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he Astronomical Background

. Introduction

‘Much of the theory in this text is that of conventional mechanics, but since
applications will concern celestial objects, we shall be using terms that may
. be familiar to readers who lack a background in astronomy. This chapter is
jjf"}:tded for such readers. It is confined to a bare introduction to the astronom-
L.terms used in the text. Readers are strongly advised to refer, in addition,
some general text on descriptive astronomy.

‘he fundamental law of celestial mechanics 1s Newton's law of gravitation.

jost applications concern the solar system, but the theory can be applied any-
ere in the universe. For very small distances, comparable with the size of the
v, and for very large distances, of the order of a billion light years, this law
y; perhaps, not be useful, but we shall not be concerned with such extremes
e, It is important to realize that, apart from some small modifications (as
the case of Mercury’s orbit), Newton’s law holds good in the sense that 1t
Sthe right answers; furthermore it is the only reasonable law in elementary
chamcs that gives the right answers. In practice, the law 18 used not only in
rk on the solar system but also in the mechanics of multiple star systems, of
galaxy, and even of clusters of galaxies.
In celestial mechanics we are primarily concerned with things as we find
“m. We need to explain observed motion and to provide accurate predictions
the future. But when a rocket 1s launched, some control is exercised over its
»it, even i only by a judicious choice of the initial conditions of launching. An
bit is chosen in advance; in addition to the forces due to gravity, thrusts can
imposed; if the rocket does not follow its chosen orbit precisely, corrections
Q'lst be applied. These circumstances fall into the province of astronautics
hich can be said to include “experimental celestial mechanics”). Actually, the
sthods of celestial mechanics can be applied to the problems of astronautics,
d the basic theory of the two subjects is the same.
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1.2 8Some Definitions

The solar system contains one star, the Sun, and various bodies that travel
in orbits around the Sun.

A star is a celestial body that provides its own light.

A planet is a body, revolving around a star, that does not provide its own
light. In the solar system the planets “shine” by virtue of light reflacted from
the Sun. A planet is much less massive that a star. Jupiter contains more
mass than the remainder of the planets in the solar system put together, but
it still has only about one-thousandth of the mass of the Sun. The orbits of
the planets in the solar system (excepting that of Pluto) lie very roughly in
the same plane and are very approximately circular. The names of the major
planets in the solar system are: Mercury, Venus, the Earth, Mars, Jupiter,
Saturn, Uranus, Neptune, and Pluto, in order of increasing distance from the
Sun {but a part of Pluto’s orbit lies within that of Neptune). The first four
and Pluto are terrestrial planets and are much smaller and less massive than
the remaining four, which are the giants. Planects with orbits cutside that of
the Farth are superior; Mercury and Venus are inferior planets.

In addition to the major planets there are countless minor planets {also
called asteroids or planetoids), most of which have orbits lving between those
of Mass and Jupiter. These are very much smaller than the major planets and,
with few exceptions, have diameters of the order of a few kilometers or less.

There may be a continuous gradation between the minor planets and me-
teorites, but the latter are usually considered to be the size of large rocks at
most, and to merge into the micrometeorites, which are microscopic. Billions
of these strike the Farth in a day; some of them, possibly the ones that appear
as meteors {or “shooting stars”}, are certainly the remains of comets.

A comet is an aggregate of rocks and ice traveling around the Sun. When
observed, it is surrounded by a haze of gases that gives it a characteristically
fuzzy appearance. When close to the Sun it may develop a tail which will
point away from the Sun. Comets have pronouncedly elongated orbits, many
being nearly parabolic; the orbits are not concentrated near any plane. Those
comets with periods of the order of ten to one hundred years are called periodic
comets. It is important to remember that all these objects belong to the solar
system and travel in orbits that remain {by astronomical standards) close to
the Sun. Occasionally, a comet is expelled from the solar system as a result of
perturbations by the planets.

A satellite is a body revolving around a planet. It is normally of negligible
mass compared with its parent planet. The notable exceptions to this are the
Moon, which has a mass of about one-eighticth of the Earth’s mass, and Charon,
satellite of Pluto, which has around one tenth of Pluto’s mass.

The word “revolve” will be used in this text to imply motion around a point.
“Rotate” will imply motion about an axis. Thus the Earth revolves around the
Sun but rotates on its axis.

The word “orbit” is sadly abused nowadays, both as a noun and as a verb.
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Here it will be used only as a noun. The operative definition is no more than
“the course of a planet, comet, satellite, etc.” It is entirely wrong to speak of a
rocket fired from the Earth as “starting to move in orbit arcund the Sun o few
days later.”

. The Earth is nearly spherical, with a radius of about 4000 miles or 6400
km. It is fattened at the poles, the deviations from a sphere being slight (the

. difference between the polar and equatorial diameters is about 43 km) but

important in precise work.

-~ The fundamental problem in celestial mechanics is the two-body problem;
this is concerned with the motion of two point masses which move subject only
to their mutual gravitational attraction. This situation is nearly reproduced

.. 1in the solar system for orbits of objects around the Sun. Deviations from it,
" caused, for instance, by the added attraction of Jupiter on a planet, are known
“as perturbafions.

-. 1.3 Orbital Definitions

In the orbit of one body about another the least and greatest separations are
ndicated by applying the prefixes “peri-” and “apo-” (or “ap-") respectively to
the Greek word for the more massive of the two bodies. For instance, in the orbit
of a satellite around the Earth, these positions are called perigee and apogee; for
a planet revolving arcund the Sun, the positions are perihelion and aphelion;
for motion around any star, “astron” is used, and for any center of force,
“_centron.” But the less pedantic “pericenter” and “apocenter” are preferable
boday. (The misbegotten word “periapsis” means, if it means anything, “near
‘an apsis” and is best avoided.)

The time taken for a complete revolution in an orbit, with respect to the
stars is the sidereal period of that orbit. Since an orbit can itself revolve in
space, the sidereal period need not be equal to the time between, say, one
passage through perihelion to the next. Various qualifications of “period” will
appear during the course of the text: it will only be used without qualification
when all perturbations are ignored in the discussion, so that the orbit is constant
and fixed in space; then the sidereal period will be implied.

. Names of some of the positions with respect to the Earth in the orbits of
e planets are illustrated in Figure 1.1. The reader should note the differences
etween the names for the orbits of the inferior and superior planets. The
wverage time taken for a planet to refurn to the same position relative to the
Earth (for instance, the average time between one opposition and the next) is
ed the mean synodic period of the planet. The relation between the sidereal
it mean synodic periods of a planet is

1 1
sidereal period + synodic period
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for a superior planet, or

1 1
sidereal period B svnodic period =1

for an inferior planet, the wnit of time being the sidereal year (the sidereal
period of the Earth).

Eastern
quadrature

Greatest
eastern slongation

Earth {,-*
Opposition

Inferior
conjunction

Superior Conjunction
conjunction

Greatest
western siongation

Western
quadraiure

Figure 1.1 Here the orbits are illustrated as seen from the north pole of the ecliptic.

When observed from the north, most orbits around the Sun would be de-
scribed counter-clockwise; these are direct orbits. Some comets and a few satel-
lites revolve in the opposite sense; their orbits are retrograde.

1.4 Kepler’s Laws
The motion of the planets was found by Kepler to follow three laws:
1. The orbit of each planet is an ellipse; with the Sun at one of its foci.

2. Each planet revolves so that the line joining it to the Sun sweeps ont equal
areas in equal intervals of time. (This is the “law of areas.”)
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3. The squares of the periods of any two planets are in the same proportion
as the cubes of their mean distances from the Sun. (This law requires
modification; it will be desczibed in Chapier 6.)

Motion following these laws is called “Keplerian motion,” and the planets
are said to move in “Keplerian orbits.” More generally, “Keplerian motion”
also includes hyperbolic orbits.

1.5 The Astronomical Unit

Consider Kepler's third law. The sidereal period of a planet can be calcu-
lated from its mean synodic period, which can be observed. If P is the sidereal
period and a the mean distance from the Sun in the orbii of some planet, and
if Pg and ag are the corresponding values for the orbit of the Earth, we have

P 4
PZ e

Let Pz {the sidereal vear) and ag be chosen as units of time and length: ag is
the astronomical unif it will be discussed more rigorously later. In these units

P? = g%,

Hence a can be caleulated for any planet, and a scale model can be constracted
of the relative dimensions of the planetary orbits in the solar system. Any in-

 terplanetary distance can then be measured in terms of the astronomical unit.

But i we want to find a2 distance in terms of some absolute unit, kilometers,
say, we must first know the length of the astronomical unit in kilometers. This
has been accomplished through radic communication with interplanetary space-
craft. {Efforts to measure the astronomical unit prior to the “space age” make
up a fascinating chapter in the history of science.) Roughly, one astronomical
unit is equal to 92,957,000 tmles or 149.600,0600 km.

Instead of the astronomical unit, we sometimes refer to the Sun’s geoceniric
paraliaz. This is the angle subtended at the mean distance of the Sun by the
Earth’s equatorial radius. The value corresponding to the figures quoted above
is 8".794.

1.6 . Bode’s Law
Consider the sequence of numbers
0, 3,6, 12, ...

where, after the start, each number is doubled to give the next one. Add 4 to
each, and divide the result by 10. We have the resulting sequence

0.4, 0.7, 1.0, 1.6, 2.8, 5.2, ...
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and these numbers represent, with moderate accuracy, the mean distances of the
planets from the Sun, with the exception of Neptune and Pluto. The number 2.8
corresponds to the average of the system of minor planets. This rule, known as
Bode’s law, was actually noted earlier by Titius, in 1772. It acted as a stimulus
for the search for a planet between Mars and Jupiter, although the existence
of such a planet had been expected long before. It is sometimes a useful rule
of thumb for recalling planetary distances. Table 1.1 indicates the degree of its
SUCCESS.
Table 1.1 Mean Distance from the Sun

Name Bode’s Law  Troe Value
Mercury 04 0.39
Venus 0.7 0.72
Earth 1.0 1.00
Mars 1.6 1.52
Minor planets {Ceres) 2.8 2.77
Jupiter 5.2 5.20
Saturn 10.0 9.54
Uranus 19.6 16.18
Neptune R 30.06
Pluto 77.2 3%.44

1.7 Astronomical Ohbservations

Traditional astronomical observations consist of the direction of some object
and the time of the observation. Each of these quantities requires careful defi-
nition and some discussion. The direction of an object is given by two angles.
To describe completely its position in space relative to the observer, its distance
must also be known; this cannot normally be observed and must be found by
some indirect method, although in some cases radar can be nsed. For space-
craft, range and range-rate can be observed, and, indeed, those observations
are usually more accurate than those of direction.

1.8 The Celestial Sphere

The direction of an object is given by two angles that fix its position on the
celestial sphere. This is a spherical shell of arbitrarily large radius on which
celestial objects appear projected. Normally the center of the Earth is at the
center of the celestial sphere, but it may be convenient at times to have the
observer or the Sun there. The “fixed” stars occupy nearly constant positions
on the celestial sphere; the reasons for their inconstancies do not concern us
here, but we note in passing that every star has its individual motion in space.
The planets {literally “wanderers”) and other bodies in the sclar system move in
Paths on the celestial sphere, the most important of which is the path described
by the center of the Sun, known as the ecliptic.

A great circle on the surface of a sphere is formed by the section with any
plane passing through its center. Since the orbit of the Earth about the Sun
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takes place in a plane which contains the Sun, the ecliptic is a great circle on
the celestial sphere. The line through the center of a sphere perpendicular to
a great circle cuts the sphere in the poles of that great circle. H A and B are
two points on a sphere that are not at opposite ends of & diameter, there is one
and only one great circle passing through them. The angle written A8 is the
angle subtended by AH at the center of the sphere.

North poie

Prime meridian Latitude

Equator

{ Longitude

South pole

Figure 1.2

To define any coordinates, some system of reference is required. We 1llustrate
this for the case of the surface of a sphere by considering the familiar coordinates
of longitude and latitude on the surface of the Earth. The Earth’s axis of
rotation cuts the surface of the Karth in the north and south poles, and the
great circle corresponding to these is the eguafor. The latitude of 2 point F is
the angular distance of P measured north or south of the equator (see Figure
1.2). A great circle passing through the poles is called a meridion, and the
meridian that passes through Greenwich (England) is the prime meridian. The
angle between the meridian through P (there is only oue, so long as P is not
at & pole) and the prime meridian is the longitude of P; it is measured east or
west.
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Celestial north pole

---------------- % Ecliptic

x Celestial
| equator

Celestial south poie

Figure 1.3

Similar angles are used to fix position on the celestial sphere. Various ref-
erence systems are used, the most convenient of which, for practical purposes,
is the eguatorial system. The Earth’s axis of rotation cuts the celestial sphere
in the celestial north and south poles, the celestial equotor being midway be-
tween them. The ecliptic cuts the celestial equator in $wo points known as the
eguinozes. When the Sun crosses the equator, going north, it passes through the
vernal equinoz, or first point of Aries, written . Great circles passing through
the celestial poles are known as hour circles. The hour circle corresponding to
the prime meridian passes through o, and the angle measured eastward from
this to the hour circle through some star, X, is the right ascension of X, written
a. « is usually measured in units of time such that twenty-four hours equals
360°. 4, the declination of X, is the angle corresponding to latitude; it is mea-
sured positive north and negative south of the celestial equator. (See Figure
1.3)

Celestial longitude and latitude are based on the ecliptic. Celestial latitude,
B, is measured positive nortk and negative south of the ecliptic, and celestial
longitude, A, is measured eastward from the vernal equinox. {See Figure 1.4.)
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North pole of
ecliptic <

Eciiptic

i Celestial
4 equator

South pole of
ecliptic

Figure 1.4

Several other coordinate systems are in use, but the two described here are
the only ones needed in this text.

The angle between the celestial equator and the ecliptic is known as the
obliquity of the ecliptic, and denoted by e. Its value is about 23°27'. The Sun
passes through the vernal equinox at the beginning of spring in the northérn
hemisphere and through the autumnal equinox {the corresponding point on the
other side of the celestial sphere} at the beginning of autumn. The points of
the ecliptic farthest north and south of the equator are the summer and winter
solstices. The reader is urged to consult any standard text for a description of
the connection between these points and the seasons experienced on Earth.

1.9 Precession, Nutation, and Variation of Latitude

- A disadvantage of the coordinate systems described above is that the fun-
damental reference systems are not fixed. The causes of this will be very briefly
described.

Variation of latitude. Consider the Earth’s axis of rotation as remaining
fixed in space, while the Earth slips about it. The effect of this is that the
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geographical poles “wander” within small areas of radius some fifteen meters,
causing perceptible if small changes in the latitudes of points on the Earth.

ZLunisolar precession. Due to the pull of the Moon and Sun on the Earth’s
equatorial bulge, the Earth’s axis is slowly precessing, or describing a cone in
space, a complete revolution occurring in a period of about 26,000 years. The
obliquity remains approximately constant.

Nutation. The plane of the Moon’s orbit about the Earth rotates, with
respect to the ecliptic, with a period of just under nineteen years. This leads
o an oscillation in that component of the pull on the Earth’s equatorial bulge
which is due to the Moon, causing an extra oscillation or “nodding” of the
Earth’s axis. This nutation is superimposed on the precessional motion.

Plonetary precession. Due to perturbations from the other planets on the
Earth's orbit, the ecliptic is not fixed in space, but is gradually changing.

(General precession is the combined effect of lunisolar and planetary preces-
sion.

A consequence of precession is that the celestial equator is not fixed on the
celestial sphere, and the vernal equinox is slowly moving westward along the
ecliptic {which changes much more sluggishly). It was named the “first point
of Aries” when it actually lay in the constellation Aries, but it is now in Pisces.
As a result of this, the coordinates of celestial objects are gradually changing;
they must always be referred to some date or epoch for comparison with other
observations.

Star positions are usually referred to a mean eguufor and mean eguinoz for
some epoch, which are found by neglecting the periedic parts of the motion of
the celestial equator. The resulting coordinates are mean coordinates.

1.10 The True and Apparent Places of a Celestial Object

. When specifying the coordinates of » celestial object rigorously, it is nec-
essary to make clear which point of the solar system is at the center of the
celestial sphere, or the origin of coordinates.

The true place of a star is defined with the Sun at the origin and with respect
to the true equafor and frue equinox at the instant of observation.

For the apparent place, the origin is moved to the ceater of the Earth. This
move is bound to change the relative positions of the stars on the celestial
sphere, the closer ones being affected more. These changes are ascribed to an-
nual parallaz (since they are periodic, the period of variation being the sidereal
year); they are practically negligible for all but the nearest stars. More im-
portant changes are caused by annual gberrafion. Since light moves with finite
velocity, the direction in which an object is observed will depend not only on its
true geometrical direction but also on the velocities of the object and observer
and on the velocity of light. For a star, which will have constant velocity over
long periods, the changes are caused by the Earth’s orbital velocity around the
Sun, and this gives rise to annual aberration. H the object is in the solar sys-
tem, its own velocity varies and must be taken into account together with the
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time lag caused by the light traveling from the object to the observer; in this
case we have displacements due to planetary aberration.

An actual observation is made from the surface of the Earth, and in inter-
preting this we have to allow for an additional aberrational effect caused by
the velocity of the observer that is due to the Barth’s rotation; this is diurnal
aberration. In addition we must take into account the fact that the origin has
been moved again, introducing a further effect due to paraliax.

Formulas for these various effects are given in standard fexts on spherical
astronomy; they are also given in most almanacs, together with the physical
constants involved.

We remark in passing that the refraction of light in the Earth’s atmosphere
can affect considerably the apparent angle of a celestial object above the horizon;
the effect is greater near the horizon where it is of the order of half a degree.

1.11 The Measurement of Time

The fundamental “clock” for the measurement of time has for centuries
been the Earth, rotating on its axis. One complete rotation with respect to the
celestial sphere measures one sidereal day or twenty-four hours of sidereal time.
Because of the Sun’s motion around the celestial sphere, a complete rotation of
the Earth with respect to the Sun (which measures the solar day or twenty-four
hours, apparent solar time) takes ahout four minutes longer than the sidereal
day. For obvious reasons the sidereal day is not used for civil purposes.

Since the motion of the Sun around the celestial sphere is neither uniform
nor along the celestial equator, the solar day is not of constant length. A
fictiticus sun called the mean Sun has been invented, moving uniformly along
the celestial equator, for the measurement of mean solar fime.

The time measured astronomically by an observer will depend on his longi-
tude; it will be his local time. Since it wonld be impractical to have civil time
varying continuously with longitude or to standardize it for the whole world,
the Earth is divided into twenty-four fime zomes, bounded by meridians at 15°
intervals and centered on longitudes that are integral muliiples of 15°, except
where civil convenience calls for slight irregularities. Within each time zone
the civil time is the same, being dictated by the mean solar time at the cen-
tral meridian, and the time in each zone differs from the times in s immediate
neighbors by one hour. The meridian of longitude 180° {again with slight varia-
tions for practical convenience) is known as the infernational date line. When it
is midnight at this longitude, the date is the same everywhere on the Earth. A
traveler crossing this line experiences a discontinuity of one day in his calendar.

Astronomical observations are usually referred to universal time, or U. T,
which is the mean solar time at the meridian of Greenwich.

The Julian date is the number of days, and fraction of a day, measured from
mean noon on January 1 of the year 4713 B.C. It is tabulated in almanacs for
every day of the year.
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As a clock, the Earth does not keep accurate time. Consider the predic-
tion from theory of the position of some celestial object at some definite time.
If observation does not confirm the prediction, it is possible that either the
theory or the recorded time of observation may be in error. Toward the end
of the nineteenth century it had become increasingly probable that cbserved
deviations between observations and the gravitafional theory of the Moon's
motion were not caused by Imperfections in the theory but by irregularities in
the Earth’s rate of rotation. Proof was lacking until, during the first half of
the twentieth century, it was shown conchisively that the differences between
chservation and theory in the mean longitudes of Mercury, Venus, and the Sun
exhibit fluctuations that are identical, if expressed in seconds of time, to those
in the Moon’s mean longitude. Over the past three centuries these fluctuations
have ranged between -£30 seconds of time. A much smaller annual variation of
around one-tenth of a second in the time given by the Earth’s rotation has been
established with the aid of terrestrial clocks, notably the guartz crystal clock
and atomic clocks. In addition ancient observations of eclipses have shown that
the day is gradually becoming longer {although only by about one-thousandth
of a second per day per century).

To cope with this situation, ephemeris fime has been introduced. This
runs on uniformly with an Invariable basic unit, and so corresponds with the
theoretical notion of time used in mechanics. It is this time that should be used
in celestial mechanics. The difference between ephemeris time and universal
time is tabulated in the standard almanacs.

Chapter 2

Introduction to Vectors

2.1 Scalars and Vectors

A quantity that has magnitude only is called a scalar; it can be represented
by & number with an associated sign. For example, distance and electric charge
are scalars.

A

AB

CD

Figure 2.1

Consider two points A and B. The distance between them is A8, which is a
scalar; if this distance is associated with the direction of 4 to 3, it becomes a
gector, AB. A vector can be thought of as a scalar with an associated direction
{this is necessary but not sufficient; vectors must also satisfy the law of addition
given in the following section}; or, in this example, AB can be regarded as a
displacement of amount AB in the direction A ta B.
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