applied to the particle and takes place in the same direction
as that force.

3. The mutual actions of any two bodies are always equal and oppositely
directed.

These laws can be introduced as fundamental laws, without proof, and fol-
lowed up mathematically. To ignore possible laboratory verifications makes
mechanics appear somewhat abstract; but all we shall say here is that the laws
can be reasonably verified. A full discussion is given in most standard texts on
mechanics.

Newton’s first law demands some sort of reference system with respect to
which the “uniform velocity” can be measured. If we have one such reference
system, then any other that is not accelerated with respect to the first system
will do equally. well for the application of Newton’s laws. Hence we have the
usual stipulation that the axes must be “nonaccelerated.” The trouble arvises
when we look for the first suitable reference system, and this involves discussion
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that is out of place in an elementary text. Here we shall adopt a common way
out, working hackwards and defining such a system as one with respect to
which the first law holds. Axes rotating with the Earth are not suitable in
principie (before Newton’s laws can be applied to motion with respect to these,
the Coriolis forces have to be imposed), although they are adequate for many
laboratory experiments. Similarly, it may not be reasonable to assume that a
stitable set of axes can be moving through space with the solar system, since
gich a set is undoubtedly accelerated with respect to the galaxy; but the effects
of this are negligible and produce no practical difficuities.

Newton'’s first law clears the decks in showing whether a force is in action
or not. If there is no net force acting on a body, its equation of motion must
be in the form '

r =1y + Vi,

and, conversely, if this is its equation of motion, then there is no net force acting
on the body. For example, from Kepler's first law we can say that there must
he some force acting on the planets. It is Newton’s second law that enables us
to investigate the force quantitatively.

The second law can be used as a proof that forces are vectors. But this
miakes the definition of a force unnecessarily abstract. If the mass of the body

_Temains constant, the second law can be put in the familiar form:

P = mf. (3.3.1)

Masses will be constant in the work in this text, but {3.3.1) would not be
applicable, say, to the motion of a meteor burning up in the atmosphere. Some
of the consequences of this will be considered in the following section.

Newton's third law must always be borne in mind where forces are con-
cerned. For instance, the Earth exerts a gravitational pull on the Moon; so, the
Moon must exert a precisely equal and opposite pull on the Earth. It is only
because the Earth is some eighty times more massive than the Moon that the
kinematical effects on the Earth are less noticeable.

3.4 The Laws of Energy and Momentum

Consider Newton’s second law in the form:
d{mv)

p=20Y, (3.41)
This is equivalent to
. Pdt = d(mv)
so that .
/Pdt = mv <+ constant. (3.4.2)

:This is the equation of linear momentum. In particular, if no net force is acting
‘on 3 particle, then its linear momentum is constant.
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Now consider rx{3.4.1). We have

d(mv)
di
d{r x mv)
T @

rxP=rx
(3.4.3)

since {dr/dt) x v = v x v = 0. This means that the moment of the forces
acting on a partticle is equal to the rate of change of the angular momentum of
the particle. In particular, if the moment is zero (when the line of action of the
resultant of the forces passes through the origin}, then the angutar momentum is
constant. Conversely, if the angular momentum is constant (so that the motion
sakes place in a plane and the law of areas is obheyed), then the resulfant force
passes through the origin. We have seen that some force must be acting on the
planets to account for their curved paths; now we see that the force must be
directed toward the Sun.
The work done in moving P through dr is

d{(mwv)
P-dr= e dr
_d{mv) dr
T oodt i
d{mv)
=wv.+.—>di
v = d

If m is a constant, this can be integrated fo give

B
Wag = f P.dr = fmug — Lmv). (3.4.4)
A

By (3.2.3) this can be written as
V(4) - V(B) = 1v} - 3} (3.45)

since V is derived from a function of force per unit mass. So the changes in
kinetic and potential energy are equal. The energy integral (3.4.5), can always
be written down at once in any problem where V exists, without recourse to
the equation of motion. P

Any of these three equations may be more useful in & problem than the
equation of motion (3.3.1), and it is always as well to consider their merits
before embarking on the solution to a problem. This applies in particular to
the energy integral.

Consider motion with respect to axes that are rotating with constant angular
velocity w about the z-axis. If a mass m is acted on by 2 force P, its motion
with respect to the rotating axes will be given by

P = mif + 2wz X | +w2 X (2 X 1)) (3.4.6)
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where equation {2.7.2) has been applied twice. Let r have components z along
Oz, and p at right angles to Oz; then
r=zi+p

and

P = mff + 2wE x ¥ — w?p]. (3.4.7)
Multiply scalarly by f; then, since p+F = p- p,

P-t=m[f-i—wip-p

If P arises from a potential V, described with respect to the rotating axes, then
we get the modified energy integral

V — Lw?p” + L% = constant, (3.4.8)
which is the same as the usual energy integral for the motion of a particle in a
field of potential
V- %wsz.
This is the modified potential The term —1w?p? is the rotational potential
Some uses of the equations of motion will now be demonstrated by consid-

. .ering their application to five simple problems.

3.5 Simple Harmonic Motion

A particle moves in a straight line under the action of a force that varies
directly with the distance from some fixed point. If this point is taken as the
origin and x is the distance measured from it, the force per unit mass can be
written as —k2z, and the equation of motion is

= —k%z. (3.5.1)
The field is conservative, with potential %k2$2’ so that the energy integral is
1#% 4+ L&%4* = constant, (3.5.2)

where the constant must be positive, so that it can be put equal to %kQaQ.
Writing {3.5.2) in the form:

dz

(a2 — 22)172 =kdt
we find the solution for the motion to be
z = acos{kf+ b}, {3.5.3)

where a and b are arbitrary constants.

An inspection of the energy integral yields several properties of the motion.
It is symmetrical about the origin; if is determined by the speed at the origin;
and it represents finite oscillations whatever the initial speed may be.
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3.6 Motion in a Uniform Field Subject to Resistance Proportional
to the Velocity

Near the Earth’s surface there is a uniform field of force, —g&, where 2 is
the unit vector pointing vertically upward. Between certain limits of speed the
air resistance is proportional to the velocity. The equation of motion is then

mt = —mg% — mkv. {3.6.1)

The forces are not conservative, so we cannot use the energy integral in the
form of (3.4.5). The motion cbviously takes place in a vertical plane (for there
is no force to cause any deviation from such a plane) and there is no advantage
in using vectors. Let position in the plane of motion be specified (z, z), where
the z-axis is horizontal; then the resolution of (3.6.1) gives

5= —ki, (3.6.2)
and
5= —g— ks (36.3)
{3.6.2) can be put into the form:
d
Eg{:i'eki) - 0,
$0
i=Ae”"
and "
T =— Ee—*"’* + B, (3.6.4)

where A and B are arbitrary constants. Therefore the speed along the g-axis,
which is the horizontal speed, tends to zero, and z, the horizontal range, tends
to a finite imit as ¢ tends to Infinity.

A similar solution of (3.6.3) yields

d,.
&E{zeki) — _gekt7

S0
__5

3= Z + Ce ¥t
and

z=—=t— %e-’“ +D. (3.6.5)

If the particle is initially rising, Z is positive; it will vanish when

—ktf g

e = =

k’
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or when £C
__9 ey 9
2= kzieg(g) k2+D'

The particle will then start to descend and will have a limiting speed —{g/k).
The energy at any point is given by

1E+ )+ gz,

and an evaluation of this will show how much energy is lost at any stage, owing
to the air resistance.

3.7 Linear Motion in an Inverse Square Field

The approximation to a uniform field is valid only near the Earth’s surface.
Farther away we must use a force

per unit mass, where 7 is the distance from the Earth’s center. General motion

_in this field will be considered later; for the moment we shall only discuss motion

in the z-direction. Since the motion is linear, it is pointless to use vectors.
The field is conservative with potential —{k?/r). The energy integral is

therefore
) 2}'32 2;‘32 9
25 = —— 4+
2y

(3.7.1)

z

where 2z and vp are the position and speed when ¢ = {. Important information
can be found merely by applying the condition that the right-hand side of (3.7.1)
must not be negative. There are three cases to be considered. We suppose that
> 0.

1. If v < 2k%/z, there will be some finite distance, z;, at which 2 will
vanish; at this distance the particle will turn and start to descend.

2. If vi > 2k%/z, 2 will never vanish but will tend to some finite value as z
tends fo infinity; the particle will always continue o move away and will
never return.

3. If v} = 2k%/z, then £ — 0 as z — oo. This critical value of ug is
known as the velocity of escape (we should in this text write “speed of
escape,” but this use of the word “velocity” is too well established). It
is of fundamental importance in many problems; one of the most topical

is that of achieving the speed necessary for a rocket to escape completely
from the Farth.

To calculate the velocity of escape from zp, the vafue of &2 mast be known.
This is the product of the mass of the attracting body and the censtant of




50 Chapter 8. Introduction To Vectorial Mechanics

gravitation. However, we can find the velocity of escape from the surface of the
Earth from a knowledge of the Earth’s radius (taken to be 6360 km) and the
valne of g at the surface of the Earth, for the latter is %2 divided by the square
of the Barth’s radius. Taking g = 981 c.g.s. units, the velocity of escape is

(2 x 981 x 6360 x 10°)!/% = 11.2 x 10° cm/sec.

From a point above the surface of the Earth, the velocity of escape would, of
course, be less.

The velocity of escape is often referred to as the velocity from infinity, since
it is the speed which a particle, starting from rest at infinity, would acquire on
reaching zp.

The full solution to the problem can be found by integrating (3.7.1). Cases
1, 2, and 3 must be treated separately. Here we shall consider only the first.
Let # = 0 when z = z1; then (3.7.1) can be written as :

G-l (C-2))
dt z oz
2;22 1/2 21—z 1/2
-=(%) (2)

The + or — sign is to be taken when the particle is receding from or approaching
the origin. Writing the equation as

o

1/2
zdz g <3> dt

(221 - 22)1/2 F4

we have, on integration,

24172 2y . 1 2Z—Z1 2 1/2
—{zzm — 2y ° + Esm =+kt{ — + constant.

21 Z1

Applying the condition z = zp when ¢ = 0, we have

A {Si}l_l (22 — z;) —sin™! (QWZQ - zi)}—f— (z120 — 22)1/2
2 zy 41

9 1/2
{2z = 2 = ket (-) . (312

Eal

3.8 Foucault’s Pendulum

- In 1851 the French scientist Foucault devised an experimens, which could
be performed under laboratory conditions, to demonstrate the Earth’s rotation.
A simple pendulum was suspended from the dome of the Panthéon in Paris
and it was shown that the plane in which it swung was slowly rotating. This
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phenomenon is really due to the Earth’s (and the observer’s) rofating under
" the pendulum. :

Let the point of suspension of the pendulum be O, and let the bob be at

o5 P, Let OP = r, where r is constant. Now let k point along CO, where C

7 is the center of the Earth. Let us assume that r is very small compared with

", the radius of the Earth, re; then the forces acting on the bob, of mass m, are

. . the tension in the string, acting along PO, and gravity mg, acting along ~k.
" These can be written

—Ti— mgf:.

Figure 3.2

The equation of motion with respect to nonrotating axes fixed in space is found
by equating m(d®r/di?) with the above forces. But to write down the equation
of motion observed with respect to axes moving with (, we must apply the
Coriolis forces derived in (2.7.5). In this example w? is so small compared with
w that it may be ignored. If d/dt now applies to the motion observed from O,
we have 2 P T

d—; 1 9w x az_; = gk - —¢. (3.8.1)
The normal equafion of motien for the simple pendulum is found by putting
w=0. To solve (3.8.1), eliminate T by multiplying through vectorially by Fx.




59 Chapter 8. Introduction To Vectorial Mechanics

We geb )

e jz + 2w % (2)( j—z) =—gf-x]§.

Since dr/dt = 0, £-{dr/df) = 0, and the second term on the left-hand side
reduzees to o o
—2wi- ZE = —-2wsin A—,

di
where A is the latitude of O. The amplitude of the swing is assurmed to be
staall. So we have

T . L dr .1
X =5~ 2w sin AE =—gi x k. (3.8.2)

From the known properties of the motion we are looking for a solution
that includes a uniform rotation about k. Consider axes rotating with angular
velocity w'k, and let 8/8¢ represent the rate of change with respect to these
axes. w' is constant, and is so small that w™ and ww' can be neglected (the
justification for this will appear shortly). (3.8.2) becomes

& &r dr . .or .
<8t2 + 2u'k % §> —2wsm)\5 = —gi x k.
Rearranging this we get

" o

During the motion we assume that the pendulum is never far from the vertical
so that £-k ~ 1. Then, if

—Z(f-fi?:w’—i-wsin)\)g = gfxk.

w' = —wsin A,
the equation reduces to that of a simple pendulum. Hence the motion observed
from O is that of a simple pendulum rotating with angular velocity —kwsin A

3.9 The BEquation of Motion of a Rocket, Subject Only to Its Own
Propulsion

We include this section fo illustrate the careful freatment required for prob-
lems that involve changing mass. A rocket traveling in vaczo is accelerated by
the high-velocity expulsion of 4 small part of its mass. With respect to axes
fixed in space, we have the situations before and after the expuision that are
shown In Figure 3.3

The relative speed at which the expelled matter leaves the rocket is U +V,
and for a time d¢, a thrust M (7 + V) is exerted on the rocket so that the force
propelling it forward is

dM
r il
(U+V) 7
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M > —=U

Ve[ du ] | M-dn > -»U+tdy

Figure 3.3

Since lnear momentum is conserved, we have

or

3.1

1.

MU = (M — dM)(U +dU) — V dM

MdU-UdM -V dM =10

Rearranging and dividing by d¢, we find

aw . dM
M—=(U+V) o

Problems

Under what conditions will both the linear and angular momenta of a
moving particle be constant?

. Show that the following fields of force are conservative, and find the po-

tential functions:

P =g {a constant); P =cr; P:—u%; P:up.i.
T

Tn

. A particle is whirled around at the end of a light, inextensible string

of length a, with constant speed v. If the particle has mass m, find
the tension in the string and the angular momentum about the point of
rotation. If the string breaks, describe the path of the particle (neglecting
gravity) and show that the angular and linear momenta are conserved.

. Show that when P = g, the motion of a particle takes place in a plane,

and that the path is a parabola.

. A mass m is suspended from a point O by a light inextensible string of

length r. The string makes a constant angle with the vertical. By taking
moments about (¢ and using the equation for the angular momentum,
show that mm moves around the vertical with constant angular velocity;
find this velocity.
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6. Show that the equation # + k%z = 0 describes the projection of uniform
circular motion on the z-axis, and find the angular velocity of this motion.
Hence deduce the general solution to the equation.

7. By trying a solution of the form z = ™, solve the equation & — Bz =0,
and show thaf the same method can be used to solve  + Bz =0

8. A particle describing simple harmonic motion coalesces with a similar
particle at Test at the origin. Describe the subsequent motion.

9. Show that if a particle starting from rest moves subject to an attractive
force varying directly as the nstial distance of the particle from the origin,
then the time of traveling from any point to the origin is independent of
the initial distance,

10. Discuss linsar motion in a constant field of force with air resistance pro-
portional to the square of the velocity. Investigate the limiting velocities,
i any B

11. A particle, subject to a constant field of force g, falls from a height h,

encountering air resistance proportional to its velocity. Find an expression

for the kinetic energy at any point of its descent. How mnuch energy is
lost to the frictional force during the total fall?

12. A particle moving initially in simple karmonic motion becomes subject to
air resistance varying with its speed. Investigate the subsequent motion.

13. Write down the equations of motion for a frecly falling body in a constant
field as observed from a point on the surface of the rotating Earth. In-
vestigate any deviations of its path from the vertical; do these depend on
the latitude? '

14. For the examples given in the text, find out whether the motion is re-
versible (i.c., whether the path would be retraced if the velocity were to
be suddenly reversed). Discuss the reasons in the cases where the motion
is not reversible.

For the remaining problems an inverse square field is assumed.

15. A particle is projected vertically upward from a beight sp with speed g
(less than the velocity of escape). What is the maximum height attained?
How long will it take to reach this height?

16. Show that the time taken for a particle to fall from rest at the height s;
to the origin is
w532
F(3)

17. Solve the preblem of linear motion in an inverse square field when the
initial speed is equal to the velocity of escape.

3.10. Problems

ot
(19

18. Solve the problem of linear motion in an inverse square field when the
initial speed is greater than the velocity of escape.

19. Compare the velocity of escape from the surface of the Earth with that
from a point 500 km above the surface. What initial speed must a particle
be given when launched from the Earth’s surface so that it will just reach
the Moon {380,000 km away)? If the actual speed is 0.1 percent less than
this, how close will the particle get to the Moon? {Neglect the Moon’s
gravitational pull.}

20. A minor planet has radius 2 km, and average density 3.0. What is the
velocity of escape from its surface? If a particle on the Earth’s surface
were given this (vertical) velocity, how far would it rise? Discuss the
possibility of a man jumping off the minor planet and escaping from it
altogether.

21. A meteor, mass one gram, falls from rest at infinity and burns up in the
Earth’s atmosphere {neglect the height above the surface of the Earth).
Given that a body weighing one kilogram, falling 4.25 x 10 cm near the
surface of the Earth, generates one calorie, find the number of calories
generated by the meteor, assuming that all ifs energy is turned into heat
{(but neglecting the energy from any chemical changes).

22, Find the surface gravity {in terms of g for the Earth) and the velocity
of escape for each of the following objects {masses and radii are given in
terms of the terrestrial values}.

The Sun, M = 333,000, R = 109 Mercury, M = 0.056, R = 0.39
The Moon, M = 0.0123, B = 0.272 Mars, M = 0.108, R = 0.53
Venus, M = 0.817, R = 0.97 Saturn, M =95.2, R =95
Jupiter, M = 318, R =112 Neptune, M = 17.3, R =4.2.
Uranus, M = 146, E=39

23. In a gas containing molecules of mass A grams, at a temperature T°K,
the “most probable speed” of a molecule is v, where

M = 2%T.

%k is Boltzmann’s constant and has the value 1.38 x 1071, Jeans has
shown that if this speed is greater than about one-fifth of the velocity of
escape of a planet, then the gas will almost entirely have escaped from the
planet after a few million years. Bearing in mind that the solar system
has existed for several billion years and that at some time the planets
may have been much hotter than they are now, investigate the likelihood
that each planet and the Moon has retained its initial supply of hydrogen
(M = 1.67 x 107?%), nitrogen (M = 28 x 1.66 x 1072*), and argon (M =
39.9 x 1.66 x 10724,






