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Chapter 14. The Moon and its Rotation

5. A body free to turn about its center of gravity, which is fixed, is in stable

equilibrium under the attraction of a distant fixed particle A4’ at distance
R. Show that the axis of least moment is turned toward the particle.
Show also that the times of the principle oscillations are

0 BRS 1f2 CRS 1/2
" { 3MGIC A } and  2r { 3MG(B — A}}

If the body be the Earth, and 34’ the Sun, show that the smaller of these
two periods is about ten years.

Appendix A

Properties of Conics

A.1 General Properties

The word “conic”comes from the phrase “conic section.” Suppose that we
have a circle and a point V which is not in the plane of the circle; then lines
containing ¥ and points on the circle describe a cone. Aay plane section of this
cone will be a conic, and any conic can be constructed in this way. (See Figure
A1)

The graph of the general equation of second degree in cartesian coordinates
is {if there are real points satisfying the equation) a conic. Conics can be defined
in this way, and their properties discussed through the properties of gnadratic
forms. One property is that by a transfer of origin and a rotation of the axes,
we can wsually reduce the equation to the form

az’ + by’ +c=0. {A.1.1)

If this is possible {one exception is the parabola) then the origin of coordinates
is called the cenfer of the conic, and the coordinate axes are the azes of the
conic. For work in carfesian coordinates it is usually simplest to use these axes.

Another important definition can be derived as follows. Pick one of the
conic sections from Figure A.l and insert between the section and the vertex
the largest possible sphere; this will touch the cone in a circle, C. Let the plane
containing the circle be called II. The line of intersection of I and the plane
of the conic section is called a directriz of the conic. Let the sphere touch the
plane of the conic section at a point S; this is a focus of the conic. See Figure
A2

Let P be a point on the conic, and let the line VP intersect the circle C' at
the point A. The lines PS and PA touch the sphere at § and A, and therefore
PS = PA. Now drop a perpendicular from P onto the plane II, meeting the
plane at Q. Let the halfangle of the cone be §. Then from the triangle PQA
we have AP = P()secf. Let the angle between II and the plane of section
be ¢, and let R be a point on the directrix such that PR is perpendicular to
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414 Appendix A. Properties of Conies

Figure A.1

the directrix. Then from the triangle PQRE, P = PRsin ¢. Combining these
results, PS = (sec@sind}PR. These constructions are illustrated in Figure
A.2. The result can be put into words as follows: a conic is the set of peints
P such that the ratic of the distance of P from a fixed point {a focus) to the
distance of P from a fixed line (a directrix) is constant.

To find the eguation of the conic in polar coordinates, choose the focus as
origin, and let the polar angle, v, be measured from the line (30 perpendicular
to the directrix. See Figure A.3. Then if P{r,v) is a point on the conic,

r =e{k — rcosv)

where % is the distance of the origin {rom the directrix and e is the constant
of proportionality: it turns out fo be the eccentricity of the conic. If p = ¢k,
called the parameter of the conic, then the equation can be put into the form

?_q +ecosv. {A.1.2)
7 ‘
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Figure A.2
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The line DD, being an axis of symmetry, is an axis of the conic. The
minimum value of r occurs when v = 0, and the maximum, if it exists, when
v = 7. The chord through O, perpendicular to 0D, is called the latus recfum
and has length 2p. p is often referred fo as the semilafus rectum. (In the
constructions of Apolionius {c.200 B.C.) a rectangie was formed based on a line
tangent to the conic and sticking out from the cone; this line has length 2p. It
was called dplicy, meaning erect, and the original Latin translation was latus
erectum. The phrase used today is a corruption of this.)
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A.2 The Ellipse

The ellipse is a conic for which 0 € e < 1. If e = 0, the ¢llipse becomes a
circle. From the polar equation we see that r is bounded, so that the ellipse is
a closed figure. It follows from the theory of quadratic forms that the cartesian
equation of an ellipse can be put into the form

22y

o5 + ol 1. (A.2.1)
a and b are positive, and «a is invariably chosen to be greater than or equal to
». The z- and y-axes are the major and minor axes of the ellipse, respectively,
and a and b are the semimajor and semiminor azxes.

From an examination of the polar equation, (A.1.2}, we see that the focus
used as origin lies on the z-axis, and that the directrix is parallel to the y-axis.
Let the focus be §; then, by symmetry, there must be another focus 8 such
that the ceater ' bisecis §5’. Let the axes meet the ellipse at A, A’, B, and
B' {see Figure A.4); then it is easily verified that

CA=CA =a,
CB=CB =b,
SA=¢g=a(l-e),
SA = ¢ =a(l +e),

C8 =C8 = ae,
p=a(l- 62)1
b = a1~ &%),

S$B =aqa.

The polar equation can be written

all — e2)

=1+tecosw. (A.2.2)

These formulas should all be memorized.
Another definition of the ellipse is that it is the locus of P such that

SP + §'P = constant,

where S and $’ are fixed points; clearly these are the foci, and the constant
has the value 2a. To see this, refer to Figure A.5 where two spheres have
been inserted into the cone, one above and one below the ellipse; these touch
the ellipse at points § and &', and the cone in circles C and C'. Let P be
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Figure A4

Figure A.B

any poict on the ellipse, and let the line VP through the vertex of the cone

meet C and C” in points A and A’, respectively. PS and PA are Lines tangent
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to the upper sphere at § and A, so P§ = PA. Similarly, P§' = PA". So
PSS+ PS5 = PA+ P4, which is independent of the position of P.

The lines SP and §'P make equal angles with the tangent at P. See Figure
A.5. Let s be arc length measured along the curve, and let SP =r, SP' = o7,
then from the property just noted,

dr dr’ 0

ds + ds
But dr/ds is equal to the cosine of the angle between the line SP and the
tangent, with a similar result for dr’/ds. The result follows at once.

From the form of the cartesian equation of the ellipse, (A.2.1), it follows that
the ellipse is the orthogonal projection of a circle of radius a; this is the auziliory
circle. Alternatively, draw a circle of radius ¢, and choose any diameter AA4".
From any point @ on the circumference, drop a perpendicular QR onto A4/,
and construct P on @R such that

PR_?b

QR o

Then P will trace oui the ellipse with semiaxes ¢ and b. {See Figure A.6.)
it is easily verified from this property that the area of the ellipse is

rab.
Let ZQC A = E; then the cartesian coordinates of P are

z=uacosE, y=bsnk. {A.2.3)

E 13 called the eccenirie angle of P.

A.3 The Parabola

The conic with e = 1 is the parabola. If we let e tend to one for an ellipse,
then ¢ tends to infinity. Although some properties of the parabola can be
deduced from corresponding properties of the ellipse by lettinge = 1 and 1/a =
0, this may lead to expressions that are meaningless; as, for instance, if it is
applied to (A.2.2). However, if we remember that the pericenter distance,
g = S5A, remains finite, and write {A.2.2) as

—_q{ij-e} =1+ecosy,

A.3 The Parabola 419

Q
P
A £ = A

C Fid

Figure A.6

1
g
\ |

Figure AT

v

)

y
1 P/%_
s




420 Appendix A. Properties of Conics

then there is no difficulty in putting e = 1, and we find the polar eguation of
the parabola in the usual form:

r = gsec’ g (A.3.1)
The size of a parabola is usually given by g. {All parabolas have the same
shape.) The semilatus rectum is 2g.
"The cartesian equation can be put into the form

y? = 4gz. (A.3.2)

There is only one focus, at (g,0), and one axis, the z-axis.

Return for a moment to the ellipse, and let e tend to one. The second focus
tends to infinity, and the theorem that the tangent at P makes equal angles
with SP and S§'P becomes, for the parabola, that the tangen: at # makes
equal angles with SF and the axis of the parabola. This leads to the well-
known property that a ray of light traveling paraliel to the axis of a parabolic
mirror passes through the focus after reflection. {See Figure A.7.)

Sometimes it is convenient to consider a curve as fraced out by the variation
of a single variable, or parameter; the equations {A.2.3) are an example of this;
they are one form {out of many possibilities) of the parametric equations of the
ellipse. There are many possible representations of the parabola; perhaps the
sipaplest is ‘

=gty = 24t. {A.3.3)

A.4 'The Hyperbola

The hyperbola is defined by ¢ > 1. From the polar equation we see that
the curve is not bounded, since r can become arbitrarily large. When r does
become large, v tends to one of the values given by

1
g = cos™ ! (_E) . (A41)
The cartesian equation can be put into the form
' 2 o
. S A2
a2 B ( )

In this section, for ease of geometrical description, a and b will be taken to be
positive. But note that in computation, and in formulas for Keplerian motion,
a should be a negative number. When z and y become large, {A.4.2) is nearly

the same as T y\/z ¥ .
G+3)(G-5)=0 (A48

which is the equation of two lines through the origin. The larger r becomes, the
more nearly the curve resembles these two lines; they are called asymplotes.
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The directions given by the values of v,, from {A.4.1), must be parallel to these
asymptotes, and we deduce that the angle between the asymptotes is

1 2
2cos 1| —-= or cos il = -11.
e e?

From {A.4.2) we see that there is no point on the hyperbola for which
—a < z < a; therefore the hyperbola has two branches; the polar equation
gives only one of these. (See Figure A.8.) Comparing the gradients of the
asymptotes, (A.4.3), with the formula v,, we find

1 b 1 1

tan™ " — =cos  —
€

Figure A8

from which we deduce
b =a?(e® - 1).

b can be less or greater than a; Figures A.9(a), {(b), and {¢) show hyperbolas
for which b is greater than, equal to, and less than a. If b = a, then the figure
is & rectanguiar hyperbola.

In the notation of Figure A.10, we see that

CA=aq,
AS =g=ale—1).

The tangent at 4 cuts the asymptotes in points (—a,=b). The semilatus

rectum is
p= {3{62 - 1)
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Figure A.10

The hyperbola can be defined as the locus of P such that the difference
between SP and §'P is constant, S and S’ being fixed points. These are the
foci, and to recover the equations given above, the constant difference must be
equal to 2a, so that

58" = 2c = 2ae.

The cartesian coordinates of any point on the hyperbola with equation

(A.4.2) are given by the parametric equations

x=tacosh F, y=bsinhF. (A.4.4)

A.5 Pole and Polar

"I'his section is required for the interpretation of Hamilton’s theorem, Section

4.9,
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Let P{a1,y1) be any point from which real tangents can be drawn to a conic
with the general eqguation

az® + 2hay +by® + 297+ 2fy +c=0. (A.5.1)

Let these tangents meet the conic at points ) and &; then It is not difficuls to
establish that the equation of the line @R is

zlaz) + hyr +g) ylbn + bz + f) gz + fn +c=0. (A.5.2)

This line is the polar of P with respect to the conic. Even if real tangents
cannot be drawn from P, (A.5.2) still defines the polar of P. Conversely, P is
the pole of the line with equation (A.5.2).

The reader will be able to verify without difficulty that the focus and direc-
trix are pole and polar.

¥ P lies on the conic, then {A.5.2) is the equation of the tangent at P.




Appendix B

The Rotation of Axes

I a system of right-handed rectangular axes is rotated positively through §
about the z-axis, the new coordinates, (', ¢/, z'}, of a point are related to the
old, (z,y,z), by

=z,
¢ =ycosb-+zsinb,
2/ = —ysinf + zcoséd.

These equations can be written in matrix notation as

z’ 1 0 0 @
¥ | =10 cosf sinf|ly
z 0 —sind cosf z
z
=P®) v,
2
where
1 g 0

Pt)=1{0 cosf sind
0 —sinfd cosf

Similarly, & positive rotation through 4 about the y-axis leads fo new coordi-

nates given by
z’ x
v =Q) |y,
2! z

cosf § —sinf
Q(B):[ g 1 0

sin8 0 cos#

where

425




496 Appendix B. The Rotation of Axes

And a positive rotation through # about the z-axis leads fo new coordinates

y:} =R(9)[ }

cosf  sind 0O
R(0)= | —sinf cosf 0.

given by

N R

- where

0 g 1

For a combination of two rotations, let us say R{f)} followed by P{¢}, (the order
is crucially important), we have

z! z
HEH

z' z
1 0 0 cosf smf 0 z
= {0 cos¢ sing —sinf cosf 0| |y
0 —sin¢ cos¢ 0 0 1 z

cosf sin & 0 T
= | —cos¢sind cosgcosf sing vi.

singsinf —singcosf cosg| |z

In the same way the matrix describing any sequence of rotations can be found
by straightforward matrix multiplication. For example, suppose that (X, V. 7}
are coordinates of a comet in the orbital reference system, with OX pointing
toward perihelion, and OZ parallel o h, (so that Z = 0), and that (z,y, z) are
the coordinates of the comet in an equatorial system of axes with Oz pointing
toward the vernal equinox and Oz toward the north celestial pole. Then

|

Be very careful with signs of rotations. The transformations apply equally
to velocity components. They can be used to advantage witk “infinitesimal”
rotations. In fact their use, and the use of vector operations, almost completely
obviates the need for spherical irigonometry.

X
]:P(—f) R(-0) P(=i) R{-w) {ﬂ

SIS -

Appendix C

Numerical Values

Numerical values continue to be refined, and further objects will be found
that might be included in tables such as these. Don’t be surprised if quite
different, values appear in other references {and even within the same reference).
In some instances there are “official” values, so that different computations
share a common set, making comparison possible. The following values are
included partly for their inferest, and partly so that you can include them, if
you wish, in your computations.

C.1 Orbital Elements of Planets

The data for the planets (excluding Pluto) were kindly supplied by L. E.
Doggett from data of P. Bretagnon {Reference 72). They are mean elements,
referred to the equinox J2000.0. T is measured in Julian centuries from that
epoch. The semimajor axes have been derived from the terms in I (the mean
longitude at epoch) factored by T, with allowance first made for the precession
in longitude. (See Appendix C7.)

For detailed information on osculating elements, refer to the Astronomical
Almanae. For low-precision fornmilas, see Reference 38.

Mercury ?

& = 77.4561 19+ 1.5564 77 x T + 0.0002 96 x T2

2 = 48.3308 93 -+ 1.1861 88 x T +0.0001 76 x T*

i = 7.0049 86+ 0.0018 21 x T — 0.0000 18 x T*

e = 0.2056 3175 + 0.0000 2041 x T — 0.0000 0003 x T2
L =252.2509 06 + 149474.0722 49 x T + 0.0003 04 x T*
a = 0.3871 0353
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Venus ?

& = 131.5637 07+ 1.4022 21 x T — 0.0010 73 x T2 — 0.0000 05 x T3
0 = 76.6799 20+ 0.9011 20 x T+ 0.0004 07 x T?

i=3.3046 62+ 0.0010 04 x T —0.0000 01 x T2

e = 0.0067 7188 — 0.0000 4777 x T

L = 181.9798 01 + 58519.2130 30 x T + 0.0003 11 x T?

a=10.7233 074

Earth é

& = 102.9373 48 + 1.7195 39 x T + 0.0004 60 x T2

e =0.0167 0862 — 0.0000 4204 x T

L = 100.4664 49 + 36000.7698 23 x T + 0.0003 04 x T°
a = 1.0800 1161

Mars d

& = 336.0602 34+ 1.8410 44 x T+ 0.0001 35 x T2
) = 49.5580 93+ 0.7720 96 x T+ 0.0000 16 x 72

i = 1.8497 26 — 0.0006 01 x 7"+ 0.0000 13 x T2

e =0.0934 0062+ 0.0000 9048 x T — 0.0000 0008 x T°
L =355.4332 754+ 10141.6964 75 x T+ 0.0003 11 x 7?2
a = 1.5237 1069

Jupiter 2.

& = 374.3313 09+ 1.6128 38 x T+ 0.0010 31 x T2 — 0.0000 04 x 7°
= 100.4644 41 + 1.0209 54 x T + 0.0004 01 x 77

i=1.3032 70 - 0.0054 97 x T+ 6.0000 05 x 72

e =0.0484 9485 + 0.0001 6324 x T ~ 0.0000 0047 x T2

L = 34.3514 84+ 3036.3027 89 x T + 0.0002 24 x T2

a = 52102 1538

.1, Orbital Elements of Planets 495

Saturn b

& = 93.0567 87+ 1.9637 61 x T -+ 0.0008 38 x T2 4 0.0000 05 x T°

Q = 113.6655 24 +0.8770 94 x T — 0.0001 21 x 72 - 0.0000 02 x T*
i =2.4888 78 — 0.0037 36 x T — 0.0000 15 x 12

e = 0.0555 0862 — 0.0003 4682 x 7" — 0.0000 01 x T2

I =50.0774 71+ 1223.5110 14 x T + 0.0005 20 x T2

a = 9.5380 7012

Uranus ’I‘

&= 173.0051 59+ 1.4863 79 x T+ 0.0002 15 x T2
0 = 74.0059 47 +0.5211 27 x T + 0.0013 40 x T2 4+ 0.0000 19 x T°
i =10.7731 96+ 0.0007 74 x T 4+ 0.0000 37 x T2
e = 0.0462 9590 — 0.0000 2734 x T + 0.0000 0008 x T*
L = 314.0550 05+ 420.8640 56 x T + 0.0003 04 x T?
a = 19.1833 02

Neptune

—3

@ = 48.1236 91 + 1.4262 70 x T+ 0.0003 78 x 77
Q= 131.7840 57+ 1.1022 03 x T+ 0.0002 60 x T?

i = 1.7609 52 — 0.0093 08 x 7" — 0.0000 08 x T?

e = 0.0089 8809 + 0.0000 0641 x T

L = 304.3486 65+ 219.8833 09 x T+ 0.0003 09 x 72
a = 30.0551 44

The following elements for Pluto are taken from the Astronomical Alimanec
of 1986. They are for 1986.0.

Pluto E

0 = 224.6148
§1 = 110.4065
i=17.1323 3
e =0.2508 77
L =2188873 5
a = 39.5375 8

|
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.2 Satellites — Orbital and Physical Data

Sateliites — Orbital and Physical Data, Part I ) Satellites — Orbital and Physical Data, Part II
Orbital Sidereal
Inclination to Period of
Planet and Orbital Period(t)  Semimajor Orbital Planctary Rotation Radius Mass Planet
Satellite R = retrograde axis ecceniricity Equator S = synchronous
days 10%km degrees days km 1/Planet
Fartn Earth
Moon 97.391 661 384.400 0.054 900 489 18.28-28.58 s 1738 00123 600 2 Moon
Mars Mars
1 Phobus 0.318 610 23 9.378 0015 0 S 135x108x94  15x107% I Phobus
11 Detmna 1989 448 7 93 456 0.000 5 0.9-27 ) 75x81x%x55 3x167° 11 Deimos
Jupiter Jupiter
Ilo 1.769 137 786 422 0.004 9.04 5 1815 4.68 x 1075 Ilo
11 Europa 2551 181 041 671 0.009 0.47 S 1569 252 x 107% IT Europa
11T Ganymede 7.154 552 96 1078 0.002 9.21 s 2631 7.80 x 1073 III Ganymede
IV Callisto 16.689 018 4 1883 0.007 0.51 S 2400 5.66 % 10-* IV Callisto
V Amalthea 0.498 179 05 181 0.003 0.40 S 185x83x75  38x 1071 V Amalthea
VI Himalia 256,566 2 11480 0.157 98 4763 0.4 93 50 x 10710 VI Himalia
VII Elara 250.652 8 11737 0.207 19 2477 0.5 38 4x 1071 VII Elara
VIII Pasiphae  735R 23500 0.378 145 23 1x10-79 VIII Pasiphae
IX Sinope 758R 23780 0.275 153 18 0.4 % 16—10 IX Sinope
X Lysithea 25992 11720 0.107 29.02 18 04x1671% X Lysithea
XTI Carme 892R 22600 0.206 78 164 20 0.5 x 16719 XI Carme
XII Anake 631R 21260 0.168 70 147 15 02x 10710 XII Anake
XU Leda 238.72 11094 0.147 62 26.07 8 03x107H XTI Leda
X1V Thebe 0.674 5 229 0.015 0.08 55 x 45 4% 10717 XIV Thebe
XV Advasien 0.298 96 129 125 x 10 7.5 0.1x 10" XV Adrastea
XVI Metis 0.204 780 128 20 0.5 x 10710 XVI Metis
Satura Saturn
I Miras 0.842 421 813 185.52 0.020 2 153 S 198 8.0 1072 I Mimas
11 Enceladus 1370 217 855 23802 0.004 52 0.96 s 253 13x 1077 11 Enceladus
1 Tethys 1.887 802 160 204 66 0.000 00 1.86 s 525 13x167° I Tethys
IV Dione 2.736 914 742 377.40 0.002 230 0.02 5 560 185 x10°° IV Dione
V Rhea 2517 500 436 527.04 9.061 00 035 5 765 44 x107° V Rhea
VI Titan 15.945 420 68 122183 £.028 162 0.33 8 2575 238 x 10~* VI Titan
VIl Hyperion 51976 608 & 14811 0104 043 205 x 136 x 118 3% 10-% VI Hyperion
VHI Iapeius 79.330 182 5 3561.3 0.028 28 14.72 s 718 33x167° VI Iapetus
IX Phoebe 550.48 R 12052 0.163 26 S 0.4 118 7 % 16—10 IX Phoebe
X Janus 0.694 5 151.472 0.097 0.14 S 116 % 100 x 80 X Janus
XI Epimethus 0.694 2 151.422 0.909 8.34 5 70 x 60 > 50 XI Epimethus
XII 188056 2736 9 377.48 0.065 8.0 18 x 16 x 15 XII 198056
XIII Telesto 1.887 8 294.66 17x 14 %13 XIII Telesto
XIV Calypso 1.887 & 294.66 Wxlixil XIV Calypso
XV Atlas 0.601 § 137.678 0.900 6.3 28 % 10 XV Atlas
1980526 0.628 5 141780 9.604 0.6 55 x 45 % 35 1980526
1980827 £.613 0 139.353 0.803 0.6 79 % 50 % 40 1880527
Uranus Uranus
T Ariel 2520 379 35 191.02 0.8034 6.3 380 18x 1073 I Ariel
1 Umbriel 4144 177 2 266.39 9.505 8 0.36 595 12%1678 I Umbriel
TIT Titania 8.705 871 7 £35.91 6.002 2 0.14 800 8.8 x 1073 ITI Titania
IV Oheron 13.463 238 § 583.52 0.000 8 0.10 g 775 6.8 x 10-% 1Y Oberon
¥ Miranda 1.413 479 25 120.38 6.002 7 4.2 240 0.2x 107% V Miranda
Neptune Neptune
T Triton 5876 843 3 R 354.20 <001 159.90 s 1600 13x107% . 1 TJsiton
1 Nereid 360.2 5511 0.748 3 27.6(3 1500 2x10°7 iéic
Plate ,_..\ : :
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Dimensions of the Principal Rings of Saturn
Radius {limiting values quoted) km
138000

.3 Physical Elements of Planets

Most of these data are taken, with permission, from the Astronomical Al-
QOuter A ting: moderately bright

manac. Figures for the equatorial radil and flattening are those recommended
in a report of the IAU/TAG/COSPAR working group on cartographic coordi- 126000
nates and rotational elements of the planets and satellites, published in 1985. Cassini division: dark
The quantity “Hatiening” is defined as: 1160006
) . . Main B ring: very bright
{equatorial radius} — (polar radius) 90000
equatorial radius : Gap: datk
Planet  Equatorial _ Flatteni ™M M 89000
e natorl AL Viass SAL . .
Radius & Density Crape or C ring: faint
kra 16%%kg gmjfem® 71000
Mereury 2439 & 0.336 22 5.43
Venus #0351 ) 4. 869 4 5.24
Earth $378.140 0.003 352 81 5974 2 5.515 : ot : . - : . . -
to many narTower rings; more rings have
Mars 33934  0.005 186 5 0.641 91 3.94 These are, in fact, subdivided into many 5% &
Jupiter 71398 0.064 898 8 18988 1.33 been observed.
Saturn 60800 0107 620 9 268.54 0.70
Uranns 25400 0.0306 86.625 1.30
Ne;}tune 25295 0.022 192.78 1796 Dimensions Of Rings of Uranus
Pluto 1500 g 0.0157 7 Rin . . . ..
g Semimajor axis (km} Fccentricity
— - 6 41870 0.0014
Inclination of Acceleration due - 49970 0.0018
Planet Period of equator to Velocity of fo gravity ai o Do
rotaiion plane of orbit escape the equator 4 42600 0.0012
days degrees km/sec e fsec? o 44750 £.0007
Mercury 58.646 2 0.0 432 370 Ji] 457060 0.0005
Venus 243.01 177.3 104 886 7 47210 —_
Earth 0.897 269 68 23.45 11.2 875.2 47660 _
Mars 1.025 956 75 25.1% 5.8 384 v
Jupiter 0.413 54% 3.12 60 2500 § 48330 0.0005
Saturn 0437 5 26,73 36 1050 P 51180 0.0079
Uranus 0.65 497.86 21 900
Neptune 0.768 25.56 24 1160
Phito 6.385 7 1187 ? ? . .
A ting of Jupiter has been observed; the outer edge has radius 1.81 times
Centrifugal the radius of Jupiter and the ring is approximately 7000 km wide.
Planet acceleration at Jo J3 gy
the equator
oo faoc? C.4 The Earth
A\Afejsmy ' '?;'?;ﬁ _ _ . Lengths of the Principal Years {1986.0)
£ —&. —_— -_— i i L [y
Earth -3.39 +1.082 63 x 10~%  —0.254x 10~7  —0.161 x 16~ Tropical 365242 191
Mars -1.70 +1.964 x 103 +0.36 x 107* —_ Sidereal 365.256 363
Jupiter -221 1475 x 10;3 — —0.58 x 10:;’ Anomalistic  285.240 635
Sva.tum - =166 1645 x 1§ s —_ —0.19x 16 Ec]ipse 346.620 071
Uranus -32 +12 x 18™ — — . =
Nepiune —22 +4x 1072 — — Julian 365.25
Piuto 7 — — —

*The pericd of rotation becomes longer toward the poles.




434 Appendix €. Numerical Values .6, The Sun 435
Length of the Day Dimensions
Mean solar day  24"03™ 565555 sidereal time Radius 1738.0 km
or 1.002 737 91 sidereal days. Mass 7.3483 x 10?2 kg
Sidereal day  23"56™45091 mean solar time or (mass of the Earth)/81.301

or 0.997 269 57 mean solar days. Mean density 3.94 gm/fem®
Surface gravity 162.2 cm/sec?
Escape speed 2.37 km/sec
Moment of inertia

Dimensions about Totation axis C = 0.392 MR?

Equatorial radius a = 6378.140 km
Polar radius ¢ = 6356.755 km
Mass M = 5.9742 x 10% kg

Moment of inertia differences  {B — A})/C = 0.000 2278,
' (C — 4)/B = 0.000 6313.

C.6 The Sun

Radius 696265 km
Moments of Inertia Mass 1.9981 x 10%° kg
About the axis of rotation, C = 8.01 x 10* gm cm? Period of rotation at equator 25438

{The pertiod of rotation increases toward the poles.)
Inclination of the solar equator to the ecliptic  7°.25
Solar parallax 87794 148
Mean distance to the Barth 1.495 978 70 x 10" m
(astronomical unit)

= 0.330 Ma®.
About an equatorial axis, A = 0.32% Ma®.

C.5 The Moon
Lengths of the Principal Months {1986.0)

Sidereal month 274321 662 C.7 Physical Constants
Synodic month 29.530 589
Anomalistic month  27.554 550 Speed of light ¢ = 299 792 458 m/s
Nodical month 27.212 9221 Constant of gravitation G =6672x 1071 m? kgt 572 ;
Tropical month 27.321 582 Caussian gravitational constant k = 0.017 202 09895
Geocentric gravitational constant 3.986 005 x 10" m3 572
Obliquity of the ecliptic at epoch 2000 23°26'217448
Constant of nutation at epoch 2000 9".2025
Orbit Constant of precession: at epoch 2000  5029”.0066
Mean distance from the Earth 384400 km Constant of aberration 20" .47
or 0.002570 AU Number of ephemeris seconds
Inclination to the ecliptic 529’ in one tropical year {1900) 31 556 925.9747
Inclination of lunar eguator to the ecliptic 1°32
FEccentricity 0.05450

Period of the node 18.60 tropical years
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.8 Miscellaneous Data

1 foot

1 mile

1 nautical mile

Seconds in a day

Seconds in a tropical vear
1 mile/hour

e

T

1 radian
1 o

Appendix €. Numerical Values

= 30,4800 cm

= 1.609 344 km

= 6030 ft = 1.853 km

= 86 400

= 3.155 6026 x 107

= 44.704 cm/sec

= 1.4667 fi/sec

= 2.7182 8182 8458 0452 3536. ..
= 3.1413 9265 3588 7932 3846 . ..
= 57°.295 7795...

= 0.017 453 2925 ... radian

Appendix D

MISCELLANEQUS EXPANSIONS IN
SERIES

D.1 [ and g Series

f=1-}0 + o7 + 550(3w — 20 — 1572 — Lor(3w — 20 — Tro)°
+ris0{(630w — 4200 — 9457%)7% — (220° — 660w + 45w”)}2% 4 - -
g=t—tot’ + lort' + Fo(%w — 80 - 457%)t°
—dor{bw — 50 — 14T9)% + - -

where

D.2 Elliptic Motion

E=M14+2 Z EJn(ne) sin nd
n

n=1
cos B = —Ee +2 i EJ" {ne)cosnd
2 n n
sin ¥ = 2 i EJ" {ne)sinnAd
efn "
siny = 2y/1— €2 Z Jn{nelsin nM
n=1

_ 2y =
cosu = —e+ 2—(—1——62 Z Jni{ne)cosndd
€
n=1
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438 Appendix D. MISCELLANEOUS EXPANSIONS IN SERIES

v—M={2— Lef)sin M + (5% — Le*)sin2M +

13,3 - .
e sin3M + %?64 sin 4 +---

The J, and J!, are Bessel functions. The first few are given by

Jife) = ze(l — 3€° + g5 — goge® + - ),
J2(2e) = Le?(1 - %32 + 51?34 - 3%036 4+,
J3e) = 51 - 54 St ),
Jifde) = 2et(1 = 2P + At .,

Ts(5e) = B (1~ B+ et — ),

1
2
L
2

768 24 1344
Jafoe) = Be’(1 - 36 + Shet =),

and

(€)= 31— 36+ e’ — ol 410,
B(2e) = Je(1 - 2 + he? - et -0,
{Be) = HeS(1 - B+ 1Bet— ),

Ji{ée) = §e3(} — %‘92 + %34 — .. .),
Ti5e) = SEeM(1 - Bt 4 Theh ),
Jg{6e) = %e"’( — 17—232 + %64 — )

In general,

_efne -1 1 n2e2 4.4
J“(ne)_2(2> (n—i}!{1_2—(2n-€—2)+2-4-(2nn+62}(2n+4}_'”}’

and

; 1 sneyn—l 1 n+2 nle?
Jiine)=-{— 1-—
(ne) 2(2) {n—l)!{ n 2{2n+2)

nt4 niet
n 2.4-(2n+2)2n+4)

_ The power series for the Bessel functions converge for all values of e. But
if t‘he series for guantities in elliptic motion are expressed explicitly as power
series in e, then they converge for |e| < 0.6627434... See Ref. 26.

Appendix E

The Solution of Linear Systems

Two programs are listed here. One is for solving the system Az = b, assum-
ing n equations for n unknowns, and the other is for inverting the matrix A
These are required particularly in connection with the improvement of orbits.
The programs use Gaussian elimination with partial pivoting. Here the elimina-
tion takes place starting with the leftmost column and moving systematically
$o the right, but the row that contains the pivot is chosen by the program.
First, the largest number {in absolute value} in each row of A is found, and this
provides a weight for the row. Each possible candidate for a pivot is divided
by the weight for its row; the pivot chosen is that with the largest resulting
rumber. The program for inversion is wasteful of storage space, but is, I hope,
clear. The final product of the pivots gives the value of the determinant of A.
If at any stage of the program the product of the pivots used so far becomes
less (in absolute value) than a small number, which the operator provides, then
the system is declared to be ill-conditioned, and execution stops.

10 CLS

20 PRINT * THE PROGRAM SOLVES 4 LINEAR SYSTEN OF ¥ EQUATIGNS.”
30 PRINT “E CAN BE AS LARGE AS 8, OR GREATER IF THE DIKENSIOES”
40 PRINT YARE CHANGED.™

50 PRINT * THE SYSTEM IS 4X = B, WITHE X TEE YECTOR OF"

60 PRINT “UNKNOWNS. THE COMPONENTS OF 4 AND B SHOULD BE

70 PRINT “ENTERED BY COLUMN INTC A DATA STATEMENT. IR THE"

80 PRINT "PROGRAY, B(E) IS LOCATED IN A(K,N+1)."

SC PRINT "  THE PROGRAM USES GAUSSIAN ELIAINATIOR WITH PARTIALY
100 PRINT “PIVOTING. IT ALSO CALCULATES THE ABSOLUTE YALUE OFY
£40 PRINT "THE DETERMINANT. IF AT AWY STAGE THE ABSOLUTE VALUEY
120 PRINT "'OF THE FRODUCT OF THE PIVOTS IS SMALLER TiAN & NUMBER'
130 PRINT "EPS, TG BE ENTERED BY THE OPERATGR, THE PROGRAN WILL"
140 PRINT "END." : PRINT

16¢ PRINT ¢ PRESS & KEY TD CONTINUE.”

160 A$ = INKEYS : IF A% = = THEW 160

170 PRINT : PRINT HOY EXTER THE DAT& &5:* : PRINT : PRINT
180 PRINT 1000 DATA ¥, EPS, &{1,1), 4(2,1},..., A(N,1},"

190 PRINT "a(1,2),..., A(H,2), &4(1,3),..., &(¥-1,¥}, &(N,N},"
200 PRIKT “B(1},..., B(®"¥
210 PRINT “USE EXTRA DATA STATEMENT LINES AS NECESSARY.V
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440

220 PRINT : PRINT :

230 PRINT "THEW ENTER ’GOTC 250°, AWD HIT ’RETUR¥’.™ : PRINT
240 END

258G DEFDBL &4-H,0-Z : DEFINT I-¥

26¢ DIX 4(6,7), ¥W(6}, X{(8), L{)

270 REE L IS 4 YECTOR TEAT XEEPS TRACK OF THE

280 REM LOCATIONS OF THE PIVOTS.

290 READ ¥, EFS

300
310
320
330
340
350
380
370
380
390
400
410
420
430
440
450
460
470
480
450
500
531G
520
530
540
550
E60
7%
580
580
800
8190
620
630
540
650
650
870
880
89¢
700
Ti0
720
730
740
750
750
770
780

D = 1# : RE¥ D WILL EVENTUALLY BECOME THE DETERMINANT
FOR I = 1 TO ¥ + 1
FORI=1T0X
READ A(I, DD
¥EXT I
NEXT J
REH I LINES 370 TO 440 THE WEIGHTS, W(I), ARE FOUND.
FOR I =1TC N
(i) =1
W(I) = iBS{a{I,1})
FORJI=210X
IF W(I) > 4BS{A(3I,J}) THEN 430
W{I) = ABS(A{I,TM
NEXT J
NEXT I
REX ¥OW START THE L4RGE LOGP FOR SUCCESSIVE ELIEINATIONS.
FORX =1 T0C N -1
BEM SELECT AND IDENTI¥FY THE PIVOT.
REY J DEFINES THE PIVOT ROW.
RM = Of
FORI=XTD ¥
R = ABS{ACL{I),X0/9(L{Z))
IF R < RE THEXN 550
J=1I
RE =1
¥EIT I
LT = L{3) : L{3} = L{X} : L{X) = T
D = D*A{LT,K)
IF 4BS(D)<EPS THEX 830
REM PERFORX THE ELIMINATION.
PFORI=X+1T0N
PF = A(L(1),K)/4(LT,X)
FOR J =X + 1 TON + 1
&(L{I},33 = &{L(I),3) - PF*&{LT,J)
HEXT J
HEIT I
¥EIT K
D = D=A(L{¥),F)
PRINT “THE 4BSOLUTE VALUE OF THE DETEREINANT IS " ; 4BS(D)
IF iBS(D)<EPS THEX 830
REN BACK SUBSTITUTICH.
I(E) = A(L(E),¥ + 1)/80LL0, 10 _
FORI=1To N -1
IT = 4{L(¥ - I),% + %)
FOR IJ=X-1I+ £ TOFW
IT = ZT - &(L{¥ - I},I)=X(L{I1)}
HEXT J
Z(L{¥ - I3} = XT/3(L(® - I},¥ - I}
¥EIT I

Appendix E. The Solution of Linear Systems

790
800
810
820
830
840
850

FOR I =1T0X

PRINT "X("; I ;") = * ; X{L{3IN
HEXT I
ERD
PRINT "THE SYSTEM IS ILL-COHDITIOHED, AND EXECUTIOE"

PRINT "EAS EXDED."
END

1000 DATA 3,0.001,%,1,2,1,-1,1,1,1,-1,3,1,3

10 €15

20 PRINT *  THIS PROGRAM INVERTS AN HE-BY-N HATRIX A. ¥ CAE
30 PRINT “EE A4S LARGE &S5 6, OR GREATER, IF THE DIMENSICHES"
40 PRINT “CHANGED. THE IEVERSE HATRIX IS B." : PRIET

50 PRINT ¥  THE PROGRAY USES GAUSSIAN ELTMIRATION WITE

60 PRINT “PARTIAL PIVOTING. IT ALSO CALCULATES THE ABSOLUTE"
70 PRINT “VALUE OF THE DETERMIEANT. IF, 4T ANY STAGE THEY
80 PRINT “ABSCLUTE VALUE OF THE PRODUCT OF THE PIVOTS IS"
90 PRINT “SEALLER TEAN A FUHBER EPS, 70O BE ENTERED BY THE"

100
ii0
120
130
140
150
160
170
i80
130
200
210
220
230
240
250
260
270
280
290
300
31¢
320
33¢
34C
350
360
37¢
380
390
£00
£50
455
420

PRINT “OPERATOR, THEW TEE PROGRAE WILL END.™: PRINT
PRINT ¥ PRESS 4 XEY TC CO¥TINUE."

% = IHNXEY$ : IF A% = " THEN 120

PRINT : PRINT ¥  HOW ENTER THE DATA AS: : PRINT : PRINT
PRINT 2000 DATA N, EPS, A(1,1), a(2,1},..., a(¥,1),”

PRINT *4(1,2),..., A(¥,2), A{1,3),..., A(E=-1,0), A(H, H)”

PRINT

PRINT “USE EXTRA DATA STATENENT LIWES IF NECESSARY.™

PRINT

PRINT * NOTE THAT THE ELEHENTS OF 4 ARE ENTERED BY COLUHW.*
PRINT

PRINT *  THEY ENTER "GOTO 240’, AND HIT °RETURN’.Y : PRINT
PRINT “USE MORE DATA STATEMENTS IF XECESSARY." : PRI¥T

EED

DEFDBL &-K, 0-Z : DEFINT I-¥

DIM &(6,12), B{6,6), ¥W(8), X(6), L{6)
REM L IS 4 YVECTOR THAT XEEPS TR4CE OF THE
REM LOCATIONS OF THE PIVOTS.
READ ¥, EPS
D = 1 : RE D WILL EVENTUDALLY BECOME THE DETERMINAXT OF 4.
FORJI=1TOW
FORI=1T0H
RE&D A{TI,J)
401,31 ¢+ ¥) = 0%
KEXT I
43,3 + ¥) = 18
¥EIT J
RE¥ I¥ LIEES 380 TO 440 THE WEIGHTS, W(I)}, ARE FOUXD.
FORI=1T0 ¥
D I
¥{I) = aBS(a(I,1))
FOR I =2T0 ¥

IF 9(I) > aBS{A(I,J)} THEW 430
¥(Iy = aBS{a(1,33}
KEIT J
HEXT I

REX ¥OW START THE LARGE LOOP FOR SUCCESSIVE
REHM ELTHRIEATIOES.
FORK =31 TON-1
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480 REF SELECT AWD IDEWTIFY THE PIVOT.
450 REX J DEFINES THE PIVOT ROW.

500 RH = 0%

510 FORI =X T0 X

520 R = ABS{A{L{I},RI)/W{(L(1))
530 IF R < RN THEN 589

B4C IJ=1

550 RH =R

560 NEXT I

570 LT = L{3) : L{J) = L(K) : L(X) = LT

580 D = D=4(1T,X) : IF 4BS{D} < EPS THEN 980
590 AEM¥ PERFORM TEE ELIHINATICE

200 FORI=K+:TOX

610 PF = 8(L(I},X3/A{LT,X)

620 FORJ =K+ 1 TOK¥ + §

630 8(L(1),3) = A4(L(1),7) - PP=A(LT,])
640 NEIT J

650  NEIT I

660 ¥EXT X

670 D = D=A(L{N), DD

680 PRINT “THE ABSOLUTE VALUE OF THE DETERET¥ANT"
680 PRINT “IS “ ; ARS(D)

700 IF ABS{D) < EPS THEN 080

710 REM BACX SUBSTITUTION

T20FOR I =¥+ 1 TO N + ¥

730 A(LCN3,3) = LW, I3/8(L000, M)

740 NEXT J
750 FORI =1 TO N - 1

760 FORJ =N+ 1{T0 N + ¥

770 XT = 4(L{¥ - I),0)

780 FOREK=X¥-I+:1T0H

790 IT = IT - &(L{¥ - I}, 0#a(L{¥KJ. D)
800 ¥EXT ¥

810 A(L(¥ - I},7) = ET/a(L(¥ - I),¥ - T}
820 NEXT J

830 ¥EXT I

840G REH REARRAWGE AND PUT THE INVERSE I¥TO B.
85C FOR J = 1 T0 ¥
BE0 FORI =110 X

870 B{I,I) = a{L{I},T + N}

880 NEXT I

850 ¥EXT J

900 PRINT : PRINT "COMPONENTS OF THEE INVERSE NATHIX:"
910 PRIFT

920 FOR I = 1 TO ¥
930 FORJ=17TON
g44 PRINT HB(H [ SR L L S = 11
i H ="; B
950  NEXT J ' | ’ o
950 WEXT I
970 EXD -
98¢ PRINT “THE SYSTEM IS ILL-CONDITIGNED, AFD EXECUTION"
990 PRINT "HAS ENDED.®
1000 EXD
2000 DATA 3 ,.0001,1,1,2,1,-1,1,1,1,-1,3,1,3

Appendix F

The Generation on the Computer of
Gaussian Deviates

Functions that generate sample values of a rectanguiar probability distri-
bution (usually, one where all numbers between 0 and 1 are equally probable)
are routinely available in computer software. In order to model errors of ob-
servation, it is necessary to generate sample values of a Gaussian (or normal)
distribution: these sample values are called Gaussian deviates. Gauss was able
to deduce the distribution theoretically for errors of observation under the hy-
pothesis that an error is formed by the simple addition of a large number of
small independent elementary errors. In the program that follows, just twelve
sample values of a rectangular distribution are added. The output, B¥, is a
sample value of the Gaussian distribution with r.n.s. value S, and mean value
(usually assumed to be zero for observational errors} M. The syntax is IBM

BASIC.

10 RANDOMIZE

20 RV = 0

30 FOR I = 1 TO 12

40 RV = RND + RV

50 NEXT I

60 RV = (RV - 6)#3 + M
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Appendix G

Some Orbits of Comets and Minor
Planets

The following elements of cometary orbits are taken, with permission, from
the Catalogue of Cometary Orbits prepared by B. G. Marsden (Ref. 71). The
selection covers comets appearing over an interval of about two years.

T g €
w EY) i
1980 I P/Honda-Mrkos- 80 Apr. 11.0730 0.580608 0.808623
Pajdusakova 1846326 232.9286 13.1184
{Seki-Halliday)
1980 II Torres _ 80 Apr. 19.8741 2.583929 1.0
334.8775 278.8228 73.1449
1080 III P/Russell 2 80 May 15.5368 2.160579 0.416249
245.4411 44.4534 12.5313
1980 IV Cernis- 80 June 22.440% 0.523249 1.0
Petrauskas 3378154 156.9282 49.073%
1980 V P/Lovas 80 Sept. 3.4400 1.675682 0.614520
72.5699 342.3256 12,2928
1980 VI P/Forbes 80 Sept. 25.3200 1.478871 §.564061
{Schuster) 262.5588 23.0013 4.6656
1980 VII P/Wild 3 80 Oct. 5.1804 2.287518 0.368027
179.3317 72.0479 15.4612
1980 VIII P/Reinmuth 1 80 Oct. 29.7420 1.981564 0.487103
{Schwartz-Shao) 9.4624 121.1063 8.3060
1980 IX P/Brooks 2 80 Nov. 25.3926 1.840711 (.489786
{Schuster) 198.2213 176.2361 5.5464
1980 X P/Stephan-Oterma 80 Dec. 5.1675 1.574368 0.860000
{Schuster) 358.1610 78.5122 17.9809
1980 XI P/Encke : 80 Dec. 6.5768 0.33993¢% (.846763
185.9827 334.1956 11.9460
1980 XII Meier 80 Dec. 9.6500 1.519550 0.094657
87.9642 24.7375 100.9806
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Apperdix G. Some Orbits of Comets and Miner Planets
T g e
] Q i
1980 XIII P/Tuttle 80 Dec. 14.70534 1.014637 0.822575
{Shao-Schwartz) 206.8524 260.8811 54.4622
1980 XIV P/Harrington 80 Dec.24.0188 1.604534 $.555719
{Jekabsons) 233.0384 118.58527 8.6516
1980 XV Bradfield 80 Dec. 29.5417 0.259823 0.599725
358.2853 1146465 138.5882
1980u Panther 81 Jan., 27.3230 1.657271 0.658974
105.6034 331.2992 82.6419
1980n P/Reinmuth 2 81 Jan. 29.9495 1.945857 0.4545140
{Jekabsons) 45.4068 206.0492 6.9692
19801 P/Borrelly 81 Feb. 20.0296 1.319246 0.631488
{Schuster} 352.7716 75.0577 30.2008
198061 Russeil 81 Mar. 6.3428 2.110704 1.0
2072715 232.0736 128.7049
1978k P/Schwassmann- 81 Mar. 17.0384 2.135006 0.386707
Wachmann 2 357.4504 125.9424 3.7208
{Schwartz)
1981g Gonzalez 81 Mar. 25.6618 2.333601 0.999395
181.6112 143.2700 167.1522
1980 r P/West-Kohoutek- 81 Apr. 12.4548 1.400759 0.581428
Tkemura 358.1260 84 6087 30.0662
{Schuster)
1980j P /Kohoutek 81 Apr. 17.6601 1.570647 (.536631
{Schuster) 166.9183 273.1213 5.4163
1581k P/Howell 81 May 4.3582 1.6315309 9.507452
214.608% 75.3536 5.5685
1681b P/Bus 81 June 11.3564 2.182572 0.374744
24.64486 181.5278 2.5783
1981e P/Finlay 81 June 20.0008 1.1006927 {.6098421
(Jei(a.?)sons—Candy} 322.1293 41.8014 3.6425
1981d Bus 81 July 30.7018 2.458484 1.9
189.8163 23.5536 160.6597
1681¢ Elias 81 Aug. 18.2130 4.742492 1.000586
310.2393 176.0068 115.3169
1981a P/Longmore 81 Oct. 215652 2.399619 0.342922
{Seki) 185.9250 15.0088 24.4131
19811 P /Gehrels 2 81 Nov. 18.6674 2.361641 (.408480
{Cochran) 183.4639 215.5340 6.6627
19811 P/Slaughter- 81 Nov. 18,9049 2.544226 0.503950
Burnham 44.1667 345.5342 8.1531

{Schwartz-Shao)
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7 q €
. @ & i
1081j P/8wifi-GGehrels 81 Nov. 27.2669 1.361128 0.691201
{Shao-Schwartz) 84.5408 314.0339 9.2422
1981h P/Kearns/Kwee 81 Nov. 30.5416 2.223542 0.485531
(Sheffer) 131.3808 315.2621 8.9855
1980b Bowell 82 Mar. 12.3120 3.363815 1.057196
134.8791 114.0676 1.6651
1982¢c Pfdu Toit- 82 Mar. 30.4450 1.194664 0.601961
Hartley 251.6724 308.5845 2.0385
1982a P /Grigg- 83 May 14.9927 $.986245 0.665681
Skjellerup 3593282 212.6324 21.1366
19811 P/Vaisala 1 82 July 30.6291 1.789860 0.633417
{Gibson) 47.9336 1345116 11.6069
1982 P/d’Arrest 82 Sept. 14.3114 1.201086 0.624811
{Gibson-Everhart) 176.9682 138.8598 19.4301
1982 P/Gunn 82 Nov. 26.8618 2.45914% 0.316361
196.9829 67.8849 10.3822
1982d P/Tempel 2 83 June 1.5355 1.381404 0.544893
{Gibson) 190.9220 119.1579 12.4375

Of those listed, the periodic comets Reinmuth 2, 1980n, and Gunn 1982 are
particularly notable as having orbits that are, at times, strongly perturbed. by
Jupiter. You might find it of interest to investigate their orl.)its by numerical
integration over several hundred years (forward and back in time). Some other
comets with strongly perfurbed orbits are:

T g £
w & ]
1638 IV P/Oterma 58 June 10.5008 3.387823 0.144488
354.8724 155.1093 3.9922
1965 VII P/de Vico- 65 Aug. 23.2445 1.624298 0.524494
Swift 325.3516 24.4216 3.6064
1977 VII P/Gehrels 3 77 Apr. 32.2189 3.42433% 0.151873
231.4802 242 5502 1.1613
1878 VIII P/Whipple 78 Mar. 27.5360 2.468633 $.352245
189.9764 188.3387 10,2461

Finally, here are some elements of Halley’s comet for its most recent appear-
ance. These were supplied by L. E. Doggett in April, 1986.

T q €
w L§ i
19821 P/Halley 86 Feb. 5.43895 0.5871122 0.9672788
111.84618 58.14404

162.23857
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For further information see “Long-term Fvolution of Short-period Comets,”
Ref. 75.

The following micor planet elements are taken, with permission, from the
Astronomical Almanaes of 1985 and 1986. Angles are in degrees.

Appendix H

(Equinox J20000) 3 0 w The Greek Alphabet
a € Mg
T Ceres 10605  80.708  72.584
27672  0.0784 28.881
2 Pallas 34795 173.346  309.909 Sign Sign
927720 0.2337 334.504 Name  Capital Small Name  Capital Small
3 Juno 12.008  170.577 246.807 Alpha A a  Nu N v
2.6677  0.2580 203.843 Beta B 8 Xi = ¢
1 Vesta 7138 1040690 150.792 Gamma T ¥  Omicron O o
2.3625  0.0897 76.694 Delta 3 é g&} g Tor
333 Eros 10.832 304406 178510 Epsilon core Rho por &
0 70 Zeta Z ¢ Sigma % gorg
1.4582 2929 170.451 - p Y Tan T .
1566 Icarus 22.806  §8.105  31.18% Theta 6  Bord Upsilon T v
10779  0.8268  72.001 Iota 7 .,  Ph 3  dory
3415 Danby™ 1355 253.838  137.856 Kappa K % Chi X X
39680  0.2480 101.805 Lambda A XA Ps ¥ W
Mu M i Omega Q w

*Mean anomaly at 1986 June 19.0, with the exception of Pallas, for which the
epoch is 1985 December 1.0.

**Minor planet 3415 was discovered in 1928 by K. Reinmuth. ¥ was named
after the author in 1986. The name also is for his daughter, Dinah, who was an
assiducus worker at the Smithsonian Astrophysical Observatory while she was
an undergraduate at Harvard.
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Appendix 1

Random Variables, and Least Squares

Let ¢ represent a random variable or wariate. This might be the error of a
particular observation (range-rate, for instance) made by a particular instru-
ment.

Let z represent a sample value of (.

The sample space of { is the set of all possible sample values; here, we shall
take it to be —oo < z < 0.

The probability distribution function of C is

Fe(z)=Pr[{’; ' < 2]]

i.e., “the probability that a sample point 2’ has a value less than or equal to &
specified number 2.” In particular, F(—occ) =0, and F {co} = 1. (A probablility
of 1 stands for certainty.)

Assuming F¢(z) to be differentiable, the probablility density function of  is

oc(2) = gFé_z(zl

From the fundamental theorem of calculus we have
Fg(z) = f éc(z’)dz".

Then also
bc(2)dz = Pri{a; = < 2’ < z+dz}],

i.e., the probablity that a sample point 2’ lies in the interval z < ' < z+dz
Also

[ ot = Priger b < 2 < o
&
In particular,

f  belsde = 1. (L1)

—C0
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The ezpected value {or first moment or statistical average) of ( is

5= [ i) (12)
This is the bias of (, often referred to as systematic error. The variate is
said to be unbiased il Eld] = 0.
Knowledge of the “spread” of the probability density is given by the second
moment 0T vaIiance:

o* = B¢~ B = [ - BOPoc()e (L3)

& is called the root mean square deviation.

The phrase “the expected value of...,” or its corresponding symbolic rep-
resentation, &[...], can be considered as an operator. If f(() is a non-random
function, then its expected value is defined to be

Q)= [ 16l (14

A fanction of a random variable is itself a random variable. In particular, since
observations are random variables, so are the parameters that are estimated
through the use of the observations.

The normal distribution is defined by

$clz) = \/zl_m exp (.,%(Z_‘h;@_)) (15)

Then E[(] = zp, and o = h%. Of the two parameters h and zp, & is taken to be
strictly positive. The factor preceding the exponential is calculated so that (L.1)
should be true. For large 4 the distribution has a relatively low maximum, and
a wide spread; for small A the distribution falls off sharply form the maximum.

The normal distribution is often called the Gaussian distribuiion, and the
corresponding variate ( is a Gaussian variate. 1t dates back to its invention
by de Moivre, in 1733, but acquired its present importance in the hands of
Gauss iz 1809. Gauss deduced the distribution theoretically for errors under the
hypothesis that an error is formed by the simple addition of small independent
elemnentary errors; these elementary errors are of the same order of magnitude
and are as likely to be positive as negative.

Next, consider two random variables 5 and (, with sample values y and z,
respectively. The joint probabilify function is

Focly, 2) = Pri{y’, 2y <y, 2 < 2]
i.e., the probablility that sample values ¥ and 2z’ satisfy both ¢’ < yand 2’ <z
for specified y and z. The joint density function is
. 82FHC(y= Z)
Sydz

¢nc(y, Z) =
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assuming that all necessary derivatives exist.
The first moments are

sy = Eln} = [0 [50, ybac(y, 2)dy dz
and (L6)
ue = El(} = ffom ffooe 2nc(y, z)dydz.

Second moments are

(L7)

If the variates are independent, so that we can write

é’n{(ya z) = éﬁ{y) ¢C{z}s

then the variates are called statistically independent. In this case, jipc =3
Correlation between 7 and ( is specified by the number

_ _Hal (1.8}
Oy 0¢
called the linear correlation coefficient. If the variates are statistically indepen-

dent, p = 0; if they are linearly related, then p = £1. o
The normal distribution can be generalized for a bivariate distribution in

terms of its first and second moments as follows.
Let )
= |%n Hi } _ (L9)
@ L—LT;C GE

This is called the covariance matric of the distribution. Then we can write

i _ _
buclyh 2) = m exp (—gi?; —pn 2= p@7 [Z _ izD . {11

i) is the determinant of (. N .
This form is convenient for the generalization to any number of joint variates.

Let ¢ denote a colurnn matrix, or vector, having components CiiCay- -+ ln- The
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probablility density function is a scalar function QSC{z), 7 now being a vector.
The expected value of z is a vector having as its i-th component

ElG] =[o [o 2bc(2)dz dza .. . dzn,

so the whole vector can be conveniently written as

Bi] = f " 26, da. (L11)

A typical second order moment is

#ij = E[{G — EIGD{G — EIGD]
so that all the second moments are contained in the symmetric matrix
@ = E[¢ — Bl - EKDT), (112)
which is the covariance matriz of the distribution. It has elements p;;, where

i = 07
The correlation matriz has typical element

5= 113
Pij . (1.13)

The normal distribuiion in this case is

400 = e (-3 BOQ @B ). (119

Now consider the problem of estimating the m components of X, the pa-
rameters specifying an orbit, from the n components of Y, the observations.
Given X, observations free of error can be found from

Y, = Y(X). (1.15)

Let ¢ be the variate denocting the observational error, having a normal distri-
bution without bias:

, 1 1o
$¢(z) = GG P <—§ZTQ 1z> i (1.16)

Making an estimate of X is equivalent to estimating the error of Y. The
Ekelihood of a given estimate X is

L) = iz @ (~5l0¥e = Yo Q7 Yo~ Yo(X))) . (117
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where Y, contains the actual observations. The “best” estimate of X is that
which maximizes the likelihood. In the present case, this is equavelent to mini-
mizing the variance, or the argument of the exponential. Let the vector operator

Vx be defined by

8/8X:
Vx = B/é?Xz
8/6Xm
Then for Z{X) to have a maximum at X = X", it is necessary that
T
(vx [Y{X}] QY. - YC(X)DX =0 (118)
This equation is solved through lineariation, as in section (7.5). We let
¥y =Y, Y(X). {L.19)
Also - /60X,
VR [Yo(X)T = 6/‘?‘}{2 [¥3(X) V3(X) ... Ya(X)]
| 8/0X
C 9V, /0X, 8o/0Xy - - - DYnjOXy (1.20)

Y, ]0Xy 3/0Xs - - - Yo [OX2

—JT,
where .J is the Jacobian matrix J = [8Y/0X]. Alsc
Y, — YC{X*) =Y,— YC{X + X*)

=Y, - {Y(X)+ Ix"+ -} (1.21)
3 stv

where terms of order {x*)? are neglected. Then the linearized form of {1.18)

becornes
JTQ Ny - Jx")y=0

or

Jro-tix* =J%Qy. {1.22)

These are the rnormal eguafions
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The best estimate 2* is found from the solution of (F.22), ie,,
x* = (J1Q 1)1 ITQ "y = By, (1.23)
where B is a linear estimator. X Is a sample value of a random variable €. To

judge the vsefulness of an estimate, we need its statistics, and in particular we
need the covaniance matrix of &:

P=Eled"]

B{(BO(B)']
- BE [ch} BT
= BQBT

= (JTQr )™ (1.24)

Appendix J

Notes on Hamiltonian Mechanics

For further details see Refs. 22, 26, and 27 for excellent introductory mate-
rial and Ref. 19 for applications.

J.1 Elements of Lagrangian Mechanics

In this introductory summary we consider mechanical systems in which the
forces can be derived from a potential. A system can be specified by a set of
“generalized coordinates.” For instance, a rigid body requires six coordinates,
three for the location of its center of mass and three for its orientation. These
may be written as conventional coordinates, or specified by the set g1, g2+, ¢n
of generalized coordinates. The system is then said to bave n degrees of freedom.
These are assumed to be independent; we ignore the possibility of constraints,
i.e., relations between the coordinates.

We can then write down an expression for the kinetic energy, T, in terms
of these coordinates and their derivatives. For a single particle of mass m, in
three dimensions,

Lo, 5 s
T=q1, Y =gz, =G5 =§m(z2—i—y2+z2).
Or, using the spherical polar coordinates of section (5.6},
r= qhg = qQ7¢ = g3;

i o :
T = §m(i'2 + r20% + r% cos® 667). {1.1.1)

We assume that the dynamical system can be analyzed in terms of a system
of masses, using, at first, Cartesian coordinates. Let each of these coordinates
be expressed in terms of the generalized coordinates g1,92, <5 n; and possibly
the time . Then 7

de ., &z &z, oz

E=$=E-§-5{£Q}.+"'+5§ngm
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so that
oz _ 52
gk Ogx
Therefore,
d {1 8z d (. 0z dz oF
7 (ond) =mia (i6) =X rmegyes 012

where X is the z-component of force acting on m. Now

1
=52 m{E+it+ 4.

So, adding all equations like {J.1.2) for all particles and all coordinates,

d {37 ) ( 33} Oz aT
—l == E X— —
di (aQic Ot +¥ qu + Zaqk) + dgr’ (3.1.3)

Suppose that the forces arise from a potential V. Then
Z(Xdz +Ydy+ Zdz) = —
Then the right hand side of (J.1.3) can be written as

HT -V)
Sar, ’

Now define the “Lagrangian”, or “Lagrangian function”
L=T-V (1.1.4)

We then have the set of Lagrangian equations
oL 9L
(8%)—‘%:0, E=1,2, -, n {11.5)
It L does not contain the time explicitly, then we have the integral
qu— - L=h (3.1.6)
This can also be written as T+ V = #; so k is the total energy.

4.2 Hamiiton’s Equations

Define the “monenta”

pe= oo (3.2.1)
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From Lagrange’s equations,

Dr = P (1.2.2)
Provided that the Hessian |52 4 3 § # 0, the equations {J.2.1) can be solved for
the gi in terms of the coorémates and monenta. Now define the “Hamiitonian”

H(g, ~+) Gny P1s *** Py qu_ - L, (J.2.3)

where we assume that the substitution for the gx has been made.
Consider L geometrically in terms of the coordinates and momenta, we can
write down the two differential forms:

dI. = Z dq,'k—i-za dde,

and
d (Z ékg—i) ZdePk + Z —dq;c

Then, using (J.2.2), we find

dH =Y (grdpr — Drdar)- (1.2.4)
From this, it follows that
aH AH
k= Phk=—75 k=12 125
I Fpe Pr éqk ( }

These are Hamilton’s equations of motion, often called “canonical equations.”
If H does not contain the time explicitly, then

H=h

a constant: I is the total energy.
If z is the column vector z = [g1 go -+ - ¢n P1 P2~ -pa)?,

[ 0. I
7=\ On]’ (3.2.6)

i 85/3.’171
8H/8.’L‘2

P BH/’&L-%

then the canonical equations can be written as

C E=JH. (3.2.7)
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Suppose that we have a time-dependent Harmiltonian
H{gi, -+, Gn, D1y == Py B)-
Tt gny: = 2, and define
K{gi, - -, Gns o1y P1s **7 s Prs Pat1) = H + g {3.2.8)

"The cancnical equations for the Hamiltonian X contain those for the Hamil-
‘tonian H. This means that results valid for time-independent {conservative}
Hamiltonians can be easily generalized to time-dependent Hamiltonians.

J.3 Canonical Transformations
Suppose that a transformation from z to y is given by
yk=yk($1,$2:”'7$2n)a 9’6:1, 27 Tty 2n. (3-31}

Here we shall assume that all functions have continuous second derivatives in
the region of interest. For this transformation we have the Jacoblan matrix:

Bu .. B

ay 8z, ETT™
M=""= (1.3.2)

By Br2n

¥ at some point the Jacobian [A{| # 0, then in the neighborhood of that point
equations {J.3.1) can be inverted uniquely, giving

2 = zp{y1, Yo, l2m), £=1,2,--, 2n. {1.3.3)

The Jacobian matrix of this transformation is M1, .

Consider a transformation from (g, p) to (¢, P), with Jaccbian non-Z6T0
at all points in a given region, so that the transformation is invertible in that
region. This transformation is said to be canonical if for every Haniltonian
function H(q,p,?) there exists another function K (@, P,t) such that the trans-
formation carries the canonical equations

o oOH

o= o = k=1, 2, 3.4

Gk 3133:’ Pk aqk 127 ; 1 (J3 )
into oK ek

Qk:ﬁ’ sz_a%Q};’k:l, 2,-",’!3. (J35}

Wintner (Ref. 44) pp. 22-26, proves the following theorem: This transfor-
mation is canonical if and only if

MTJM =pd - {1.3.6)

-
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for p £ 0. M is the Jacobian matrix of the transformation and J is defined in
{].2.6). p is called the “multiplier” of the transformation, the possibility that
g # 1 is ignored in most textbooks.

If (1.3.6) is satisfied with u = 1, then M is said to be symplectic. We shall
show that MTJA = J is a sufficient condition for the transformation to be

canonical. Let o
_ 19 _
£ LD] and y = {P}
GH

oK
- . Yar T_
=Mz and B:r_M 3y

or the new Hamiltonian is the same as the old. (We continue to work with
time-independent Hamiltonians.) Then, since z = JH,,

Then
, where K(y) = Hz(y),

j=MJH, = MIMTK, = JK,

since J is symplectic. This is what we had to show.

A condition for a canonical transformation is sometimes given in terms of
Lagrange brackets or Poisson brackets. First, we comment that if M is sym-
plectic, then so is M ™! = 8z/8y. Then

9 9g 1" 8 g

N 9Q 6P| [0Oa L] 8Q 0P
=(5) (&)= |

%) “\%/ lop dp| |-I,0.|| D0 Op

oG oP 8Q OFP

5 (aq_m%_apmaq_m) T (?ggap_m_%%)
3Q; 9Q,  9Q; 0Qx 8Q; 8P,  0Q; 0P

m=1 mm=1

(84 Ipm _ Op 6Qm> - (&;m% Bpm%}
1 3

8P; 80r  OP; 0« 8P; 0P, OP; 8P

m=1

m=

{ng'a Qx1 Q5 Pk}}
P04 (PLE ]

This is the Lagrange matrix, and its components are Lagrange brackets. Its
inverse is the Poisson matrix. A sufficient condition for a canonical transfor-
mation is, therefore,

EQ}':Q?C} = ER?}PJ‘!} = O‘TH IQ37PL'} = zﬂ.a [Pqukj = —In, .7 k‘,: 1127"':?2-
(3.3.7)
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Next, consider the differential form

ke

S (prdg — PedQy), (1.3.8)

k=1

" and express it in terms of {J; and P. It becomes

> (pk(cz, P) (Z (pcaa; + g%dp)) - a@)
F) 3

k=1 F=1
S . 54;‘1:) ( L 7 ) )
= Po—1dP + P =P d@; | =K.
j; ((; or; ) 7 ; aQ; )

It is a long piece of work, but it is possible to show that the conditions that K
be an exact differential form are all met using the properties of the Lagrange
brackets given in (J.3.7). Consequently the transformation is canonical if and
only if there is a function W(Q, P} whose total drivative is K.

J.4 Canonical Transformations Defined by Functions

Let us start with a function 5{g, Q) where the arguments are the old and
new coordinates in a mapping from {g, p} to {@, P). § is assumed to have
continuous second derivatives. Then

“. (88 58
ds = —dgr + —d ) . 4.
; ( Bacd0e + 500k |- (7.4.1)
Let the mapping be defined by the relations
a5 08
=—— Po=-— k=12, -+, n. 4.
P Bg L * 30 n (1.4.2)

This procedure guarantees that the differential form

K = z (predg — PedQr) {J.4.3)

k=1

in exact, so that the transformation is canonical. (We also need a condition
that the equations {J.4.2) can be solved for g and p in terms of ¢ and F. This
is the case if

g8

40
53 0G| "

in the region of interest.):
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The choice of g and @ as arguments of the generating function, §, is not
essential. If K is exact, then so also will be

Ky = i (grdpr + PedQi) = d (g{m%)} - K.

k=1
This leads to the canonical transformation:

as 85
=5 : =—— Ppo=— k=12 -, n J.4.4

Similarly, we have two other exact forms K3 and Ky

K3 = i{iﬂkd% +QudPy=d (E(Pka)) + K3 {J.4.5)

k=1
leads to
88 a8
= Ch = — = k=12, -, n J.4.6
8§ =5(gp)pe =5 Qv =~5p n (3.4.6)
and N
Ki=) (gedpe — QudPe) =d (Z(Pm)) ~ K3 (J4.7)
k=1 k=1
leads to
as as
— . = 2 - E= <o T A,
S S(p: P) gk 333&’ QR: 3PI:, k i': 2: , 7 ('} 8)

3.5 The Hamilton-Jacobi Equation
Consider the time-dependent Hamiltonian

H{Ql:"'=¢2m P13 Pns t)

As before, let gny1 = £, and infroduce the new Hamilfonian

K(Q’l:"'a‘}m gn+1, P1s- ")Pmpn-é-l) = H+pn+l'

Apply to this the transformation induced by the generating function

S(f}l,' oy 8ny Grtls Q- 7QTL):

where Q0,41 does not appear. For the time-independent Hamilionian X, we
know that the new and old Hamiltonians will be equal. As part of the trans-
formation,

a8 88

Ogn1 - ot
so if we return to the original notation, we have the following summary:

Pn+§ =
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Hamiltonian: H{g, p, 1).
Generating function: S{g, @, 1), where p= %, P= —g%.

New Hamilionian: H* = H + %f—.

A motivation for carrying out a canonical transformation is that the new
canonical equations will be easier to solve than the old. Carrying this to an
extreme, we consider the possibility that #* = 0. Then @ and Py, will all be
constants, so we set

OQv=o0s, Po=0, k=1, 2, ---, n. (3.5.1)
Now a8
Pk=@: E=1, 2, e, m,

so § must satisfy the partial differential equation
a8
H —., ] =4 0.
(« 5. 1) =0 (3:52)

This is the Hamilfon-Jacobi equation. We are not, fortunately, looking for its
general solution; we just want a solution

S(qln"'3qn1a1:"'7an:t) (J-5.3)

which contains n independent arbifrary constants, o, -+, Gn. Once found, §
determines the transformation

Pk=@7ﬁk=-ﬂak=za 2, ooy {354)

These equations actually contain the solution of the problem.
J.8 The Problem of Two Bodies

Using spherical polar coordinates, and equations {J.1.1), (J.2.1) and (J.2.3),
we have

Gi=r g=0,q5=¢ p1 =7, po =128, py =7 cos? 6,

1 3 3
H=_<p§+_2+ 5 >_§ (1.6.1)

2 r2 7 r2oos?
The Hamilton-Jacebi equation is

2

1 .82 S
§<Sf+;g*+ e }_$+St=oa {36.2)

rZcos? 8
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where the subscripts denote partial differentiation. The equation is solved in

the form

Details can be found in Refs 19, 26, 29. The solution can be written as

™ 2# {32 _1/2
S=—a1t+a3¢+f (2a1+?——3) dr
To

g
+ f (o2 — of sec? 6)1/2d. (3.6.3)
i

We are not concerned with the details of the solution, describing the actual
motion, but with the interpretation of the canonical constants:

X1 = —;1/211, ﬁi = T,
as = yJap(l —€%), B = —uw, (3.6.4)
as = vJap(l — €?)cosi, fa =L

A disadvantage of this set is that since the mean motion is a function of
a, some derivatives result in the appearance of the time outside frigonometric
terms. This is avoided in another set introduced by Delaunay. First, consider
the mapping from

(1,00, 03, 81,82, 83) to (A1, Az, As, B1, Bz, Bs)

given by the generating function

S =oa3t— ;;(—2&1)_1‘{2;41 — g Ao — g Az. (365)
Then
B——ﬁ—\/a By=as Bi=a
1= 3:’11_ Hs 2 — U2, 3 — Li3-
T = ,81 = ﬁ =1i-— #{‘_201)—3,’2441 =f— EAI,
30:1 1]

so Ar = n(t— T), the mean anomaly. Also —w =/ = ~Ag, and -1 =83 =
—Ag. The new Hamiltonian is

s _ i
8
where L = B;.

Finally, according to astronomical practice and tradition, we switch coordi-
nates and momenta — the equivalent of changing the sign of the Hamiltonian.
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We shall call this new Hamiltonian F. Then in Delaunay’s notation, we have
the following canonical set:

L= /ag ¢=M,
G=ap(l-¢€), g=u {3.6.6)
H=Jau(l —e?jcosi, h =10,
2
L
Fo= i

3.7 Perturbed Motion

Suppose that the original equations of motion are
v r
r—;—,u;E =VFi. {3.7.1)

Let
F=F+HF. (3.7.2)

The corresponding canonical equations will be

dL _9F dt_ OF T
dt ~ 8¢ 4t AL
dG _9F dg _ OF

=5 @ 3G (1.7.3)

am _oF dn__oF
dt ~ Bh dt = OH-
Equations {11.9.9) can be derived from these.
For a simple application consider Keplerian motion perturbed by a force
varying inversely with the cube of r; then we can take '

g

;= ol (J.7.4)
The motion will be planar, so only the variables (L, G, I, g,) need to be con-
sidered. Also, ¥ is a function of L, G, and [, but not of g. We shall make a
transformation from (L, G, I, g)-to (L*, G*, I*, ¢g*) using a generating function
S{L*,G*,1,g). This will be expanded in powers of &

S = So(L*, G 1,g) + £8: (L%, G* [, =) + - - (1.7.5)

The purpose of the transformation is to make the new Hamiltonian, F*(L*,G*)
independent of I*. Thus Z* and G* will be constants and {* and g* wili vary
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secutlarly with the time. For & = 0, the old and new coordinates would be the
same, SO
S =L"1+G"g, {1.7.8)

Also if F* is expanded similarly in powers of &, then
Fp(L*y = Fo(L").

The full transformation is

8S 25, a8
= —7 = * - R G=-—‘—=—G*,
L=gr=litemg t B
(3.1.7)
.08 9% . 95 .85
P=gp=itegt s 0 =5 =950 T

Equating the new and old Hamiltonians,

FHL) + eFH{L* G )+ =

Fy (L*%E%?——E—---)—§~5F1(L*—z—---,G*+~-,l,—} (1.7.8)

Expanding Fy and F1 In powers of &, we have

OF;

Fi(L*) + eFHL*,G*) 4 - = Fp(LY) +sﬁ% +
e L+, G L)+ (J.7.9)
Clearly, )
Fr(L*y = Fo(L*) = 2;*2. {1.7.10)
Then, equating terms of order £,
JFy 081
LG = = =G5 1L =) J7.11
Fl(LVG) ar* &l _i_Fl(L?G!t ) ( )
Now define the secular part of F1 by
roe 2 [ RLG Syl — e (3.7.12)
13—27[_0 1R Tyt —azm: nE
and the periodic part by
Fi,=F - F; {3.7.13)
Since the left hand side of {J.7.12) is independent of L, we set
12
FI(L4,6%) = Fu(L"G") = page
(1.7.14)

0Fp 05
—_ . * =0
BL* al +F1p{L :G 155 )
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The new Hamiltonien has now been found {to the order £} and so has the
determining function, where

S = f Fipdi = (v =1, (3.7.15)
the equation of the center. With
2 2
% & % i H
F (L ,G }?—W%EL*SG*, (J?16)

Hamilton’s equations have the solution L* = const., G* = const.,

2 2 2
._ p 3p . _ b
Z - gO + (L*:; + EL*4€ ) ta g - g@ _E_EL*aG*Qi’ {3'7'17)
giving the secular perturbations. Then, from
S=L1+Gg+e{v—1) (3.7.18)
we have
v dv v
L=r - — =G I*F = gt = -
+E(8£ 1>,G G*, 1 i-i—EaL,g g+BG" (J.7.19)

to the first order in &. g% can be found at once from the integral expression,
(1.7.16), for S;. The remaining derivatives can be found by applying the chain
rule using formulas for elliptic motion. This is done in Ref. 19, where the
approach just used, is applied to the problem of the motion of an artificial
satellite. This method was proposed by Poincaré, and applied to orbits of
minor planets by von Zeipel; it is often referred o as the “von Zeipel method.”

Bibliography and References

Chapter 1

There are many first-rate introductory texts in astronomy available, and a
perusal of some of these will provide pleasure as well as information. For more
detailed information on the astronomical background pertinent to the dynamics
of the solar system and space flight, see:

1. Baker, R.M.L., and Makemson, M.W. An Introduction to Astrodynamics.
New Yorl: Academic Press, 1967.

For information on spherical astronomy, see:

9. Smart, W.M. Textbook on Spherical Astronomy. Cambridge, England:
Cambridge University Press, 1956.

3. Woolard, E.W. and Clemence, G.M. Spherical Astronomy. New York: Aca-
demic Press, 1966.

For a gold mine of practical information, see:

4. FEzplanaiory Supplement to the Astronomical Ephemeris and the Amertcan
Bphemeris and Nautical Almanac. London: Her Majesty’s Stationery
Office. First published in 1960, but updated in more recent printings.

Also refer to:

5. The Astronomical Almanac for the current year, issued by the Nautical
Almanac Offices in the U.S. and Great Britain, and available through
Washington: U.S. Government Printing Office, or London: Her Majesty’'s
Stationery Office.

Chapter 2

Many texts include introductions to vectors. But beware of those that define
vectorial properties in terms of their components. The references quoted here
are:

6. Pars, L.A. Introduction to Dynamics. Cambridge, England: Cambridge
University Press, 19533.

469






